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Aggregation of ordered smoothers in colored noise

E. A. Krymova
krymova@phystech.edu
Moscow Institute of Physics and Technology, 9 Institutskiy per., Dolgoprudny, Russia;
Institute for Information Transmission Problems, 19 Bolshoy Karetny per., build 1, Moscow, Russia

The paper is devoted to the problem of recovery of one-dimemsnal functions given a set of
noisy observations. Suppose that in addition, one is given axed set of a nite number of
function estimates. Based on this set of estimates, it is naxssary to construct a new estimator,
the risk of which would be close to the risk of the \best" estimate (so-called oracle) in a given
set. The \best" estimator is a minimizer of the risk over the given set of function estimators.
New oracle inequalities for aggregation of regression fution estimates in assumption of het-
eroscedasic Gaussian noise, namely, correlated Gaussiaaise with di erent variances at each
design point, have been proved.

Keywords : aggregation; exponential weighting; ordered smoothers;nbiased risk estimation
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1 Introduction

The paper is devoted to estimation of noisy vector (sequence spanodel) given a set of linear
estimators. The sequence space model plays signi cant role in namgmetric statistics. Many
problems can be transformed to the sequence space model fdatian with white (i. e., with
noncorrelated identically distributed zero-mean noise) Gaussian ise or with colored (i.e.,

This work is partially supported by RFBR research project 15-07-®121.

lageiita 1a6+8ied & aiasec 4afins, 2015. 0.1, +13.
Machine Learning and Data Analysis, 2015. Vol. 1 (13).
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noncorrelated nonidentically distributed zero-mean) Gaussian neisFor example, very often,
linear inverse problems are easily transformed into diagonal form witthe help of singular
value decomposition [1]. In this paper, the generalization of such nald for the correlated
colored Gaussian noise assumption is considered. Throughout theppr, it is assumed that
one is given a special set of linear estimators, namely, ordered stheos as various methods
in statistics can be proved to have properties of ordered smootegfor example, smoothing
splines [2, 3], spectral regularization methods [1, 4], etc.). Thereigxvarious approaches to
construct estimates given a set of estimators. One can use a miogelection approach and
select one estimator, for example, by a method of the unbiased rigktimation [5] which goes
back to [6, 7].

Another approach is to use aggregation, namely, using a convexrgmnation of given esti-
mators. This approach was rstly developed by Nemirovsky [8] and dependently by Catoni [9].
To tune the weights of the linear combination, authors performednhe sample splitting. Later,
this method was extended to several statistical models (see, £.[¢0{13]).

One can avoid sample splitting with the help of the exponential weightgqn This method
originates from the solution of functional aggregation problem bygnalized empirical risk min-
imization [12]. It has been shown that for this method, one can yield ti@er good oracle in-
equalities for certain statistical models [14{16].

The goal is to prove new oracle inequalities for aggregation of orddrsmoothers in as-
sumption of heteroscedasic Gaussian noise, namely, correlatedu&aan noise with di erent
variances at each design point.

2 Problem Statement
This paper deals with a sequence space model

Y= i+ i i=1;iim (1)

tions on the covariance matrix
1. The spectral norm is bounded from above:

2 —

T .
max = Sup X x<1:

x2R"; kxk=1
2. The smallest eigenvalue is bounded from below:

2 — : T .
= inf x'" x> 0:
min X2R"; kxk=1

3. Assume also that
sup X[ ] x<C?
x2R"; kxk=1

where is the Hadamard product andC is the constant.

R(T )= EKY(Y) K& (2)
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Here, E stands for the expectation with respect toPthe measureé generated by the observa-

tions (1) wherek k denotes the norm inR": kxk® = = ", xZ
Throughout this paper, will be recovered with the help of linear estimates
M(Y)= hY; h2H (3)

whereH is the nite set of so-calledordered smootherswhich has the following de nition.
De nition 1. A set H is a set ofordered multipliersif

{h2[01]|—1 """ ;nforallh2H;
{ hisx1 6 hj;i=1;:::;n,forallh2H; and

{ if for some mtegerk and someh;g2 H, hy <gg, thenh; 6 g foralli=1;:::;n.
The last condition means that vectors inH are naturally ordered since for anyh;g 2 H,
there are only two possibilities:h; 6 g or h; > g forall i =1;:::;

Substituting the linear model (3) into the risk de nition (2), one obtains
R(™M: )= k@1 h) Kk+k hk%

wherex y denotes the coordinate-wise product of vectorsy 2 R", i.e., z = X y means
that z = xjy;; 1 =1;:::; snyand  =( 4 )T SrnceR(’\h ) depends onh 2 H, one can
minimize it over h 2 H : The minimal risk
r =min R(™;
"()=min R(™; )
is often called in the literature as the oracle risk [8, 9].
Naturally, it is not possible to use the estimate

_ : - : M.
Y)=h Y, h—argrrpzr'rer( )

because it depends on the unknown vector But if one knew , it would be possible to point out
the estimate with the least risk. That is why, the goal is to construcan estimator ™ (Y) based
on the family of linear estimators'\h(Y); h 2 H ; which is close to the oracle risk. Formally, this
means that the estimator™ () should satisfy the so-called oracle inequality

R(™ )6 r () + ~7()

which holds uniformly in 2 R".

This inequality implies that the term ~H is small with respect to the oracle risk uniformly
in 2 R". Itis well known that in general, it is not possible to construct such mestimator [17].
But as it was shown in [17] for the seH of ordered smoothersone can nd an estimator which
provides the following properties of the remainder term:
{ “H()e Ccrf()forall 2 R" whereC > 1 is the constant; and
{ “H() rH()forall : rH() 2,

That is why, throughout this paper, it will be assumed that the seH contains solely ordered

multipliers. Below, an example of ordered smoothers is given. Noteathordered smoothers are
very common in statistics, e. g., smoothing splines [2, 3], spectrabtdarization methods [1, 4].

3 A Motivating Example

Consider the regression estimation problem in the case of coloredsaolt is necessary to recover
a one-dimensional functiorf (x); x 2 [0; 1]; given the noisy observations

Zi=f(x)+ (x); i=21;::0m 4)
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wherex; 2 (0;1) and ;(x) is the centered Gaussian random process with variancé(x). Denote

Let one make use of the smoothing spline estimate, which is de ned faflows:

X Z,
f' (x;2) = argmin [Zi  f(xi)?+ [f ™ (x))? (5)
f i=1 0
wheref (™M (') denotes the derivative of ordem and > 0 is the smoothing parameter which
is usually chosen with the help of the Generalized Cross Validation (seeg., [18]).

To transform this model into the model (1), consider the DemmleReinsch basis [19]

h, 1in= w;
71
M) M)dx= W kil =150
0

where here and belowu; vi, stands for the inner product

X
husvig = = u(x)v(xi)
n i=1
and ; are the eigenvalues of the basis.
It is assumed for de niteness that the eigenvalues, are sorted in ascending order:

16 6 n-

With this basis, one can represent the underlying function as follows

X
f(x)= k(X) « (6)

k=1
and one gets from (4)
Yo = R kin= k+ «
where

X
k= (Xk) k(Xj): (7)

j=1
Next, substituting (6) in (5), one arrives at

xn xn
f* (x;Z) = argmin D K 2
f k=1 k=1
Therefore,
xn
fcY)= Tk ok(x)
k=1
where

A Yk

K :
1+ Kk
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Thus, one may conclude that the models (1){(3) and (4){(5) beane equivalent with

hy = h, = 1+l I(:
The vector =( q;:::; )" is a Gaussian zero-mean vector with covariance matrix
= F T
where matrix consists of the columns (j(x1);:::; i(Xa),i=1;:::;n

From the orthogonality property of Demmler{Reinsch basis, it is eay seen that eigenvalues
of matrix are equal to 2= 2(x;)=n. Thus, for xed n, the matrix has nite eigenvalues
and the problem is equivalent to (1).

The most interesting case is when is a diagonal matrix with diagonal elements

sis has the following asymptotic as; k'l  [2]:
r_

k(X) % cos(kx ):

After a transformation of the regression estimation problem (4) ith the help of Demmler{
Reinsch basis, one obtains the following covariance of the noise (7):
1 X 2 H .
Evi = (xj)cos( (k j)p):

i=1

Thus, matrix gpproximately equals to a correlation matrix of a stationary Gaussian sequence
with variance ., ?(x;)=n and the problem (4) becomes equivalent to the problem of esti-
mation of an unknown vector in assumption of stationary noise.

In practice, one has to estimate the unknown covariance in (4). Fthe model with stationary

noise, it is easy to estimate variance? given the data, for example, by
1
2 _ 1 X

== [Z zZaP®
2n -

1
4 Exponential Weighing of Ordered Smoothers
In what follows, the exponential weighting estimate is used:

X
(Y)=  w'(Y)™M(Y)
h2H

where a X g
Y; Y;
w'(Y)= Mexp A ~ ) 9 exp A o ).
2 max g2H 2 max

Here, parameter > 0is xed and r(Y;'\h) is the unbiased risk estimate of‘h(Y) de ned by

X0 X0
def
r(y;"™MEky  MY)ke+2  h 2 2:
i=1 i=1
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In order to coverH with small and large cardinalities, make use of the special prior weight

de ned as follows: Pn b h
hdeh  exp = (2 ! ) ; (8)
max
Here,

h* =minfg2H :g>hg, M =1

whereh™® s the maximal multiplier in H. Along with these weights, one needs also the follow-
ing condition which can be proved to be true for smoothing splines arsgectral regularization
methods.

Condition 1.  There exists a constantK 2 (0;1 ) such that
khk? k gk?> K khk; k gk; 9)
for all h > g from H, wherek k; stands for thel;-norm in R", i.e.,
X
khk; = jhij:

Mention the following oracle inequality [16] for the exponential weigiig of ordered
smoothers in the case of white Gaussian noise with variancé that is diagonal with  in

Theorem 1. Assume thatH is a set of ordered multipliers, > 4, and Condition 1 holds.
Then, uniformly in 2 R",

H
Ek K6rH()+2 Z2log C 1+r(2)

This oracle inequality outperforms (in the form of the remainder ten) Kniep's oracle in-
equality [17].
Theorem 2. Uniformly in 2 R",
r

I
EKA Y K6rH()+K 2 1+ (2)

where a minimizer of the unbiased risk estimaté = argmin r(Y;Ah) corresponds to the case
h2H

I 0in exponential weighting andK is the generic constant.

The main result of this paper is the following new oracle inequality with reainder term of
the same form as in [16] for the exponential weighting in the case all@red noise problem.

Theorem 3. Assume thatH is a set of ordered multipliers, > 4, and Condition 1 holds.
Then, uniformly in 2 R",

()
r%ﬁin

E k k6 rf()+2 2 . logC 1+

Here and in what follows,C = C(C ;K ; ; {) denotes strictly positive and bounded constant
depending onC ;K ; ,and{, where{ = = min-
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For the case of stationary noise with variance 2, one has 2,, = 2. = 2 and the
following

Corollary 1.  Assume thatH is a set of ordered multipliers, > 4, and Condition 1 holds.
Then, uniformly in 2 R",

()
E k k6 r"()+2 Zlog C 1+ —;

Here and in what follows,C = C(C ;K ; ) denotes strictly positive and bounded constants
depending onC ;K , and

5 Simulations

To nd out what value of is good from a practical viewpoint and to compare the cases of white
and coloured Gaussian noise, a numerical experiment has beeniegrout. The present author
compares the exponential weighting methods applied to the set afliic smoothing splines (as
ordered smoothers) for = f0; 1;2;4g and for the equidistant design:

p— 1 .
C1+[ (kP

H= h: hk 0
where an asymptotic formula for the eigenvalues of Demmler{Reirsbasis was used in the
case of equidistant design:,, (k)% k!1
The scheme of the experiment is the following. For a givek 2 [0; 300], 100 000 replications
of the observations
Yo = k(A)+ «; k=1;:::;40Q0
are generated. Here, (A) 2 R*® is the Gaussian vector with independent components and

2

E(R)=0; EFA)= Aexp o

where =50.

Two types of the noise were considered:

1) standard Gaussian white noise ( = 1); and
2) Gaussian vector with covariance matrix with eigenvalues ; = i=40Q i =1;:::;400.

Next, the mean oracle risk
rf(A) = E[ELn k@ h) (AK*+k hk?
and the mean excess risk
(A)= Ek (A) (Y)k* rH(A)

were computed with the help of the Monte-Carlo method. Finally, thedata frH(A),  (A),
A 2 [0;300p are plotted in Fig. 1 to illustrate graphically the remainder term  (rH) = E k
k2 rH():
Looking at Fig. 1, one sees that there is no universalminimizing the excess risk uniformly
in . However, intuitively, it seems that a reasonable choice is 1 [15] but unfortunately,
good oracle inequalities are not available for this case. Almost all mettis demonstrate similar
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Figure 1 Exponential weighting for the white (a) and colored (b) noise cases. The datafr (A),
(A), A 2 [0;300p that is the dependancy of excess risk on oracle risk is in theigtures

statistical performance (in Fig. 1, for the values of oracle risk bigg than 50). However, when
r"( )= 2is not large, the exponential weighting works usually better (in Fig. Ifor the values
of oracle risk from approximately 10 to 50).
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6 Proofs

The main steps of the proof are based on a combination of methods fleriving oracle inequal-
ities proposed in [16, 20]. Here, the main steps in the proof are sketd, all details are given
below.
With the help of Stein's formula for the unbiased risk estimate, it can & shown that for
> 4,

X X h
Ek K6E w'Mr(y;™mer"()+2 2_E  w'(Y)log

max W
h2H h2H
X reY:™My ey
2 2.Elog " exp ( 2) : (i) (10)
h2H max

wherefi is the minimizer of the unbiased risk estimaté = arg min r(Y;™):
h2H
To control the right-hand side at this equation, make use of the dering property of esti-

mates ; h 2 H . First, check that if " is de ned by (8), then

X M s X . N
e TG KOG X ) r(n

h2H max h> A max

>1

and so, the last term in Eq. (10) is always negative.

The most gi cult and delicate part of the proof is related to the average Kullback{Leibler
divergenceE ., W'(Y)log(w"(Y)= "): To compute a good lower bound for this value, follow
the approach proposed in [20]. The main idea here is to make use of thkowing property of
the unbiased risk estimate: for any su ciently small" < 1, there existsh” depending onY such
that with probability 1, for all h > fi",

rev:™ orey;™Ms> 2t konk? ko k2 +2 2

This equation means thatw"(Y) are exponentially decreasing for large. With this property,

one obtains the following entropy bound:
2 3
X h X C C
h 4 hy >~ =~ 5.
w'(Y)log Wh(Y) 6 log + —exp :
h2H he A"

The rest of the proof consists in deriving the following bound from §%nd (8):

"1,2
"6 1+E ﬁzk
he A" max
and
q S p p
- - b
Ek fkee ), 1*2 KC.

1 2" 1 2" 2

min

Finally, combining the above equations, one arrives at (1).
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7 Concluding Remarks

Based on the probabilistic properties of the unbiased risk estimat)e oracle inequality was
proved for the method of aggregation of smoothing splines for tihegression estimation problem
in the case of colored noise. However, it seems that no good orackjiunalities are available for
the reasonable choice of parameter in the de nition of aggregating weights. Numerical redts
demonstrate similar statistical performance for di erent choicefo parameter.
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[aeeidéis y iilaiiadiay 6eelodacey
1iT1a1éiiaioilo ecladaseadieé

Ayoreeé Alfcaadnoadiing 6ieaadneodd, Eeaia, Piffiey

i5346TaT 18014 1ABeTAGIE 11TANASIE 6esiodabee ifiaTe TiTA10106 eciada-
2Aie6, eRcaAITN6 a4ACORAINI 43601 aGRRTanEe @6il. 1A (pAiea 6a+-afdaa cagdi-
83106 eciadacedieé T4aMIA+eaa40RY ca fi~&0 YOORRORANAT &fi TTeliciaaiey Aoadefioe+aneré
&catoi-iifioe INaTeniiaioiie eciadaseaies. DaRMITOSAT ~afoi0é fied+aé ifalen-
iMi&ioi06 ecladamaieé 6440104 RGB eciadamaiey, aeady &¢  GAA0TAGD &Niliad
S101514T 158aM0AAGYA0 fTAIE  g-0ACAyAITA HEOBIATA ITe6OTNATA ecladasaied (OIE). 14-
o1 THffaaT fa idaanoaasaee iNATenilanios g-8acdyains OIE aaidhi dacoyains
4a1e+106 ecladaceaieé (DAE), aiidieniaoee &6 0540145116 6 Aiup 12061aa & 15&14i4-
68 015 DeEUIOBAGEE OETAING 1a561aREEs i510aNMA. 1584  &ledil 686+0e0U Ba+aR0AT
ATNMOAITABAING ecladaceaied ca fi+A0 MMalgdiey o+iifoe A0 ~efeaiey Roadefioe+anees
5a0260A0RM0RE A8y Gasealé &leaBnié TAsanoe AI60de eciadaze Aieé & 1Asad Hadotalie

|0eaaaailt oacoeuoaod iladéesiaaiey, ifacdddeedapued yooa  eoeaiifiou dacdaaioaiiiar
idoiaa. Eé&p+4a0a netaa  : iiialéniniaioind egladasediey; iiianasiay iaeeiaéiay
deelodaoey; 1i1anasiid oaie 1a661aa; dacdyaitad aaie+ita eciadaeediey; fivaoefoe-
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Multidimensional nonlinear Itration
of multicomponent images

E.V. Medvedeva, I.S. Trubin, E. A. Ustyuzhanina, and A.V. Laletin
Vyatka State University, 36 Moskovskaya st., Kirov, Russia

The goal of this paper is to develop a method of nonlinear muidimensional multicomponent
images Itering based on mathematical apparatus of Markov tains. The method allows e -
cient use of the statistical redundancy of the image to impree the quality of image distorted by
white Gaussian noise. Multidimensional signals of multiconponent images have a much greater
statistical redundancy than single image. This redundancywould be appropriate for use to im-
prove the quality of the restoration of noisy images. Speciacases of multicomponent images
are RGB image, each color component of which is g-bit half-tone digital image (HTDI). The
nature of the statistical relationship between elements wihin the HTDI and among the ele-
ments of color components (RG, GB, BR) allows one to use this rethod as an approximation
for the three-dimensional (3D) color images of a Markov chai with several states and for bit
binary image (bit planes) of two color components of the 3D Makov chain with two states.
This approximation makes it possible to apply the theory of Itration of conditional Markov

lageiita 1a6+8ied & aiasec 4afins, 2015. 0.1, +13.
Machine Learning and Data Analysis, 2015. Vol. 1 (13).
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processes for the development of Itering method of multicanponent images. Realistic images
contain the regions with varying degrees of detail and di erent statistical characteristics. The
authors propose improving the accuracy of calculation of tle statistical characteristics of each
local region within the image and between the color componds to improve the quality of the
reconstructed image. A sliding window has been used to estiate local statistical character-
istics of the image. The authors present the results of modeig of the suggested algorithm
of a 3D nonlinear ltration with use of the sliding window and earlier developed algorithm
of a two-dimensional Itration of color (RGB) images. The developed 3D lter taking into
account the sliding window provided to reducing quantity of the artifacts similar to in uence
of pulse hindrances to provide allocation of borders and snibsized objects more exact. The
gain in the mean square error is from 30% to 70%, respectivelyn the range of the signal/noise
relations 2 = 9::: 3dB.

Keywords : multicomponent images; nonlinear multidimensional Itering; multidimensional
Markov chains; binary g-bit digital images; statistical realundancy of the image

DOI: 10.21469/22233792.1.13.02

Agéy dyaa filadaidiiid aeaainernodl 6acaéoddil edilétciaaie  a iifaiénitiaioind
eciadaaedieé. 10eiadil yaeypory i6elioe- e deiadiiaéodacti  0a Aefoail aenoaiceliii-
Al gliaeaiaaiey. Eciadasediey, 1e6+aiiia oaéeie nefoadiai e, laadeeao aanyoée é damad
fifoié AAé0dauitd éaiaéia, a éioidlo 18endonoasdpo iade dacee~iié eioaineaiinoe.
Agy aifinoaiiagaiey eciadaseaiéé ia ofia iMiad i 6aelp dawgaie y daéliaéeed cada+ ia-
dadioée eciadasedieé: ataaeaiey 1auaéoia e 16diée &6 iadaia 00614, éeanfedeéacee, dafi-
iiciadaiey & 0.4., eniélcopo 6eéuodasep. E iafoiyudio ad aiaié dacoaaioail iii-
ai daciiiadacitio aeaideoiia d6eeuodaoee [1 5], ieidacedoa 106 aey éiiedaoiié iiaaee
ilias. Oae, iaideidd, ecaanoita eeiacing aeaioeoit 6ee&liod aoee, nifaaiica ia ide-
iaiaiée €iéaeuins Tiadaoidia [2, 3], yooaéoeail ide aielge 0 1oiigaiey neaiae/aoi,
it A badee+aiedi 1uiifioe goia 18ealayo é nacaseeaaiep 1acéé 0 aaocaeaé e dacitoep
adaieo 1anaéoia. Ec iaeeiaéind 14oiaia 6eeuodacee, a neeoi  aeds ad+eneeodsénind ca-
0820, iaedieligdad danidinodaidied Med+eee iaoiad, iiifaa  ii0a ia dacee+ilo ilaede-
gaoeyo iaaeaiiié oeeuodacee, 6eelodl 1eédanoild yeaiaiola , aéep+ay dééaocadaéuita
0@&lI0dN & 6eelindal iaéieaenins ciaraiee [2 4]. [aaifoacél Tada+eneaiind 0eeuosia,
a 1aélé fodiaié eféaseapued dacéead adaiedl eciadazedieé e 616 11 MMaaaeypued ei-
i6elnica 1maoe, yaeyaony iécéay yodoacoeaiinou ide iage+e e 4aeial dasnnianéial goia
(AAQ). [a iafoiyueé inaio iaeaiedd yooaéoeaidié 6eeiodai ¢ ioe jage+ee AAQ ya-
éypony 6eetiodd BM3D & BM4D (block-matching and 3D/4D lteri ng) [1, 5], Tataaeiypuéa
fanéieuér afiieiypued adoa adoaa iadaieciia, iaei ec éioid 00 faycai i 6eeliodacedé ia
fifad aenéedaoiial éifieionital ivaiadaciaaiey a asodiad i aéaaiino imataind aéiéia
TRiTaili i&ainoaoéii 6aaiol 6e&iiodia BM3D & BM4D Yaéypony i ecéia alnodiaaénoaead
e dacifioed adaieo 16e 1aéls Toiigaieyd fediaé/aoi

Neaaodo oaéeed 10140200, +01 Aléligeifioal ecadnoiis asaidedia 6eeuodasee yaeypo-
iy aasiadidie, ideidiypory é éaseadié 10adediié éiiliaioa é ciadasediey e, éaé neaa-
fiodea, id anadaa 1aania+eaapo iaadedsealda éa+anoal eciadadey, Tiiaaiil a oneiaeyo
adénoaey goiia aiélgié éioaifieaiifioe.

A faip 1+40440 iiiaiéniniaioind eciadasediey idaanocaasyp 0 ffaié iianasita
fiediaél & 1aeadapo cia+eoaéuil aieugaé noaoenoe+anéié ecaioi+iifoup, +ai 1aiéfi-
ifiaioita eciadasediey, €101d6p daéaniiadacii eniféiciaa OU aey atgaiey éa+anoaa
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ainnoaitagaiey cagdiediito eciadaaedieé. liyolio dacdaal 0éa aedivdeoiia Geelodadee
1TA1E1NMAI0I00 ecladasedieé, yooaéoeail eniielcopued fidaoenoe+anéop ecanoi+
iAol écladazedieé é oal faidi icaiéypued iaaneon éa+anoa 1 e06 aifnoaitacaiey, ya-
éyaony aéoodaeuiié caaa+aé
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FAN

ifaligaiee éa+anoaa eciadaaediey.

ja oen. 6 idaanoaacal ateasne a NEI dacoadioaiiti 0dasiadid i aéaioeoili
oeelosasee (OI0_NI) ioiifieodenil aaoiadital agaiseoia (A i0) ide dacind 10ii-
paieyd fediae/eoi. A aeaiaciia foilgaieé neaias/aoi 2= 9::1; 3 aA a0eadio
a NEl fitfnoaaeyac 10 30% ai 70% ffioaaonoaaiil.

A&y 18&caanoitd noaoenoe+aneed dadacoadenoee éciadasediddiadiaeil ideiaiyol
aaaioeéaila aeaioeoit 1adaaioée, iicaieypuea iaiiioaanoa aiiT & ivioanna iveéaia ecia-
dazediéé al+eneyol 16aiée yeaiaiola iacdeo aasiyoiiiodé ia oadiaia e adieiyol aaai-
0a0ep 1adaidodia acdiseoia deelodaoee iilaiéniniaioitd écladaaedieyd
5 Caeep-aied

Dacoadioaiiié aeaideol 1iiaiasiié iaeeiaéiié oeéuodace e i edielciaaieai
fiélelicyudar iéia, ca f+ao adgaiey oi+iifoe ad+eneaieéy no aoefnoe+anéed Gadaéoade-
fogé aey éasedié eiéaeliié 1aeanoe e 6+aoa iazeéiiitiaioiié e cadoi+iinoe, iicaieeé
o1+iaa ataaeeol 1auaéod iaéidaciadiié 61di0 e é1io6dn 1aua @07a e o0ai faidi 1maad-
fieoll éa+anoal iiialéniniaioitd eciadaseaieé, enéaseaiitd AAQ. Aéaideoi yodaeoe-
aai ioe 1ae00 1oitgdieyd nediae/adi. Aagliaéeped enneaaiaa ey 46a00 iaidaaeaia ia
dacdaaioés aaaioeaiial agédideoia 6eelodacee, a €101dii N0 acenoe+anéea Gadaéoadenoe-
ée a6ado ad+eneyouny a idaaaead néieucyudal 1éia it cagdiead iiflio eciadaseaiep.
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1206 1a6Ta & dafiiciadaiep 0545145106 (3D) eci Adaceaies, Titaal-
106 fa ATAGAIAITNG 1301440 AoTbaRoe+anelé 4a11a008e & 6ié  oeliasuiial ajaseca. Aa-
106 18014 74624240 dyall iDACIONAR0A, A +afofiioe iicaléyd o Tiefi0Aadl 1a008+afeea
Faféroaa 3D Tauacoia. Oae, asaaiaady fAodTaiep fooIATé 1a  O&lade+analé iladse ajase-
08é Tieedd AOBIEOU iBeciace 1A eid6eoRall, A Alaseoe-afee, 1 ief0aay 61816 1a0aeoia
& &6 TiadiiNoe (A ~afofifioe, lifiod0esiaaies 4aN14008+a REes ideciacia). Aciasodaéh-
i5&1a0acTaaied Ticaleyad filcadaadl efaadeaiona Tiefaie A iSINOdAIR0AAINAT 1408603,
EO1STA YAsyAORy 41684 Of0Té+eall & eficacaieyi & élidaeiad i @6ial, +4i Tiehaiea,
ife6+aai1a 4 BACOBUOAOA TBI6AAGDN IBiacecaces Ta08eoa. A  TROTAABIAOU & Y0Oaeoea-
o i534824AA1TAT 180144 140235642800y 6a6 44864801 T  THOBTAINE 1a0&1a08+Arieré
iia&aup A I5e1Aiaieal ATAOAIAITNG TTasiata Alaeeca & dafil ciaaaiey 3D écladasedies,
0ae & BAcoeloadAle 15AcOE+-ANEEs VENIABEIAINN, A 0adea BABMOSA0CAE BACOAATOAINAT
iSiasaiiiaT iaédoa. Aail iTadiaia fiefaiea oaoieee neai edtaaiey AeiAB0036R-IdA-
1adaciaaiey & A7 1addiace-aneié tadee. isiaiasecesiaal O TAMAIGA 11asiad é if-
FOBTaiep & aladsaieh eioiBiaceains ideciacia. 15aasieaia Aafioadiiay 1aoiaeea
jeieiecasee ideciasiaiat idiRodaIN0AR & ATOAA0RdAcPUAY 8¢ dagaplay 151634654,
(56284410 5ACOEI0AON 1Ba0e-AREIAT VeriAdeiaioa ACAAIAT &y AOTbaR0e+AMeial & A2045-
ieieataaiial mitiala Aeaiesiaaiey
Eep+-3a04 figtaa  : 3D Bafiiciadaied 148acia; AeiAB0546R-IdATABACTAAIRE; &1 Tiiceoer-
fay f0B6E065 ideciasa; ieleiecasey ideciastaial isiosa ifoad; &1aABAIdNA Tie-
Faied; AoTbaRoe-afceé filfiTa Reaiesiaarey
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Feature space minimization
of three-dimensional image recognition
based on stochastic geometry and functional analysis
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Background : In recent decades, the emphasis in the analysis and patterrecognition shifts

from two-dimensional to three-dimensional (3D) images, beause 3D design allows to use more

Daaioa adiiéiaia ise oeiaifitaieé imaaddeed DOOE, 161480 +15 -07-04484.

lageiita 1a6+8ied & aiasec 4afins, 2015. 0.1, +13.
Machine Learning and Data Analysis, 2015. Vol. 1 (13).
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information about the object. Three-dimensional modelinggives possibility to see object from
di erent angles, in particular, allows to analyze its spatial form.

Methods : A new approach to the 3D objects' recognition based on modermethods of stochas-
tic geometry and functional analysis is proposed. This metiod has many advantages; in par-
ticular, it allows to describe 3D objects metric properties Thus, due to building a rigorous
mathematical model, the analyst can construct analytical and not intuitive features, describing
object form and their characteristics (in particular, constructing geometric features).

Results : Hypertrace transform allows to create invariant description of spatial object, which
is more resistant to distortion and coordinate noise than the description obtained as a result
of the object normalization procedure. The proposed methodreliability and e ciency are
con rmed both an adequate constructed mathematical model ly using modern approaches of
3D images analysis and recognition and practical experimda results and also the developed
software package registration.

Concluding Remarks : Detailed description of hypertrace transform scan technjjue and its
mathematical model is provided. The main approaches to cortsuct and distinguish informa-
tive features are analyzed. Own method to minimize the featve space and its appropriate
decision procedure are proposed. The practical experimemesults of comparing stochastic and
deterministic scan methods are presented.

Keywords : 3D image recognition; hypertrace transform; compositionad structure of feature;
feature space minimization; invariant description; stochastic scan method

DOI: 10.21469/22233792.1.13.03

Taiié ec 1514881 Bafiiciadaiey 1adacia Vasyaony A05a4l0ea  dAsapudé 31644630
A8y dacee-ey 1aied ecladaseaieé 1o 486486 [1,2]. TisAaseaie & iadalead fioeiasunial
3Azapuaal idaaea THOUAROASYAORY fa THlTAd AIBETSIE &idT  Siacee & ja6-apuaé ai-
al5ee. i5e yoii fiGUAMOAODO 4Aa TTatiaa & oidiediaaiep Agtaa oy ideciasia. 1a0a0é
14674 154417628340, ~07 4863480 CEANMA & fETAAd0 iBeciae 1A cadaidd idaATIcAAAE4Ix
& 2i8pod +A080p 48043ie/ea1aaI6h AOB680656. AdTBTE sed 145 14 SABUCGA0 1A0TA0 Ae-
[aie-AnaTaT TA0-aiey AETAAdY, (atATEAA ac0AlT dacAtadas ARy A iTHedaiea 15 &ad [3, 4]
Oae, asiaie+aneid Ta6+aied feiaady iiedd oiBIedIAR0UAY 1A  TNBAAROAAIT A 1a6+a-
bu&é A04I0RA & Tieedd, TAIBRIAs, cia+eoAsiiT 666+pedl 6a+af OAT 6aaBaiey gbia fi il-
iHUip Bacdaeeaiiial 154af0aa841eY eciadaseaiey

Tajaet idaaiieieeaied 1 fiailé T5aaa8aiiHoe feTaady idec iaéa (145406 Tasia)
A04 &1 Bafiiciadaiey ecladaseaiey 14 AiTeia A&0MT. Aléige&d 4  acl eciadasedieé fiaadaead
1451114 élee+aM0AT SaciTABACIN6 eeaniiia 1aUaeota, Gased (6 ¢ 101306 T48a4340 M-
&ie fitafioaaiitie cia-eitie dadasoadenoesaie & IRTAAINAO  yie. A ifoni6 faié esanfa
46800 618707 dacee+-aduRy i1 1A&T0IBN6 iBeCiacs, a A50AGA &  8aAf0 o,

AlRoleifioaa & faaifioacee MROSIAIY Toeiasuins ideciasl & fa TAiTad aidedié
eioidianee & Ta6-apuaé a0ATBea (A0idIé 11asia) Toia=apofy , a -anofifioe, a daal-
04 [5]. x3l 6aa+iA4 A0ABAI0 IBeciade, 0al &1iiacoiaa 1adach & 6fiAniad 5Agadofy caaa+a
1a6+aiey. Taiaet Afiee ideciace cadaida ia caaail eée A04eda  bofy Rec-aéit & iadaa-ii,
Of BpaTé 14074 Tieedd T0A3YOU BAATOIRITIANNOU & Aleceony  ea+&fo0AT dafiiciaaaiey
O&l 18 12144 A0TB16 114614 YABYAORY 41644 IABATAG0RAINI, +A 1 1A5A0E

Oacel Tadach, 6151e51aaiea Si615IA08AIN5 ~&AETANs e 2814 11 e8affal & 6+80
&6 dacee+iié dacee-apudé MITHANROS (AAMTA) 48y BACIOS 08 11a TAUAE0TA YAsypony A
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14188 Aaceilé & 000aITE caaa+aé [6], ~Ai dacdaaloed dagapudé id16AA630, & 11460 dled
cai&oil Ta0Reol faadeelifion dafiiciaaarey

Asy FIAGAIAINAT yoaia acacoey oaidee dafiiciadaiey 1483  cla a806AGUNT dafoeda-
164 85632 BaNMA00EAA4I06 caad+ dafilciadaiey ia 3D eciada aaiey, & of 4041y 66 dAA4
aieiaied efifeaaiaacasaé 08T ATRGAATONAN 1A d4raiee cad a+ alaseca & dafiiciaaarey
42614506 (2D) eciadazeaies.

istasaia dafiiciaaaiey &iiéda01 3D ecladaceaieé &iado i AT dacee+i0o amiae-
ofa [7, 8]: 514840 aiaéeca fBAI0 (A Ofi ~eRea i5Tasain 1lel  eaiey, 158aidasee & ifiaa-
LAiey TAlAcod), IBTABAIN iTfelaley ecladaseaiey, i51a8aia Jageiiial cdaiey, a oacaea
Aiaf0AAIN 514810 dafiiciaaaiey & eeanfeossasee idifod  aifioaaiins 1audeoia ia 3D
eciadazaiee.

A aaiiié MoadUA 153482880y 1206 1145 & &lifod6esiaaie b ideciasia 3D eciada-
se&iey fa Mifaa Aoldanoe+aneié aaNaodee, aapued eiaadeal oA Tiefiaied jaiacoa ide
Bpaié AT iBTHOBAIT0AAITE 108aI0a0Ee ASIABOBAEH-IDATA  Bdaciaaied. Aeaaiaady &fi-
ficeoetiiié 03006 O6ieDeTAsia, ABAYUES A fOBGEO6B0  ideciadd, Aiciieft if-
ROSTAICA Afelgial +efiea i5eciadia 3D ecladameaied & iBeIAid 84 i3IR0TAT dagapudal
i5aacea a6y 10/aRaIey Ta0460a @ Ofi6 eee &ifié eeaniio

&l eciadaaeai ey

0 . 1
cos 0 sin
My()=@ 0 1 0 A;
sin 0 cos
0 ) 1
cos sin 0
M,()=@ sin cos OA
0 0O 1
Oaé éaé 1200060 11416104 ia Tacaaapo nalénoan énivoaoeai foe, of 1adaiaia 1ao-
8eo ianoaie eciaieo iéleedied 1atuaéoa i 1aial ia 406&ia. A1 auai ned+aa ideaioacey
idTR0daIR0AAliTal Tauaéoa, Med+adiay a dacoelivaod iifeéa aiaacaédiinoe élia+itd iai-
d101a, cadénieo 10 iayaéa adieiaiey yoed iaidioia
Oaéei 1adachi, iaiasiaeil dacdoaaioaol 6agop ndaio néaiedi  aaiey 3D egladasediey,
+07al dacoeloaol aai néaiediaaiey ia caaenaée ad 1o 1difioda ifoaaiiié idéaicavee aia-
B2ceA0AITAT Taudéoa. Tonol F  endiaiay 3D iiadel. Tivdadéel ieinéifiol B(;r) =
= fxjxT = rg éaé éanaodeliop é nodda c 0aiodii a a+aea éiidaeiao & i daaedo il r
ao0i+6éa(;r),aad =[cos' sin!; sin' sin!; cos! | aaéie+iné adéoida RS ar,! &'
fidade+anéea éidaeiaol
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2

xOTA0 fidAla feaiediaaiey 3D eciadamaiey 14 a08a ideaycaia @ 6154 aiaseceds-
AiT47 1408604 & AT 15INOBAIN0AAINTE Toeai0aee, A1asie 1T & AIfoaot=il, ~ofal ide
istecaieni 3D i1al5104 3D ecladaceaiey iteo-aai0a ieiner Royie Aa+Aiey i& eciaiyee
61510, Adoagie Aetaaie, &iasiaelt ataeoufy, ~0iaa ide iai ROBAIMOAAIT 11418104
3D écladaseaiey Afia feaiedopued faoee 1adassasiins ieifien 0aé iia dacitie 6asaie
facida | &' Aiaiaaaee 40 4563 fi 406AN

Roaiaadoine iadaald anas iad 6aeia | &', eloidhie TidRaasyaony easeaay Reaiess-
buay fA08A iaBaBEasIIN6 ETHEINOAE, A OTiTETAe-AREN AIOR 64 a8y (AIdAS0AIAT fied+ay
5380 114860 ET10&I008+-Afees MOAd fi 6&I03T A a+asd &lidael a0, Eazeaié feaiedopuas
FA0BA TA0ABEABUING TETHEINOAE fa dadie+1é AOADA fTITH0AA &1 0T+86, 81015aY 40840 VA-
BYOURY O-676 Banaiey i OASTE TETNEIN0E, 1A0A8EaEUNE 18  THETROYI Aaiiié fidoee. ifi-
2e&M0AT OT-&6 1a fI6ASA 14dacohd Titdioh f&oes (8efi. 1)

Riofeo 10180800, +of 1404 6881 (;' ) Taiicia=il 1i02436y40 6caeé Tiidiié faoee, fil-
10480f0AGPUSE AASITI0AAITE BafadABUNE iETRETHOE & RA0RA feaiedopuesd iadassasuins
i&iReIR0as. Afie i3 1TATB104 ROAH Aed6A RATAAT 6&Idda Ti  1dfay faosa T1&086440 Aa-
i & A&4y, O T0AA0NOAODUSA fi&06e fEaiedopues T&iNeNoaé ilaiifoup fiaiaado 4564
A 43040 & 186+a4104 RA+Aiey 14 eciaiyo faiaé o1aia, iyo 6 a0+-eREVAITA cla-aied
i5eciaea i& ecidieony.

Oacel 14dach, 1aTasiaeIT ToBTedU T1aiop fa0es, Taeaaa buoh BaAiA&dI01 Bafi-
5344647081 O-&6 1A MOA0A, +~OTA0 iEToioU T&THeinoAe & id  THOdAIN0AR A06a daéead
3aaiMiadié asy alfiocaeaiey adiailioad Teease Maiavaiee 6 c&Ta TiTBié fidoee ide
11418104, DaAIMASiA dafisaaaE4Ie4 O1-46 TiTBI6 AA0EE | A f6A0A TAAMTA=E0 T0f6OR0ACA
41684 1610106 RETIBAIGE GcTA 1A 1Ta4B6ITH0e HOAS0 A 045 ese  &i00 14A0AG, TidaA4-
BYpLES 1B&I6UAN0AAIT AA+Aiey T4 0&ie eee eilie 6asaie 14 ci3a. Oadel 1adach,

4 TaUAl fie6+a4 i3 cAAnaiee dACOBUOAOTA ReaiesiAaiey & 1ad 566 (TAdTANA TieRaied

1208800 46480 aaif feaed) afia A4 YEAIAI00 46400 T5eieiacl 5aa TidAANA 6+afoead ide

al-eReaiee cia-aiey ideciaca 3D eciadacediey 4ac iMAlgAiey  Alee Aseyiey 1i024A84I-
: 3 oA 1yasaiey & ATt yediaioa 1a08es
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Neéaiedtaaied endiaiial ioifiodainoadiinal tauaeoa F ii6uanoaeyaony naoéié ia-
daéeadelito ieinéinoaé n oannoiyiedi  r 1deedd 1einéifioyie & caaaiitie 6aeaie !
e ' (Ai. déf. 1). Acagiiia Téieedied 3D faudéda F & éamdié néaiedopudé iéif-
éinoe B( (' 7)) 636‘ébé6égéa°1‘ﬁy +efeli G 11 1aéloiano 1daaeed HyperT : G =
= HyperT(F B ( (,;' );r)). A éa+anoaa oéacaiiié Gadaéoddenoeée i1ado atnooiaou
+enél 1adana+aiéé 1eiiéinoe i endiaitl 1audéoil, iéfuaau i a+aiey eee nailénoaa 1édano-
iinoe 0aéiai na+aiey e o.7. Adoaeie neiaaie, 66iéveliaé Hyp  erT 6adaéoddecdad naienoai
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e

a
a8, éaé HyperT =  G(!; )dr. 1ifigéd Tadaaioée aaiiay 3 iad0daén-iandeda 30M
fidaitaeony 4aciadiié iaodevdé 20M, asealé MoIcadd & nodiéa éioidie 9aanoaaeyao
fifaié 2 -iddeiae+anéop édeadp. Aagaa iseiadiyaony iioieaciaay ia daaioea iaodeol
2TM 1iNdaanoail 6oiéceliaéa  Hyper , é10180€ ileeil caaaod, iaideias, éaé Hyper =
=max G(!;' ). A d4coelidaoa 1Me6+adofny aald ~endé 1TM adeéold cia+aieé, i&idadia-
i01 aiaelai éioisial 46ado 2 -idoeiae+aneay eseaay. E eo+4aiiiio iaaids ~enae ise-
1aiypo aéiadeaoaiaié ooieéoetiae  Hyper , +01 16€aiaeo é iiyacaiep iaéioidian ~enea

ideciada ecladasediey ResfF). YO0 6oiedeiiaé iiaeil cadaol, iaideiad, aiieeosoaié
a0idié aadiiieée dacéieediey a oya O6dia
Oaéei 1adacii, 4eiddoaeiedoité ideciaé 3D égladasediey F 14éadado nodoéosddié
a aéaa éiiiicecee +aoload 66ieveiiaéia, éasealé ec éioidns, édiia 4e1ad08aén-oa6ié-
oeliaéa HyperT, i6é iifiéaaiaaodediil ideididieé niédauaa 0 daciadiiiol 1aodesd

ResF) = Hyper Hyper HyperP HyperT(Fsec):

8380106 T6TRETROAE 114 dacilie 63eaie Taciaa, ATAMael | sifieaiesiaao, ~ofad ec-
A68+1I 62BeA-10AGAN Cia+ei0 idciade (1ABRIad, TA08I&08  &1i065a 68a680 RAa+aiey
& 0.1.). Aey iadieeadiey ideciada 2D ecladaceaiey fa-aiey efi T6UCGAORY 0dAEN-IB&Tada-
ciaaied [11]
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(2) Neaieasiaaied na+aiey NAoelé iadaseasi- (&) 18eidd asaoce+anéial idadanoaaeaiey 08aén
{00 16yi06 1a06é60 TM

\AMNYNAN AN I N AAANN 7

Caoai fnéaiedt iecaiaeony [EX aeéa + |, lié6+eapgaal aen-
é0aoila idedavaiea , RA0ETé Tadaeedeniis ioyitd a oié aed ieiféinoe fa+aiey  Fsec
e fi 0di aead gadli . Ei40ana+aiep iaié iayite 1 + ;) @ AA+aiey Fe.y i081aiyaony
0l 4 daidd atasaiila idaaeel T. Neaiesiaaied iMaoiayaony asy éaseaidl Maial 6aea
al casaopaiey faidica a 2 o6aa

.......... X 50 1 i &

u
& 106 AOTeads 1208860 O fiaddeed ¢ fa+aiey, al-eReyaiod
il Af&1 1BYi0 AeAledopuaé fidoee 1B Taeiadian cia+aiee 6a B2 Aey fafié & ofé
228 2D 684650 RA+Aiey. Easaay Aideciidasiiay nodiea 1a0desa Ol fitaddaeed cia+aiey,
A0+-eREVAINA A8y Taiié & o1 aed Byilé |, SiApuaé Taeiasiala Sanfiolied af iaa-
éa enoacian, 158 0acild cia+aieyp 6aea & ofé eed iélneinoe fa+aiey. Ange ioyiay |
14 10486240 &CTA0AGRAIRA sy I(; )= ?, Of cia+Aied 0046M b6id0elIaEa iEadape
52ai01 168p:  T(Fsew 1(; )) = 0. 02881 140AGH, 1808 (i ;) AI0AAONOA6AD YEAIAI
1206860 TM A M&dli (i) ) @ cia+aiedl T(Fseo (1] )
fifed caiieiaiey 2D 08&éf 1a08e60 ¢ iMfuip Acai&ddaenal ooieveiiasa P
148420083p0fy M0TEA00 1208860 TM. A&l Tieell caaaou, iaide 149, eaé T =
= g(; )d=maxg(; ). iified yoié 1ada4ioee aaifay 4a6140iay 1205864 OM fdaf-
a80fy TAMABITE 1205086 AA8OIST ~enas, 1AidAG0AINI af agtal eloisial 46440
2 -jA08Tae+-AReay 65eAaY. CAOA & ITBG+AIM6 1AAId0 +efide id  &iaiyho ed6aTalé 067é-



éciadaesediey 1803

ResfF ) = Hyper Hyper HyperP HyperT( P T(Fseet 1(; ))):
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A aaiili dacaded aoado Tieniai agaideoi, naganii ioisno i feeil niédaoeol aiéu-
gia éiee+anoal ideciaéia ai ianéieuéed iacaieaa eioidiaoe aito (a oonea eaaé aoioial
ifadiaa). Oaéeed aeaadiaady éliiicedeliiié nod6e06oa ideci aéa aiaeeéoeé ileedd cada-

; N e N " .

ioe I <EE e Ugiai +efnéa eididiaoea-
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(2)

icia+ei ~adac Res’f'(s) aeiadodeiedoile ideciaé k-ai aeaa, ad+eneaiiné agy s-ai
iddanoaaeoaéyi-al éeannaA;. Ndaaida cia+aied k-ai aéaa idéciaéa aey anad eciadasedieé
iifeedficda A; daail:

hi o

Ei6idiaceaitie ideciagaie acaoo 0a, é10id0a Ticaleypo dac ge+aol éaé lieeil
aléugd éeaniia 3D Taudéoia iaaead ftaié. Addaeie fetaaie, Nd Aaida cia+aied ideéciaéa
aey Tailar éeanna a6ado éaé ieeil 4iedd 6aacail 10 Ndaaidal ¢  fa+aiéy ofal aed 16écia-
éa a8y épaial asoaiai eeanna. 18e yoii éiee+anoal iaiaaaie ¢ i6aanoaseoaeaé dacind
geaninia afeaeil alou éaé iieeil iailaa.

A fayce n alpdeceizaiill aiée dacoaaioaill 43a 181644080: 10 416 Todiveasiil
y003a&0eains ideciaéia it éiee+anoasd éaé iieeil 1ailigdal ffa iaddiey ivaanoaaeoaeaé
dacito éeaniia 1deedd fiaié e atladedied eioidiaoeains ideci aéfa it 6aagaiiinoe asoa
70 4663a €06 ndaaiesd cia+-aieé it ééannai.

Agy T04ida 1iodioveaséuil yooaeoeails ideciagia iaiasiaeit aiv0de éasedial éean-
fia écladacedieé idiecadnoe dan+ao ed 6fidaaiaiilo cia+aieé, a vaéaed fidacenoeéd dan+aoa
&0 NBAaiacaaadace+anéial eieaaaiey 10aaeuii il Gasealid 16  éciadd. Agy yoial darin+e-
olaadony iféacaocdelup(A;; k), ioioté Tidaaaeyao 1ado iaiiaiaéy  k-ai idéciaéa aey i-af
eeanniaA;. i AAoTeo e 4200 +anoéé:

s = BATKT BAK),
i

[A5aay ~afol élyo0e6eaioa 6+e00aado sleé+andal 3D ecladazedies, ideciaée Reg'®

8101600 ia 46460 1Miadaou a fifoadonoadpuead aeaiaciit éiea  Aaiey fdadaidarl cia+aiey
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<&l 14iligd cia+Aied yeaiaioa = A ALz 2:m) & 0Al 4lBUBA 6l
geé-anoal oaéed yeaiaioia, oai 66aead dacee+apuay feea idéciaéa. xoial ia idiécaiaeol
éégiéé dac fidoediaes e ive yolil 16aieol 6a81adil cia+aiey ia néfeliéed iaeaieaa 66aoed
idAanoadeoaeaé, ainoaoi+ii danf+eocaol, iaideidd, ieaeipp ddaiedd eidadaaca éieaaaiey
fidaaidal cia+aiey ideciaéia L@ =20 m)

border(k) = mean( ) stdev( «);

o P i ~ O 270 X AYO N N O ~ AnO
daaamean( ) =(2=(m 1?) i”;ll b=2 g @1 =(m 1) fnodadiaadediacé+anéia
o i pY P H ~ O 1270 A A N =2 NN N
+eflaé |, astdev( )= (2=(m 1)) i”;ll . mean ( k))2 fdaaiaédaddaoe-
+anéia ~enae |.
Ede0adeé 104l ociaéia neaaopueé: +ai alegad cia+aiéa border(k), 0ai alea dag-

.....

(an)
Q»

S @
O Ot

éiyao 1aoas b 161684600, 0aé éaé
ioidiaoeaita i
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geannil (ifleeaniodll  A;) i 6+a0ii aanians cia+aiéé Tiddaaeyaony nedadpuei 1adacii
X Aj
) _ JRei k)
d(t;A;) = p(Ai; k) x
K K

d(t; Aj) = min d(t; A;):

|
el fGUAMDAAINE T8pfi A TTelco &
o

AN AN
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Asy noidanoe+anéial filiiiaa dannoailaée oi+aé 4aéi 1anoie o eia+a (den. 54). ia
oiditigay 1auiiioe, 16fou adinaaiay oi+éa ifiaéa a ianof (0; 1). 1aéneiagiiay inadae-
iifol daaia |, éidaa adinaaiay oi+éa e iaeaicda daasaiiay oi+éa dacaadoé e a6aoo yaeyou-
fiy 4aid0dasiil idioeariieleeilie. Oaé aé oi+eeé £aaié & 163 aie iéiaeid 1éooeeiinoe
daaii6aagait 1o oi+ée (0;1)e dapo iaeiaéiaia fieiiaode~iia 10ééiidied ai0daaeas ai :
Of aiaeéc iéieiagnilar 10éeliaiey aoifaaiié oi+ée 1o iifeed ficda 1MA0oTaIinod oi+aé
ia 1éoo6eeiifioe daaiifieeadl aiageco ieieiaéuiial 1oeetiaiey aey oi-aé oleuéi aey 1a-
iié ietaein 1édoeeiifioe, iaioeiad, afee Aidiaoediaaou aio eciioaeuil oi+-éeé idaaié
i1&61aeil 18doeaeiifioe ia 63aop (8eh. 5,  4). A yoii Ne6+aa aey 6aailiadiial danidaaded-
iey Teecaadiia ieieiaguit 3 N of 5 aait é $

fio 0
yéniadeiaiol a ndaaa iaéaoa aca eai ¥ 4]
alga 0aisaoe+aneed Toaite. Agoaea aiagiae+iia 0aiddoe+aneed 16aiée, ifacaddaeaapued
y00aéoeaiifiou e 1daeiouanoar iaoiaia noidanoe+anéié aaii  aodee, iieeil iaéoe a [16].
ieaed 068444810 6acOE1I0a00 Yeiadeidioa 46y aléacaddelinoaa idaeiouanoa foldanoe-
+anéial iiiiaa fnéaiédiaaiey 1adda adoaddieiediaaiiié dac  aadoéié i oi+ée ¢oaiey fiio-
ilpaiey ¥01+iifol a0R0dTadénoaed,. A éa+anoad 3D éciadassdiey ale acyo Taudéo ¥4iaoés
ia inasf Mis €¢ €cadnioiié aach aaii0o 18einolingial oieaddneocaca  The Princeton
Shape Benchmark{17]. A éa+afnoad éoeoadey 16aiee dacoelivaota daaion aeaidsa aoe
efifelciaai élydoecedio 6aaediié ifadagiifioe ad-eneaiey idéciaéa

_ jTrueFeat CalcFeaj
- TrueFeat !

A ea+ano0ad aiagecedoailal ideciaéa atea adadaia iaéneiacl iay aeeia 108acea, 61oi-
d0é ifaedo atou Tiavai aiaioodu 3D Tfauaéoa. Oi+ifa cia+aiea aaiiai ioeciaéa ieeii
ad-efeeon aey ioiécaienit acyoidl 3D eciadaaediey, iaddada a ana imadita sannoilyiey
iaaead addwgeiaié 3D iiaaee. lienaiéa aaiilal ideciaéa idéaa aail iesed

ResF) = Hyper Hyper HyperP HyperT( P T):
C}'aé.ﬁl'] \
T(Fser  1(5 ))=max(f(;:t)); P=maxg(; ), =max g();
\
HyperT(F  B( (" );ir)) = ( Fsee) = G(;%5r ); HyperP =Row3D  r;
Hyper = max G(!;" ); Hyper =max G(');

aaaf (; ;t) aeeia t-aiiodacéa, adnaéaaiial -é igyiié 1a -1 04é1i iaéélia a iéin-
6iNoe Na+aiey Feece; ( Fsec) = G(I;1r ) Tidéciaé na+aiey (1aéfeiaéliay aééia 108ac-
ga), Med+aaifal iadana+aiedi r-é ieiéinoe B( (!;' );r) Maiasié (!;' ) 6aeia iacioa;
Row3D éfée+anoal iaibeaand yeaiaiota aeoaeiito nodiéad i a06eo60 3TM (Iid Or)

Yéfiadeidio Aifolye é¢ aa0d aéiéia. 1adané aeié 10diedae 1@ e 1aeiaélans 1ada-
1A00a0 fnéaiediaaiey, ia NETEUET 1di0aiola daaee+eony of+i 1ol dafiiciadaiey Tauaé-
oa (of+iiiol al+eneadiey idéciaéa) ide eniiélciaaieé noida noe+anéial néaiediaaiey 1
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7 Caéep+aied

A fafolyUaé foAaoUa a8y SAsAley caaa-e aiaséca & dafiiciaaal &y 3D écladaseaieé
Ai&A0A04 406 153a8Teal (1a0é iTadia fi ilceoee fOTbAROE-aRET & AATIA0dEe & B6ieoeT-
1A80IMTAT Alaseca, 8101306 TICATEYA0 Aiasecediadd iifod  AIM0AAITNA 1AU8600 AAC ID84-
42000480IMAT &6 GiBTUAIRY & TTROSTAISY IB1Ac66E 1A IBTREIRT 08, alasecedsy iaifdaa-
ROAAIT &6 3D 61816, Aaiité 1Tasia Taeaaado Tidaaasaiié of eAABRABIIMROUD, 0ae eas
oAGieea fieaiedtaaiey ieifaifoyie 1A ideaycala é 4aNaode+  anéei TRTaaiffoyi 3D egia-
dazeaiey, iiyono 48iad0026A-I5ATadAciAAIea AITATAIT Y60  AG0eAll dafificiaaadt 3D Tad-
8800 6palé 61810 & AO36E06d0

fala 281A008+ARETA A8iAB0046M-I0ATAdACIAAIGE A8AATEAA Oy TieRaiilio 180Ta6 1i-
ROBTAIEY Ae1A005&T6A0105 TBeCiadia iicaATeyad 1A OfeueT AT cAAAA0l &iaadeaidNa fie-
Faied 3D ecladaseaiey, i & aiasecediaaoy A4t ifadiifioe & 4 A&N&odep 1ads6iifoe

Pacdaaloaiiay 51644664 ieidiecasee i5eciasialal isiiod  Aifioaa iicaleyad 1 ofe-
81 10485200 cAAAINA +efiel e/BT5Ia0eAaIne I5eciasta, il & 18 &fiaaeaadl eamanis &c ied
A4fTATE E1Y60LORAI0, TAlcia-aplieé 4T dacee+apudh fice6 Ac  Aaehieilioe 1o I5RauyAasy-
31147 esafifia 3D ecladacediey. Oasaed foed 1014080U, +0T Ha&l AdAdUE ANOEA 14 & dac-
3341084 6iaAdRABNNE 181044050 1eiiecasee Tdeciagiaia 1 idiHodainoas, & a alciiee-
fifioe ideIAiaiey aaiiié 131684650 ide Aoldanoe+anen 1407 43 dafiiiciaaaiey, 810iday
A0 TABaAABA ATTTEICOABUINT 10ACIOUAROAN: SiAsafil Alciie IOl 68002200 A&ATA0A
ciazaiey elyooesediona ideciadia a caaefieilfoe 1o eéanfia 3D eciadamaies. jase-
~88 AAI1AT faTen0aa TcaTeyad TTa0feol faadeeliion fotoan oe-anelal dafiiciaaaiey 3D
&cladamaieé A8ia00046M-I3AT40ACIAAIRA].

Efiffelcoy TAaITROS Elifod0edTadiey ASIABOBEIEA0I06 T  Beciasia, il efiféu-
cTAadU iBTH00p 131684656 ieidiecaces iBECIAGATAT B0  Aif0Ad & 5Asapudd i3aae-
&7. 11164 fa 1eie1asuiné 1aais yooacoearns ideciasia cia-e AU Te5aUa40 A041Y
334100 dafiiciapuaat agaideoia

Aagas fgieeiifioe dacdaaiose a Tal&l AcAA &asiié 1aoaieiace  04Ida eloidiacea-
106 186160868563106 idECIAGTA & &4 164768, A Oadad TABaIe+4 (14T 1audia fidadue, & Aai-
iié 5a4l0a T0R00M0A0RO NBAATAICA 181624050 ieidiecasee I8  eciadlaial idiRodaifioaa

aedieé. Aiadiae+iid dacoeuoadl Osed atée 1Me6+ail e ajaéec & 6adoild & 0&énoosins
2D éciadaaedieé a [20 22]. Eicdeedeooaciitné 6oi1aaiu 481800 daén-idaladaciaaiey ileedo
alol Matgai déadiaady dacaeoep iaoiaa aey eivageaéodaéli 14l aiaééca e daiiiiciada-
iey aadioiediaaiito e 1Maddeeadiindé 3D Tauaéoia, aey ey ofiléiaee eo 11aado-

e fi y a
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Aéiaie+ané

EAREAA6a0NY 11a&é, TieRdaapuay 1610ann a00¢Tiadaaicie, B6aacecoailé a daiead ay-
aa oadiieéiaeé. baffiacdeaapony +aoloa dadeaioa iladée. 1a 0até aadeaio Tiefitaado
odaififaceliagtita 00aifiiidoila iadaaicée, o0.4. 1adadicé & dac adadeaiind faraeuiié
foaioee ioidaaediey e éiia+iié foaioee daniddadediey asoc ia. Aoidie aaseaio fie-
fildado oodaifiiidoita iadaaicée i adaaeaiiié ia~aglilé noai  ©eaé Toidaasaiey asogia
O840eé aaseaio Tientaado 0daifiaoila 1adadicée i A0adedi ilie jarasiiié foaioeaé
0 y & élia+iié ficaiveaé oafiidaaasaiey aoocia. xad aaooté aadeaio fiefdaaac
0daifiiiooila 1adaaicée iT édoaiaié 0aii~éa fioaioeé. Aéy an 4o aadeéaioia ifadee ego+a-
oMy daseeil 480¢Tiadaaicie, 6a1asaoaidyplied casaiiié iefi  0aia é1iodiey. Oaged dasee-
i0 Tiefitaapory dagaieyie oéia 4aaduaé aiein aey idéeiaéiia T élia~ii-daciiioiiar
aiagiaa osaaidiey iadaaiee-aneial oeia. Tiefaid aiciieeil a dadeeeil ad6ciiadaaicie,
effeaaraai anoin onoié+eainoe foaceiiadils ddaeeiia
Eep+4a0a felaa : iaeeidéité &iia+ii-oaciinoité aiasia iasaaiee+-anéial 0o aaiaiey,
dagaiey oeia 4aasduaé aiei; onoié~eainou; aeiaie+anéea i aaee asociiasaaicié

DOI: 10.21469/22233792.1.13.04

Dynamic model of organization of cargo transportation

L. A. Beklaryan and N. K. Khachatryan
CEMI RAS, 47 Nachimovky prospect, Moscow, Russia

The model describing the process of cargo transportation @ized through a number of tech-
nologies is investigated. Four versions of the model are caidered. The rst version of the
model describes the transnational cargo transportation wihout dedicated initial departure
station and the nal station cargo distribution. This versi on of the model describes the cargo,
for which both the rst and the last stations are not nodes. For such cargo transportation, it
is important to describe the rule of interaction of intermediate stations. The second version of
the model describes the transport cargo with a dedicated irtial departure station. This version
of the model describes the cargo on the long section of the rtel where the initial departure
station is nodular. The role of the station is the most signi cant problem in the organization
of cargo and, therefore, it has extra capacity. For such carg transportation, it is important to
describe the rule of interaction between the rst station and intermediate stations, as well as
the rule of interaction between intermediate stations. Thethird version of the model describes
the cargo transportation between dedicated initial departure station and nal station. This
version of the model describes the cargo on the long sectiorf the route between the two node
stations. In the problem of transport cargo organization, node stations play the most important
role; therefore, they have additional capacity. For such cego transportation, it is important to
describe the rules of interaction of nodal stations with intermediate stations and the rules of
interaction between intermediate stations. The fourth version of the model describes the cargo

Paaioa aliteidia ide défaifitaié iiaaddaeéd POOE, i514éo «15 -51-05011.

lageiita 1a6+8ied & aiasec 4afins, 2015. 0.1, +13.
Machine Learning and Data Analysis, 2015. Vol. 1 (13).
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transportation in a circular chain of stations. For all versions of the model, the modes of freight
satisfying given control system are studied. Such regimesra described by traveling wave type
solutions of nonlinear nite-di erence analogue of a parabdic equation. The possible modes of
freight are described, the issue of stability of stationaryregimes is investigated.

Keywords: nonlinear nite-di erence analogue of a parabolic equation; cargo transportation
models; traveling wave type solutions

DOI: 10.21469/22233792.1.13.04

isaiediaaiey & 16aaiecanee 400cTiadaaIcHe. Aiadaid 1801a O iadieadiey Tioeiasuiial
jeaia 1adaaicie A jagdé MOGAIA Alee 15AaseAil 4 1930-6 44 A 1930 &4 E.A. Eaidi-
iae+ai [1] 1acdiade-anee Tiefala odaifilsofay caaa+a eei  A&MAT idiadaiiesiaarey
Ei o4 15434641 04606 SEAMA caad+, ABECAED & OBAIMITAONE, | BAasieal a8aide0 48y
3Ag&iey OBAIRIBONE caad+e, facaaiiné 1&otan dacdasapu &6 iflee0asaé. A 1949 &
E. A Eaioisiae- 1. E. Aaascsel lioaseeiaase 5aaios [2], a8l 0i51é 5a0asafiu 05aifilao-
fay caaa-a i 1adaie-aieyie ia isTioRelaa Aittaifoe. Efi BlcOy eade Tauaal 1aotaa
E A Eaioidiae+a, 46y 0Avaiey caaa+ Beiaéilal id1adaliesl  aaiey 406 Sacdaaioal ia-
ofa TOAIBEAETA. xABAC 414 yOi0 & 14014 408 i534sTeeal Ase. Aa  foeal & O. Alsuon [3]
A of =& 4841y a Niadonel Nipca A. E. E65UA [4] 406 158a8Tai 18 014 530Aiey 0daif-
130176 caad=e i604l ideaseaaiey oReTaii-iosiagitie i aiaie. A 1985 4. 1. E. Aaay,
R. A Efagoeeé & A A. liefiaaiel Tivaseeiaase 5aaioo [5], iR AYUAI6p idTae&ial Tioe-
Jasuiial isaiediaaiey & Gidaasaiey odaifitdoitie ioleal & 12 0BAIITE0I08 AAOYS
AGse Baffiiodain 1aodiaoe+anees itadee 0BaIRITSOI06 f&0A & & 0dAIfITB0IE iolera
(1411814106 0BAIRITSOINE T8, iTole fi GResaieyie & eaa saieyie, fofe janéleiees
aedia 1a 0BAIRITSONME AA0e A Tadae+Ailé iaTioneeé it AfAOUp CAAIUAA, Aefaie~a-
Feeé odaifiiiaoiae iore)
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jeai
z(t)= (1 zZ) (z z+1)*+'(z);, 12Z; t2[0+1) (1)
Agy aaociiadaaicié iaiadiaell eiaou adénoaaiiop e 18ifioop fienoaid éfodiey. Tia
caéép-aaoiy a oii, +of Tauait 1adadaaolaaadits asocia aey épa 1ai ieaiiaiai eioadaaea
aoaiaieé ia anad noaiceyd aieaeil Afaiaaaol i Tiddaaeadiiti ea al asaiaie, aaeidi aey
anao foaioeé. Oaéia onétaea iieeil Tieéfaou a fnedadpuai aéaa: nouaRoadao +efél > 0,
ia cadenyuaa iot & i, 0aéia, +oi 16e anadi 2 Z et 2 [0;+1 ) adiieiyaony dadaifioar:
zi(t)= z (t+ ): (2)
Dagaiey nefnodil aé60adaioeaélitd doaaiaieé (1), 6aiacaca Tidypuea oneiaep (2), ia-
claapony dagaieyie oeia aadduaé aieid. Elifioaiod , €lo1day yaeyaony naaeaii idsead
ilidioaié caiadia e fidaaiaiey 1auaiia ad6c¢ia, adaai iaciaa olU 6adaéoadenoeéié fiefioa-
i0 élioaiey. Oaéei 1adacii, aaiiay iiadea, fiendaapuay 161 oann ado¢Tiadaaicié e ed
fiefiodio éliodiey, cagaadony fi<aoiié fefoaiié aéooadaioeaé Uild ddaadidieé e oneiaeal,
caaapuéi 4aaouop aieio
z()=zi 1 2zi+ zixat+' (), 12Z;, t2[0,+1); (3)
z(t)= z+(t+ ); 12Z;, t2[0+1): 4)
liodadedied 1 [10] Naidéfoar aaniepoii 1aidadnainsd 66ieceé fz( )02z, M16A4A-
gaiind ia [0;+1 ), iacGaaaony dagaiedi nenoait 46006adaioeaéuitd odaaiaieé  (3), anee
ioe 11+0e anad t 2 [0;+1 ) 66ié6ee z() dalacaoaioypo yoié fiefoaia.

Agy épaial 2 (0;1) iddadéel daiasiad idinodainoaa (idinodaifoaa 6oiéveé na  a-
fale)
LIcWR)= x():x()2CHR;R); maxsup xD(t)e 1 <+1 ;k=0;L:::; =e
06r6kt2R R
e iioiié

kxk®) = max sup x(t)e U ;
06r6kt2R R
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Ki= {:{2K} xijzg < +1 2 (0;1);

Xt h

k{kz = xijg 2

M( )= max[2;L o]

&0 4460 135411106 2(0:+1)e 2(0:1)
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2 2+ )+ =0; (6)
3884 = ' Q) . Dbagaieyié 6daaidiey (6) yagypony ~, T, idé+8l 0< < 1, > 1
lisdadedied 2 [10]. Noaoeliadiia ddedied z = fzg,, NeAOAIN 6da4idieé (3) a 6aci-
ail idinodaifioda Ki; 2 (0;1), iacGaadony onoié+eadi it Eyioitad, anée nouanoadpo
> 0et> 00aéed, ~0oi aey idiecaieniiai d 2 K1, 6aiaedoaisypudai oneiaep kd
zk, < , dagdiéad z(t) 6daaidiey (3) i ia+aelili 6fefaedi  z(t) = d AGUAR0AGA0; A&y
anyéial " > 0 Aouanoacac < ;< 0aéia, +oi i8¢ kd zk, < , dawaiéa z(t) 6daaia-
ey (3) i faraeuili onefaeal  z(t) = d daiaeaoaioyaoc oneiaep kz(t) zk, <" aey anao
t> t
Onolé+eaia il Eyioiiad noaceliadiia daegdied z = fzg,; fefodit 6daaidieé (3)
a oagiail i8inodainodad Ki; 2 (0;1), factiaadony aneiioioe+anée onoié+eadi, anée
lim kz(t) zk, =0

O&IB8IA 2 [10]. A&y Epa06 : > 0 & GABACOAGEA0SE 2 (0;+1) MoAGETASHE
sio&ied = f  : ; ; . g GBAAIAIeY (3) A OACIA IBWOGAAOAR K1, 2 (T 1),
yaeyaony aneiioioe+anée onoié+eadi, a foaceliadiia dagai eaz, = f 0,00, g
4 6Aciall iBIH0BAIR0AS K1, 2 (0;1), Ja&yaony iA6R0I6-ead]

laicia+el

max — SUpf 6 ; 2( ) > g

[a eivdodaacd (0; max] TiBAGAEYAORY 06i€Oey () = max(T 1( )), Adadé+anée écia-

Sazeaiiay (3 O6R. 3 (I8¢ ~<  [AGeR. 3, aeide =  iaden. 3, &)
(&) (a)

lidaaaeaied 3 [10]. Noaoeliadita 08gdied z = fzg.z, 2z = Zw: | 2 Z, 0&ia 4&-
aouaé aieit nenoaia 6daaiaieé (3) a daciaiil idifiodainoaa K1, 2 (0;1), iachaadony
onoié+eadi 1 Eyiéiiad nodae dagaieé oeia 4aaouaé aieil i 6a  daéoadenoeéié , anee
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p(t)= () zo+ zZ1+"o(20); t2][0+1);
z(t)=zi1 2zi+ zit' (), 1=1;2::1, t2[0;+1);> (7)
z(t) =z (t+ ); 1=0;L2:; t2[0;+1): :
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~ N A

Zot+t 21+ ' o(20); t2[0;+1);§
z(t) = zi1 2zi+ zin+t'(7); 1=1;2:::;,m; t2[0,+1); ~
Zna(t) = Zm  Zma 2+ (Zma); t2[0+1); 3

Y
~~
~+
N—r
|
=
~~
~+
N—r

N~ A

N
~
N N

| : cedagaied).

O&iddia 7 [10]. A&y épans ia+aeuind aaiié a>0,i2f0;1;:::;m+1g, ia+aéiiis
iliaioia adaiaie t 2 [0;+1 ), adaéoadenoeé , 6aiaeaodioypued oneiaep 0< <
isiecaleuind 66ieceé  1() 2 CL([0; ;R) & () 2 C([0; ;R) & idiecaieuiiai "> 0
f6UAR0a0a0 66ieésey 1+() 2 C* ([0; ];R),T0oee+iayio  1() aiagéié 1édanoiinoe oi+-
ée 0, oaéay, +oi idiaieaediey 66ieveé r()é s()ia (;+1) é illoadonadpuaa ei
eaacedapdiedfz- ()gp ™ oeia 4486U4¢é Aleil fi 6adacoddefioedié  fefodil (8) 6alaga-
0aiayac ia+aedilié oneiaep  z.(t) = a, iIdeiaaeaaeeo 6acaaiio difiodaifioad K1 ise
épail 2 ( 1(); 2()) & yaeyaony (", )-édacedagaiedi
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iefidaadony neaadpuaé nenoai  ié:

z(t) = zi1 2zi+ zin+t'(7);, 122Z t2[0;+1);§
zi(t) = z+n(b); i2Z;, t2][0;+1); S (9)
zi(t) = za(t+ ); i2Z; t2][0+1):"

Nidaddaceaa nedaopuay eaii
1

a.
Eaiia [14]. Aneefz( )g.z Vaéyaony dagaiedi feroaid  (9), o a&y isiecaieniial
i 2 Z 66iéoey z /() iadetae+anéay fi iadelan n
[+8aeail, +of dacdaweiiiou Aendaid (9) cadeneo 10 dacdaeei  Hoe REdaopudé éiid+-
ifiasiié nenoaia:
9
z(t) = z, 2z:+ z,+"' (z0); t2[0;+1); =
z(t) = zy1 2zi+ z2in+t'(z), 1=2;::n 1, t2][0;+1); S (20)
z,(t) = z,1 2z,+ 21+ (20); t2[0;+1);"
)
zi(t) =z (t+ ), i=1;::5;n 1; t2[0,+1);

zy(t) = z(t+ ); t2[0+1):
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Enifélciaaiea baaii e Oodla 1daiadaciaaieé
danodiado ¢ cladazedieé aey fienaiey
e Tonéaseeaaiey cadaiitd 1auaéoia
A A. iagéia, 1. A. Taaassl
eugen@novikov.de, padalkom@gmail.com
Eif0&000 ideééaailé iacdiaceée & ¢idiaiaceliind oadiieia eé AQO éi. E. Eaioa,
Eaéeieiaoaa, piffey

Eaé idaaeél, iolanoacpued ia naaiaiyeieé 4ail agaioeoid i enaiey e eaaioede-
gavee 1audéoia iaodeadil ia ddedied caaa+ dafiiciadaiey 116 4aadeéaiiial oeia Tfauaé-
014 & ¢a&aiils oneiaeys. 1aiael imefé oieadonasnital eee al €34 141auaiilar naciaa
é dagadiep aaiiié cada+e Moadony éioadaniié igiaeaiié i oi+ ée ¢odiey aéaaaie~anéed
enneaaiaaieé e iaonidéoeaill n oi+ée coaiey idacoe+anéié 8 Adaeeécacee. [6aaeasdadiné
iladia iicaléyao idiecaiaeol éaaioedeéascep eciadazeaieé 1 auaéoia it gediéno niaé-
000 ideciadta. 1aota 16aanoaacai 4 ac4d 1audal lienaiey aga  10€0ia & dacoelivadia yenia-
deidicagediiné iviadoee &ai yoodeoeaiinoe. Tnilaiay casda+a dacdadioée 1aoiaa aadro-
day e éa-anoaaiiay 1adaaioéa adade+anées aaiilo a aéaa aeia ie+anéed égladasedicé eee
aeaanioieia. Ainooil0& a&y noaaidiey 1401a0 efeucopon y 153816UANR0AAIT a8y Ti-
enéa Talaéoia a noace+anéed eciadasedieyd, a of adaly éaé aadornéeé iaoa a 1asaop
T+804840 ja0deai ia 0a4ios n aeadiioréaie. Taudainoaoiind a eaaiiacadeasia e aaiiad
il €0 140a4i0éa aiagidae+itie iaclaaie aey noaaieéoaenilal a fageca ia ifiaio faie-
faiey ficacle ia faéadil. banfiacdéaadité iaola i6aaéadado ifaté fiiia red+aiey
fadioa éép+aand ideciaéia 1adaca & 66iédep aey &6 fnoaaiaiey 1i ifa0aadony ia
ideididieé élidéiacee éeanné+anéed 140iaia 1dyiial i0aia daciaaiey baaiia é iaode-
0a eciadasediey, 1ailasital ivatadaciaaiey O6dia & eo+a ii0l efiodadaguiai ioiae-
o0&yl & noaoefioe+aneial aiaceca eiodasasiind eiyooesediol a 0O6dia, danniaodeaadins
a éa+anoaa inifaiis aanéoseioioia 1auaéoia eciadaseaiey

‘The use of Radon and Fourier transformations of raster
images for description and tracking of prede ned objects

E. A. Novikov and M. A. Padalko
Immanuel Kant Baltic Federal University, Institute of Appl ied Mathematics
and Information Technologies, 14 A. Nevskogo st., Kaliningad, Russia

As a rule, currently existing algorithms for describing and objects identi cation are aimed
at solving the problem of de nite types of objects in desiredcondition. However, search for all-
in-one or more general approach to it is still quite interestng in the context of academic
researches and from the perspective of implementation. Pmosed approach allows the object
identi cation on a wide range of characteristics. The methad is presented in the form of a gen-
eral algorithm description and results of the experimentaltest of its e ciency. The main task
of method development is fast and quality processing of grapical data as dynamic images

lageiita 1a6+8ied & aiasec 4afins, 2015. 0.1, +13.
Machine Learning and Data Analysis, 2015. Vol. 1 (13).



A A 1aeéia, 1. A. Tagaeéi 1828

or video streams. Available for comparison methods are maig used for object search in freeze-
frame images while the presented method is primarily aimed taworking with video stream.
There are no generally available videos or data on their proessing with similar methods
for comparative study as of this paper. Considered method &ws one a new way of getting
a key features set of the images and a function for their comgason. It is based on a combination
of classical methods of direct Radon conversion of image miax, one-dimensional Fourier con-
version to the corresponding projections, and statisticalanalysis of integral Fourier coe cients,
considered as objects features of images.

Keywords : computer vision; machine vision; image analysis; object dection; video monitor-

ing
DOI: 10.21469/22233792.1.13.05

fiadlaiyeieé aaiu aafiieépoiia aieugeinoal iaoiaia e oaoie +afnéeod foadanoa 1ada-
al0ée ecladaaedieé iddaiacia+ail aey dagaiey o¢éiai ééafifa 16€68aaitd cada+ e 1o-
iifecaeui laddeell fildaaeypofiy i ieie a daiéad faiaal ééann  a, Taiaél a onéefaeyd foa-
al f Toaaieciaaiitie iMadaié iaadeeiiiou fiduanoadpued iao iala 0acél fieaeadoriy
8é yoii a6aiailia caodaol ia 1adaaioéo e ideiyoed daegaiey idaéoe+afnée anddaa cia-
+€0aéuil iddalegapo 00adoaida a oaiéad iifivaaéaiiié caaa+e

Noaiaadoiay nddia 1adaaioee eioidiacee ide dagdiee casa+e  dafiigiadaiey i6aa-

ficadéaia ia oen. 1.

2 aaif0é NAid a8y yoaita faaiaioacee & oidiediaaiey idec 2614 1& AGUAROAGAO
ROBTATAT 0A16A808+AMETAT BA0AIEY, 0A6 636 A GRETASYD fase+ey iMiad yoe caaa+e Jasypo-
Ay iaeia5a80i0ie. E 1yono ea+-af0Aaiia 04cdied caaa+e 52  Ailciaddiey eciadacedies
ia 6eAcANNG yoaiad i& id&AR0aAsya0Ry alciTeill, TATAAIT a daceeid dRABUNAT 1af-
poada adaiaie [1].
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eaaioeoeéaoey ee+iifioe 1 dioiddadee;

aiaeec aeaaiiioiéia a fefioaiad ilieoideida aey oaiieeie, 1 ddail e o.1.;

aiaeec 00&1ienito oaénoia e (aaaed) odénoia fi aifoediaaiil ie goedoaie

banfiiodel aaoionéeé iaoia, odaeécopueé ifalé iadia é caa  a+a dafiiciadaiey 7a-
dacia. iaécia cagep+adony a idyil iled+aiee éep+aadd iad aidoodia efneaasaiial
ecladasediey +~adac iineasaiaacasiiia ideiaiaied idaiadact aaiey baiia e idaiadaciaa-

1 lacdiaoe+anéeeé aiadao
A Aitad 140144 edaedo ecadnoind iddiadaciaaiey Pasiia e 068 14
baffiiodel iddiadaciaaied badiia 66iéoee aaod iasaiaiits , 0aé éaé eiaiil
yoio fied+aé efilélicoaony a idaaeaaaaill aeaioeoia oafiici aaaiey
ionol f (x;y) 66ié6ey 4206 44ér0ae0aciins iadaiaiitd, iddadeaiiay ia anaé iéin-
gifoe e ainoaoci+it a0fodT 6alaapuay ia danéiia=iiioe (0aé,  +ofad flioadonoadpued
ianfanoadiind eioaadaen notaeeenu). Oidaa iddiadaciaaie ai Paaiia 66ievee f(x;y) ia-
chiaadony o6ieoey
A
R(s; )= f (scos zsin ;s sin + zcos )dz:
1
Adnidose+aneeé fione id 00iéovee aaieu 1oy-
e e 156

1a
a & e h aey éasedial daciiaifii
8T B+ T

f (x) cos kxz? dx; k= f (x) sin kxz? dx:
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Deéfi. 2 Aaoviadiié ivdiadaciaaied baaiia. A aaiili ne6+aé R(s; ) anou eicaadaé iof (x;y) aaieu

ioyite  AAO
Aai fiediaé f (x) a oidia iaffieda aeeiié N; N 10dafoaaéyac iadeia T, e éazalé
d&cTiaod caieiiaadony a aéaa ianfneaa ageiié N. NoiiaTo  0a (N 1) caidiypo
eiodadaelt io Ty af (To+ T):

1 XH? 2 1 X* _ 2
& = — f(x)cos kx — ; b= — f(x)sin kx —
N N N N
x=0 x=0

2.2 Tavueé aeaiveoi
Agy ia+aea danniiodei Taueé aedideoi, édseaueé a initaa aaii 147 1aotaa. Aal iiee-

eol ia = ia:

1) f&1d adiaitd aaiind. la adia 1aaadony eciadasediea-enoi+~  ieé, a ial cadadony enéi-
iay 1aeanol, oaéei 1adachi ieo+adony ecladasdied-1adaca 6. Oaéaed ia a6ia iTaadony
éciadasediea, a 10181l 46aao Tnouanoaeai iiené aaiiiai1ad  acoa eciadasedied-oanc
Caaaporiy cia+aiey nedaopued iadaiacdia:

a) éjee+anoal eindasasiins isiaeneé paalia (EID);

a) opeédeia fideéoda Oodua-dacTiaoidia aéy easedié EID;

a) éjee+anoal 1avand ao+eneyains Oo6dua-elyooesedioia (OE) écladamedieé-0anoa
& eciadasedieé-tadacoa (iieeil aliidéieiaol yoio iadaidod é aé éige+anoai o+e-
004248106 i6e fidaaiaiee OE, 1aiaél 6agoe+anée iaidaeind OF ia at+enéyporny
i 6aelp yéiitiee oanoaria énilpoada);

d) alionoeita 10éélidied easeaial OE 0af0ed0aiial ecladased ey 10 fl0adonoas-

i

ffioadonoaspued O E 14dacoa;

[
2) TiRodTal aooeo O6dl  a-0aciia
53



Efinélciaaied Paaii @ 06dia iddiadaciaaieé danodiansd ecia  damaieé 1831

3) 14daaloea aaiias. N intuup iiRoSAIITE ABAIN iTe6+apof y EiD a8y eciadasediey-
1403c64, CA0A fi efiifeliciaaieal iaffieaa 140080 SAGTAIal A (& fi 6+401 120414064 4)
a0-eneypory O asy eazedlé EID. Oacel 1adach, ile6-adl iaffi  ea iaffeaia OF
48y eciadamaiey-1adacoa. ITAT4i0é [a4ls AAi106 a8y easeaid 1 eciadasediey A6adl
iac0aaoy isiaesetinie O6dus-aaiiaie  (IOA).

Cadal TMOLAROAGYAORY 18161 1T ARAI6 ecladacedieb-04R00 Al MAUAIGAl & Tae

ieeRAsU (RiTTA0 T46Taa ecladaseaiey-oanioa 11460 aaduedia A0Ufy A caaeheiifioe 1o

&iiedA0ié caaase). AGAdeyy oaeel 1adachi AfA Tasafioe filld  A&OROAGPUAAT (8ciada-

ce&ieb-1adaco0) daciada, al-efeypony IOA asy sasealé 148afd &. NABAAROAN fia-

BeaBlial asaidecia (eRTElCOpUAAT 1adIA0B0 4 & &) Tie Ada  aieaapory A TOA

&cTadazaiey-1403c0a, & Afee 0AMOLBGAIAY Ta8af0l f+e0agDAINOA T TBieaé fa

&cladazeaiea-Ta5acas, Of 1A0AIA050 YOié Tasanioe afieRtaah ofy & AIA0SAsHiné iaf-

fiéa BAcOBIOAOIA;

4) a0ata 5acoeU0A0TA. A AlIOAROROAGPLAE AcEaAca 40a08-AMAT 10a00AERA 1BTABAIIG
A0A1480MY ecTadacedied, & &ioial fa 4367 614 MAUAT faea 1688 488cEe6 & &cia-
Baceaiep-TABaco0 63aAIAI0 &c ecladaseaiey-0afoa.

Oaeel 1adach, A iMiuup yoial asaidesia iell ficadou T fdiae &fioe 4360 ecladasea-
06 eee, [AIDLIAS, eRGAOU Ta6TOTB0E TAUARO A Aféleh eclada  ccdlee eee AeadliTolea.
fleell 534668512200 %ABGATROU: GAATO0 A8AIBe0Ia, ECIAIYY & GIAI04 1adAIA080 &, fea-
412208801, 43038000 6600228106 faTe Aefial a0 &4eoa

< =

o (D>
= Q» :
Qo
Q:

= =projAmt, 448 projAmt éiee+afoat A0A05AAAAAIN6 BT

asedidl iliada 161aéoeée at-eneyaony ciaraiéa il 04a0R0A0PUAA]
. )

(currAngle = , if jaéoee) é adco-
aadony 6o6ieoey, nodiylay noaio idTaéoée aey 0aéouaal 6aéa.

YO 00iesey 11e6+ado ia 46ia gedeid & atnios 1aodesl eciadase  diey & 6aie iaidaa-
gaiey nnosiaiey isiaeoee. A 1iitad 1ddaiecia %iaidas oi+a & 1a0desl a Moadonoas-
buéé yeaiaio (yaeypueény ianneail) ndaia idiaécee eciadase aiey eaaeeo i6eioei ee-
i&éiné eiodoieyoee a 4ead iiaeoeoediaaiinal agaioeoia Ad acaicaia: a yeaiaio nodaid
idfaéoee aidaaéypony élidaeiaol yeaiaiota iaodeol eciada  aediey, aéeaed anaal eiodd-
iiéeddpued éfiaiié 1ayidp, 16i6iayudp +~adac yéaidiod yoié ia0deod. baffitodel
ifadiail iadaieci iinodiaiey oaéié ndaid

[aifiiei, +of ana aiciieeila cia+aiey 04eoudai 6aéa (currAn gle) ifaéo atou oieuél
a aéaiaciia [ ; ). bacgiauadi yoio aeaiacii ia +ao06a fnaéoida: [ =2, =4),[ =40),
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2.4 Tie6+aied Oo6diia-elyooeseaioia aey ei0aadacuitd i8iaée oeé

Pafifitodel acaideoi iinostaiey ianieaa iaodes O0dua-6aci  1a0idia aey fidaciad-
100 ecladaaedieé. Aey yoial idtadiaeii ciaol ia oieuél dacia 80 eciadaeediey e cia+aiea
iadaia0da éiisannee ioe O6dia-0dainoIdiacee, it & aéeid a fiad EID 1ad0aaao0aadinal
ecladaesediey, cia+aied &101d006 ieeil ifed+eol ec AdAI0 48y a  O+eéfédiey EID. Tiyolio
iTRodTaied 1afifieaa 1a0des O6diIa-0aciiaoiaia ia-eiadony i daco il cadddgaiee 1Mhodi-
aiey yoié noaid

Ageéia ianneaa 1aodes O0dua-8aciiaoidia acado foadonoaT aaol &iee+anoas idaia-
dacoailo inedaiaaodaéuiinodé, a daciadl éasedié 1a0deodl da ¢iiacidia a6ado cadenaou
0 aéeil MRieaalaacaediinoe e 10 gedeil fideoda Oodua-6aci aoidia. Tail eciddaied
ja0de60  yoi aéeia iifieaaiaacdediifioe (projection ;.length). ETléé+&noai daciiaoidia
a40063aia eciadaied iaodeol a6ado daaii v4iioieéd,, 10 aeeid i fieédataacaeuiinoe, oiii-
aediiié ia élydoeoeaic ;

resonatorsAmt = dprojection;:length spectrumWidthe:
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. Jjsample:as:c test:as:qg

_ jsample:b;:c testi:b.:g

aDiv, : _ : bDiv, : -
jsample:ay:cj jsample:b,:g
Caanu e aaeda eiadén ilaoa ioidéoee, x eiadén inaoa yeaiaioa a iannead OE
filffoadofioadpuai Taiié iviaéoee (EID iifiea idaiadaciaaiey a
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\\\\\\\ O ~ AANA

aey an+aoa 6aéoe+anéiai

aaa aDiv. € bDiv, at+enéaid i
+aieé i é x.

Aagaa isiecaiaeony ian+ao éiee+anoaa nouanoaaiii 10ééli aiind OE a éaaeaié EID
(strongDivAmt;) & caaefeiifidoe 10 daaaaiiial iadaidoda afionoeiial i6ioai 0a 10ééi-
iaiey. linea yoial ad+eneyaony aiey Aouanoaaiil 1oéeiiaii 06 yeaiaioia ianfeaa OE
70 €0 1auaal éiee+anoaa:

strongDivAmtAvg ; = strongDIvAML, :
sample:length
& caodi n+e0adony aiey AOUANOAAITT T08¢€1i4ii0d OE & andd 10 A aey ndaaieaadiial
éciadazediey
projkmt 1
strongDivAmtAvgSummary = DrojAm .:o strongDiVAmMtAvg,
YOI cia+&ied a46adi iachaaol 1oéénidiedi (10 1adacoa) I0A ae y ecladaaediey

ifiea mned+aiey yoiar cia+aiey ideeii ideiyou dagaied 1 o, fi-edcaol ée oanoedod-
3114 ecladasedied ainoaoi+i iidleeei ia 1a0acds. E a yoio iii aio eadaaoc oiel aoiaié
éc¢ 016aaéypued 1adaidodia iaciaa daaiaiey afionoeiia & ge+anoai nouanoaaiii 1o-
ee+apueony OE a I0OA a6y eciadasediey. N il fidadieaadony meo  +aiita aey éasedlal
eciadaaediey j0ééiiaied I0A, & anee 1il idilied caaaiiial 1ad Aia0da, of 0anoessdaila
eciadasediea fi+eodadony aifioaoi+ii Midleeel ia éciadasedied- Tadacad e eididiacey T iai
alaaaeyaony a fidoeasiiné iannea dacoeuoacia ieneéa. A yooeioidiadep asiayo éno-
aefaol iaéaaiiial iidieedal eciadazediey e cia-aied 10éé&iia iey aar 10A

IT cadddeaiee idioania iefiéa fdieeed eciadasedieé ianfea da coéeloaoia idoedssacy
il idvanaaiep cia+aiey 1oeéniaiey I0A. Ca A+ao0 yoial iagaie aa Tidleeay ia TAdacaos Ta-
ganol 1éaciaadony ia 1adaié iiceoee 4 iannead dacoeuoaoia.Efileucoy eidiaiacep 11i-
gilediee yoié 1aeanoe, idiadaiia ataiaeo fiioadonoadpudp +  anou écidadasediey-oanoa
a éa+anoaa oacoeloaoa iieféa 1adaca ec¢ eciadasediey-enoieds

Noiiasdiop aneiioloe+anéop at+eneeodeliop neleiifiol aéal  deoia ileeil addaceol
01010&1€é:

0 1
sc X*
f(mxyps;9= @m x)(n y) x*+y> p+12 x*+y? 59k A
k=0

aan;m odaciadl éciddasediey-0anoa; x;y daciadl eciadasediey-iadacoa; p €i-
ée+anoai E i
T

D (projAmt); s gedeéia fidéoda O6dia-0aciiaoidia (spectrumwidth); ¢

alee+anoai iacans ad+eneyains OE (considerationPercent) .
3 Dacoéetoaol

Panfiiodel dacoelioaod, fieé+aiida i iiiuup idiadaiiital idiofoéia, daaéeco-
buaai fiefaiié iaoia dafiiciadaiey Tadacia. Eaé Toia+aél AU daidd, +aitu aiélugia
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cia+&ied &iapd 120214080, cA4aaA4I04 14044 caiGRen fefe  a. Ei&ifl 1o 66 caaened
ea+Af0AAITAY YOOACORAINROU Badlol asalsesia. Tioslaguil & A04I0 1aaida 1A0aia081a
caaefied 1o &lieda0ié caaase. ieaed i52a344I0 ID8I1A50 0A6es  caaas

Asy 164116 Tgeaié 40880 AliTeie0a8nN efifelciaaduny itae 6eeatey i31a0ANMAT
57010813, A 8a+Af0AA BAC6EIOAdA T0Tadaseaplay 1A Olelel fa SAleaA iitiead fa T4da-
cA0 eciadacedied, it & anad eciadasediey, Mi-0Ai0A fdieeie (i T4A0ecaleany a ianfead
A jacaaiioie Ta8anoyie). ia TAITAd 1Me6+aii06 SAco8iI0A0TA 46860 A&6a0UMY AGATAQ
T ofl, BAGeA cla+Aiey 6idAAEYPULS 1a5AI&05IA MBAAGA0 GROAI AABEAAOU A caAeRelifoe
10 &185A014T eciadaseaiey, A0AGAINAT & 6a+4f0Ad T4dac6a

Eaé & foeaaéifu, & 1anfiea d&cosloadTa iMias fial 6aaada0 & 18y 1oaleuiee (3ef. 8)
iSiecioet yoi ifoli6, +of iayilcaleniee fiaddeeed a fdad efé 106 14dac (8AaAdAD),
&, ANOARONOAAIT, 1i oAl BARICIARONY & iMaaadd 4 1af  Aead SAcoIcAdTA. iBe+al
yol0 YOO8 1 yasyaony 1oe4eié aoiaIaT &aa.

ORiadU 46481 eRGAOU wAN0ASAIRS. [IRETeies &3 o6idia AlRoAOT =1 ATA0+7a,
of 138 id2aesUN ANATSA GIdAAEYPUSS TAdAIAOSTA iTefiea iaé 430fy of6UeT Tia faia
(3ef. 9).

Taiaél caidoel, ~of, 6ae AATo&iNU Saida, ide 18A45MT caa  aiée 1adaiaosdia 1o
alciedaol Tgease. Oag, a ofi fB6+a4, Afee 0d&ATAA0U feegsll HOBTAIAT ABIAN0AR, & 40840
iaéadil aMavd ie Tailal Aaiaadiey (ja a0oiad 40480 MMe6+& 1 16ROTA ecladasedied
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ben. 8 bagoeuoao itefiéa éaaadaoa (4, 20, 70, 50, 40)

befi. 9 bacoeuoao iiefiéa ganoadaiée (4, 20, 70, 30, 40)

adeie o) Tgeaca 1adaial alaa. A of eed adaiy, anee icaieed U fi~eoaou ofiagidi
dafiliciadaiedi neegéli feadia filaiadaied, of a dacéeucao a 1éasdo Taéanoe, ia eidpuead
idaéoe+afnée ie+adl 1audal i 1adacoii (0ef. 10) Tgeadéa aoid 141 oiaa
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Daida Toid+aginil, +of 6idadeypuead iadaidodl iedadao iiadé  daou endiay ec seagaaiié
%,a004iM0e¢, iieféa. 18eadaal idéioidia 61dio6ea, caieypu ea atiadaou cia+aiey yoed
iadaiaodia a o6neiaeyod éliesaoiié caaaxe.

A caaeneiinoe 10 iadaidoda gedeil fiaéoda ide 1adasiad 1o El b é 44 OF ifeeii 18-
iyou eiee+anoal Oodla-daciiaoioia, efitélucoaind ide 16a1  adaciaaiee. E6 +enél iiaeil
ifeo+eol 1T 0i8i66d  spectrumWidth projection:length. 1adaidaod ad+enéyaitd 1adand
OE aéy EIb fiedacdo oiileeol ia yoi +enéi, olaaa iieo+ei éiéé+  anoal OE aéy éace-
a1é EIb a 10A eciadasediey:  considerationPercent spectrumWidth projection:length.

Tavay 6idioga aey ieieiaguiial daciada 6+e00aadital yeaia ioa eciadasediey ao-

0 N e NN A .

aao agaeyaaou oaémin f img:height; img:width g=(considerationPercent spectrumWidth).

A’I\ SaN 0N AANAA XN AN

clidi oloiacadep fi daaeniti  aidiaeili cia-

Enl (06
Peéf. 12 Paaelité aisieité ciaé
Ad&adeei a yoii eciadasediee nai é4aadao ciaéa (den. 13) (faid  &idd, i iMmiuup ioe-
ieoeaia Oaada [7]) e 1idiadai dadiiciaol a iai 1adacao
|8& of+iMl a0aida didaaéypued iadaiacdia ilefiéa 6aadony da Ariciaol ia 6101ada-
0ee iadacoialeés, aioieilé ciaé (oen. 14)
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bef. 14 bacéeuoao dafiiigiadaiéy ¢iaéa (10, 7, 75, 70, 70)
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pefi. 18 DAcoeU0ad iefica coa+ea A 00AAIAI0A &c 1A5ATAT eaada (10, 4 8, 14, 28, 28)

bef. 19 bacéeloao ifené -61a 4 60aaiaioad éc aoiaiar éaada (10, 4 8, 14, 28, 28)
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AN AAAA

LR P
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0
aaeaxdiey coa+é€ia +aeladéa, +of iadiaeo ideidiaied a éliitp  0aadiié 1édeiasadee.

Aey algaiey oiéadaioiinoe aeaideoia é iaisioai ndaaiea aai00 1a00ed eciada-
aedieé foiifeoaeuil 406a a06aa iaiadiaeit efileélciaaou aii - 1éiecaedité iadaiéci 1ida-
aaeaiey ia+aeuilé io1déoee agy noaaiaiey. 6 yoii aifioaoil  +if efiiéuciaaou oleéuér
iA8404 ianéleuéi OE aey 1adya eaoued isiaéoeé. Yol iigaiee 0 ataeouny dafiiciada-
ey enénitar tTaudéoa i idiécaieuiti 6ael maioioa ide faci a+eoaelill 6aaee+aiee
ad+efieeoaeuiié iaadocee.

x0fal fiidadeolny i cada+aé dafiiciadaiey, éidaa dacoagaié a eciadaaediey enéiiial
fauaéoa Toee+aaofy 10 dacdagaiey eciadaseadiey-tadacoa, aifioaoi+il aiaeouny feidoi-
idcavee élee+anoaa dacoeioesopued OE a 10A 0anoessaiial ec 1adasediey & &iée+a-

A ¢l aiey-iadacgoa. Aey yoiai idiasiaeii oii iee a+-aiea efdiaiié
geoeil fidéoda fa élyooesedio  k = sizesampe=Sizest 10/igdiey dacidda egiadazeaiey-
Tadacoa é dacia 96 Taéanic e-0anodpectrumWidth,., = k spectrumWidthg,.,. € idlecaiaeod
idadfadaciaaied O6oUa aaieu ioiaéoee eciadasediey-oanoa i g aail, édaoili ofi6 sea éi-
yooeoedios k. Nidiaadied cia+aieé OE aey Taiial 1audéoa ia egiadasedieyd 0agito
daciadia iadeyaii aeaii ia d0adeéad, eciadasediito fa oef. 2 0.

A iadfideoead fi efiielciaaiedl iadaiéciia ¥iageiiial 4o+ aiey¢ (Machine
Learning, eée ML) Tiefiaiité iaota ifeedo ioéiaiyouny aey fic aaiey fefiodid eioaeeae-
06aeuiTaT aiacéca adade+anéed aaiiio. 16e yoli 1afegoadl ca  4aénoaiaaiind ad-enee-
04aeuinas iuiiioaé e Tauail iadaaaaadiis aaiiis a6a6o ianoa aieil iaiuga, +ai 6 ii-
alaiis nenoai, Mhitaaiios ia enéonnoaaiitd 1aéaiiins naoy 0
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Defi. 20 Adaoeée ciataieé OF &y eciadasedieé daciio daciadia
4 Gadep+aiead

|d4anocaacaiité a aaiiié noaola iaoia, nifaaiiaé ia énaei aceeé éeanne+anéed 16a-
Tadaciaaieé basiia @ 06004, a 0adesed Noadefioe+anél aiacecd ddaseciaai 4 adéaa daai+aal
aedioeoia, oniagil ddgapudal iifioadéadiiop caaa+o i1ieoid eida aeaaiiioiéa e aiaee-
ca ecladasedieé. 14014 Oaed aidadai aéy davaiey 146101000 caa a+, a4 +afoiifioe a fiefodia
gilitipodadiié 1edeiadadee, eniielucoaiié aey aéaaiinoeée i aédiiaoieiaeé +adac ionea-
eedaied aaexdieé aéac (aéodaéeid).

l1e6+ai0 4aiita 1 Neeuind é neaand noisiiad agaiseoia & aic Teei(i6 1aoiaad 1i-
oéiecaoee efiiieiyaiial élaa 1aiasaiiital iaioioeia.

N 6+801i falénoa aaiits, iMeo+aiino ide ideiajaiee iaoiaa é &1iedaoilio eciada-
aediep, atee naaeain anaiad 1 aiciieeilo Taeanoyd ideiaidiey aeaideoia e 1adniaé-
0€3aad aai enieuciaaiey
Eeoedaodda
[1] Taay eioidiaceliiay 0aciieiaey 1adaaioee ialecaieui 00 eciadazediéé TAPe-04a0iiel-

aey. http://comexp.ru/node/129
[2] Adogiai E.N. laocdiaoe+aneed caaa+e éfiipoddiié ofiiasasee // Nidifia fieeé 1adaciaa-

03&uité aeddiaé, 2001. <5

[3] Cide+ A.A. lacdiaoe+aneeé aiagec. 1.: Oéciaoeeo, 1984. 544 .
[4] Oediita A. 1., Adfiaiei A. B., Ogiiita A. A. l1aoai oe+qﬁ§é caaa+é éiiiipoaaiié ofitada-
i l: ] a6éa, 1987. 160 i.
[5] Gertnerl. New e cient algorithm to complete the two-dimensional discrete Fourier transform //
IEEE Trans. ASSP, 1988. Vol. 36. No.7. P.1036 1050.

~N siAA

[6] N&oaediet A.A. Oeootaay 1adaaioea fediasia. 2-a eéca. Nia.: 1@0ds, 2006. 751 A.

[7] Lienhart R., Maydt J. An extended set of Haar-like features for rapid object dete@n // ICIP02,
2002. P.900 903.

[8] Aisacee A.E., Neaeiéei A A. 140740 dafiiigiadaiey. 4-a éca.
262 .

[9] OneiR.A. Paniiciadaied 1adacia: 0aioey e ideidiaiey. 2-a4 éca. I OACEN, 2012.
429 A.

l.: Alfigay @éiea, 2004.
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OAAIO Al vAyoneeé aincaasnioadiiné 6ieaddneodo., 4 Eesia

Neioacediaai agaioeoi ideeiagiié oeenosasee iinaidacaya i00 0edoiand eciada-
axdieé (OE), iad44a3a4i06 iinaiiicesetiitie oachiaigioee araaiiaie (Ol) elioein-
i0ie¢ neajacaie, +of ilcaieyao fiédaceol asaly iasdaa+e OE. Neiodcediaaiing ae-
dideoi d6daeecoan '|'6Tﬁ(‘)6é|’ﬁ0é€u'ié|o & 1daedacdyaiop foaceno e+afédp ecanoi+iifol
iifialdacayains OE aey éfiidinacee 110adi imasionoie+ean fioe ide Tadadiaa o
aa00iiceseliind Ol neaiasia é iiaficesetiioi Ol neéaiasa i. A éliaeiasee i ia-
aeaiiié 6eelindacedé agaideol iaceiaéiié deelodaoee iitan dacayains OE iieedo ii-
43aeyou i& oleuet adeae aaonfiianieeé ool (AAQ), i € elioeufiia & iMace, aiduaa fi -

s AAQ AN

ola0ie 1daeaiilé oeelodanedé ive iage+ee AAQD iayooaéoeaia.

fislaa : 6e60TaTa ecladasedied; ideeidéiay 6eeluodacey; 6ail 1adél a

Esp-&a04
DOI: 10.21469/22233792.1.13.06

Combined nonlinear Itration
of digital halftone high bitness images

E. P. Petrov, N. L. Kharina, and E. D. Rzhanikova
Vyatka State University, 36 Moskovskaya st., Kirov, Russia

The requirement for transfer of a large volume of informatian, such as a multibit digital images
(DI), more quickly is an actual task and demands perfecting ¢ radiocommunication means.
One of the ways of reduction of a DI transfer time is transition to a multiphase frequency
modulation (FM) signals. However, their application is limited because of a noise stability loss
at each division of a phase in comparison with binary FM signé. At the transfer of DI by
the eight-phase FM signals, the time is reduced by four timesbut with partial compensation
of a noise stability loss. The algorithm of restoration of a nultibit DI distorted by white
Gaussian noise (WGN) is developed. The statistical redundace of the DI is e ciently used
for compensation of a noise stability loss at the transfer ofdigital images by multiphase FM
signals. For example, the time of the DI transfer by four-phae signals was reduced twice
without noise stability loss in comparison with the DI transfer by the binary FM signals. The
combined algorithm of lItration of multidigit DI is constru cted. It consists of two algorithms:
a nonlinear lItration of DI distorted by WGN and the median | ter for restoration of DI
distorted by salt{pepper impulse noise. Due to separation & impulse noise and WGN, the
impulse noise is e ciently suppressed by the median lter. The results of such combination
allow to reduce transfer time of a multibit DI and to strive su ccessfully against WGN and
impulse noise.

Keywords : digital image; nonlinear Itering; Markov chain

DOI: 10.21469/22233792.1.13.06

lageiita 1a6+8ied & aiasec 4afins, 2015. 0.1, +13.
Machine Learning and Data Analysis, 2015. Vol. 1 (13).
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1 Aadaaied

8e idyiié 148daa+a iiiaidaceyaias OF il eaiaed nayce i ina daie, iaioeiao,
AA@ & eiiceuritie Madaie oeia %iadao-fiiel, 08aa0pony ai éligéa asaiaina e yiao-
aaoe+anéed sanosna. Niesaoeol iadaia & aoisia iieeil, afee &y idddaa+e OE eéfiied-
¢iaaou iiiaidaciod Ol (I01) neaiagd, a iModde imasionoié+ eaifioe, aicieéapuea
i0e yoii, féliiaifiesiaacn meitioup eeé +afoe+it ddagecad eaé foaoenoe-anéié ecal-
oi+iifioe OE

oeé OF a ideficofoace AAG i eliceurinie imascaie, éioisna iia 60 400U TTa2a6a-
0, ai52140, 1aaeaiill 6eeuodh, asep+aiitl & aisias fie iv&cesiaaiiial iaee-
iaéital 626004, 0.8, ATadiadll dacdaaioaol agaioeol &ii  aéiésiaaiilé iaeeidéiié
62ei00avee OF ide ace+ée AAD & &li6euRins iMas, a éioisn | 82¢aanoill yaeyao-
Ay asaioeol iaeeidéiié oeetodacee OE, 1a0aaaaadiial 101 i i6enfitie neaiasaie,
TAMAi0l éacaodsal &ioisial yasyaony yoodeoeaiay daage  cavey Adadenoe+aneé ecad-
oi=iifiog, aey Mategaiéy inasionoié+eaifioe idéaia OF

Acadl ifeaaaou, +of g-dacdyaiia (g> 8) OF yasyaofy 1adéiansel fec-asinl iea
(iNi) A 20 aefiesdoitie finolyieyie (adaadceyie yoeiiod). Aey féiddc & asaisedia
6eelodacee OE i&ladiasil Miodteon 1adaiaoe+afasp iade (il) iiaidacayaii-
ar OE
2 lifoaitaéa casa+eé

[81a01aell dacoaaioaoi aeaiseol iaceidéiié oeeiodacte OE |, ydoaoRail efilel-
copueé Adadenoe+aneoh ecatoiiiiou OF aey ialgaiey éa+an oaa aifficailasaiey OE,
efiéazediino ARG n(t) i i6edall fiddaiel & aéhidonedé 2.
3 lacdiaoe+anéay itaded iilaidacoyaiial 6e6diaial eclada -
aediey

Acadl Tieaaaoi, <07 g-0acdyaiia OE fifioled &g g SacdyAINd aaie+ild égladasedies
(DAE), gazedia ¢ &101606 INT  aa6iddiay 6ail 1adéiaa i aasly daaiiadsiyoidie
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peén. 1 1ddancaasaied OF iaaidn idcaaeneins bAE
(2) bacayaiia aaie+ita eciadasedied 15 & 16 dag- (&) Addiitaia dacoyaiia OE, 1ieo+aiita 1anéaeia-
Byaia il DAE

Peéfi. 2 [fiadita 1atdaeiaieéd dacayaito ieinéinoaé
¢ 1aodesaie aadiyoiinoaé iadasiaa (1Al ec i-a1 Affoiyiey a j-a ca 1aéi gaa

1 _ 1 L2 _ 2 L i
= k" jkn n; = k% jky Ny 18 (2)

X
95 =1, i=LN; gq=12
j=1
e fnoaodeliadiinoe
X
p = B i, 1=1LN
j=1
ia 0en. 4, a iveadaaia iadeu APOE [2], 6a1aéaoaisypuay aideidil caaai i0i: aae-
01806 (1) & 1Al (2). Paagecacey iiadee e a& aadéaaociinol adaen it OE Tasiail
fiédaiaaia a daaioad [1, 3]. Daciad 1édanoiifioe yeaidioa M; Tieeil agyou idiecaiel
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il 44 6adee+aied idealaeo é féleeili 44014801 6aTyi 1286143 [2] e idaéoe+afiée ia-
&1 6e6+gaao éa+-anoal eféaaediilal @oiii OE [4], iyoii6 atae dadi 1ésanoiifiou aeaa

oén. 4,a
[s&aiieleeel, +01 & 16-dacdyaiiit OE ADOE fifioleo é¢ 4460 DAE & éaaeale 6eélo-
4,a) caaeneo oleuél 1o finaaied daida ecaanoito
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Aey ADOE é¢ 4200 DAE a&diyoiiioe iadasiaa 10 élaeiaceé fifio 1yieé yeaiaion
1edanofinoe ; & yedidios , (fl. 8en. 4, &) Tadacopo IAT adaa:
iii iji iki ili jii jji jki jli lii lji Iki i
- 1) U] ikj il 1 1 ikj i li ljj Ikj I1j (3)
iik ijk ikk ilk jik jik jkk jlk lik lik Ikk Ik
iil ijl ikl ill jil jil jki il lil Ijl Ikl 11}
Y&4aidio0 1a0aian fnoieaca 1Al (3) faycail i yeaiaioaie iaooes (2) fieaasdpueie
fifioilgaieyie (foaeuita ad+eneypony aiagiae=in)
1 2 1 2 1 2 1
_ i i . _ ij ij . _ ik ik _ il il
i = T3 s ij — T3 . ik — 3 . ) il — 3 )
ii ii ii ii
1.2 1.2 1. 1
_ ii ji _ ij jj - ik jk il jl
iji — 3 ’ ijj — ) ijk — 3 ) ijl — 3 ’
1) 1) 1) 1]
daas ; yeaiaion atiieieoaeliié 1aodeod 3 =1 2 T Raychaapudé ;i 4

= O .
Qo
D~

i6néay 61684080 feidcdca acaideoia iaseideiié oeeiosace & ADOE, &loiday aiasi-
dé+ia i8168a084 neiddca aeaiseoiia ideeidéiié oeeuodacee DAE [1, 3], caiegai fenoaio
846065548i0i06 0daAidieé iaeeidéiié oecuodacee ADOE, iddan 0adéypudal aaciadiop
04il 1adé1aa i +a0aduiy Alfolyieyie a aeaa [4,7]

Ur(4)=[f(M1(4) FMa(a)]l+ui( 1)+ 2z u(l);lij +

+ui( 2)+ 2z u(2);? up(s) zu(a);®y ;
U2 (4) =[f(M2(4) f(Ma(a)]+ uz2( 1)+ 22 u(l);lij +

+Ux( )+ 2 u( 2% Ua(3) zu(a):®y
Us( 4) =[f (M3( 4) f(Mag( )]+ us( 1)+ z3 u(l);lij +

+Us( )+ 23 u(2):%§  Us(3) zu(a):®y ;

Loy @PUL) w () yrep( u() 4+
L fexpU ())! a9+ s

i=L31=L3: (4
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Ay aideisiay eioisiaoey 1 fivacefioe+-aRelé caaenieiinoe AR olyieé yeaiaioia ADOE
ANGAAT0M-A1a & REAAA&IN0 Ac4a (4), 384! ; iij = L4;1=T,3  yediaion iaodes ! |
2 3

N~ N AN

.....
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Reaiasaie, cia-aied NET 6idiligesiiiu A 7 8 dag, ide 088005360  && OF, 1353422341141
+8000460aci0ie Aediasaie, a 12 dac
7 Caéép+aiea
854614 10 OF & ADOE, 145343434100 ~200063685a0i0ie O] fiedia  eaie, iicaiees fi-
e5a0e00 AdA1Y iAdAaa+e 16-5acdyaiial O a 2 daca & fefifioup AENiAiResiaadl ca fA+ao
daasecasee foaoefioe-anelé ecanoi-ifoe ADOE 4éigoh ~afdu 11080 A MAGI6ROTE-
~eaifioe, A0cAAI6 1A5AGIAT 10 42666840106 Ol Aediasia a4 v iAdaaa~e DAE a OIE
& +8008466330i01 Ol fiediasal 46y 140843+ OF &¢ ADOE
Eéoedaodoa
[1] T20871a A.1., 086481 E.N., xaioesla E.A.  [26eiAéiay 086U00A08Y AAATINEAATAAOAEH-
ifi0&é GROBIANG T1E6OTTANG ecladaseaies 1a081ANGIAT 08A 1 Ofiase Madaiaiie oa-
aelyedéodiieée, 2007. «3. N.54 87
[2] T208ia A.1., Oaseial. E., Deaiesiaa A A Javaiaoe-aneay Tiadsl 62081a0s T1E60I-
fla06 eciadacedieé ia Miaad oaiaé 1a081aa fi iaReletedid A oiyieyie // iaseiaéiné
13.

[3] 180514 A.i., Oaseia i. B

, Deeaieeiaa A A. Neiodc & enfieaaiaaied aeaideoiia 6e6ioda-

Bee AeMEOAOIN0 1ad6TANees 110aNMA A jARéleuceie AIRONI  eyie // Daaeioddie-aneed
& 0&BaeNIGIeeaseliind Aefoain, 2013. 1. N.60 66

[4] 80514 A. 1., Oaseia i. E., Oasdpeei A.O. jaodiace+anees itadse & 84158010 6e6105a-
6ee 6e05IAN0 TE0OTITANG ectadasedieé ia TRITAd fsleils oAl ¢ 1aseiaa Il Oeosiaay
145241062 feaiasia, 2012. «3. N.52 57

[5] Aieaioia E.i.  Ecadaiita afisiia fAoaceroe-anélé odioee fiayce. I Niadof 614 daael,
1971. 416 f.

[6] 80514 A.1., Oadeial k., Peaicsiaa A A ideeiaéiay Oesl0da0ey ecladameaieé ia
1AiTad 64i4é 1ad6aa fi ianefeuéeie AtRoIyieyie // 1ao-a Il | AR&SIAR. IOE %A8006a60i04
3148410 daeoi-éifie+anélé oasiese:. Naiasa, 2013. K 154 163.
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(2) Gagoigaiita OE, idadaaaaadiia +ao00a66agia- (&) Casoieaiiia Ol‘g,ﬂ'lﬁééaééaéﬁé aeiadidie fiea-

ié fieaiasaie (6 4A), NEi= 2,84 1¢° jagaie ( 6aA), NET= 3,09 10°

(&) Alnnoaitaséiina OE, 146442834114 +4000400ac- (&) Alnnoailasaiiia OE, iadaaadadina aeiasidie

itie fnieaiacaie, NET = 0,22 10° fiediacaie, NEl= 0,39 10°

(a) Oeddiaia eciadasedied, iddadaadadiia ~ao006ad- (a) Oeoddiaia eciadasedied, iadaaadaaiia aeiadid-
oacitie feadiaeaie, ia andiaa énaeiesiaaiiial ie fiédiacaie, fa atciaa eliaeiediaaiiiar 6eeuo-
oeeuoda, NEi= 011 10° da, NEi= 010 10°
bef. 7 16eiad daaiol éiiaeiediaaiiial 6eeuoda
[7] 1aa88a4aa A A., 180868a A.1.  1a07a éiiaeiesiaaiile iaeeidéié oeeiosasee &lddace-
diaaiins aeaaieciadacedieé // 1aéeidéité ied, 2010. «11. N. 677 684
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bacdadioaia ifaay foace+anéay fddia daniadaéeaceadaiey areiioioe+anée fioe-
1aelito agaiseoiia aey caaa+é adacecacee. Aaiiay casa+a 10 iieony é +ened 0d6a-
i1082adi0o idda+eneeodéuitd casa+. 1d4acasadiay nddia in  Maaia ia iddadadeodsuiié
fioaoenoe+anéié 1adaaioéa asiaits aaiito i 6aeup onoaitagd ey aeaa danidaaacaiey neod-
+aéilé adee+ein, Nidvdadeypudé 1audin acaaa+. Noaouy yae yaony dacaeoeai daiiaé
daaiol aaoisia, a éioisié i6e Meo+aiee déacaiiio ivaiié en ieuciaaéani 1aiaa yo-
d&eoeaiay 18014e6a, 6+e00aapuay oleliél dacidd cada+e. Alya  8&ih onejaey, ide éiof-
d00 T1aaniad+~eaapoiny aifoaci+il daailiddiay cadddcea i8i6a  ANTGTa & onéidaied, aeecéia
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On e cient parallelizing of the algorithms
for discrete enumeration problems

E.V. Djukova ! and A.G. Nikiforov 2
1Dorodnicyn Computing Centre of the Russian Academy of Scieces, 40 Vavilova st., Moscow, Russia
2Lomonosov Moscow State University, GSP-1, Leninskie GoryMoscow, Russia

Background : Approach to construction of e cient parallel algorithms f or discrete enumera-
tion problems is introduced in the previous works of the auttors. This approach is based on
statistical estimations for computational tasks size. The approach is demonstrated on dual-
ization, which is an intractable problem and consists in enumeration of irreducible coverings
of a given boolean matrix. The main disadvantage of formerlysuggested parallel schemes for
asympotically optimal dualization algorithms is time-costly tasks size estimation method which
considers only the problem size.

Methods : A new parallel scheme has been developed for asymptoticglioptimal dualization
algorithms, reducing time costs on statistical data colletion. Statistical data are obtained via
processing of a given matrix submatrices.

Results : Task distribution is performed according to schedule calalated in advance. For this
purpose, a distribution of random variable, used for tasks ge estimation, is tted and the
processor load level is optimized. A parallel scheme is appld to an asymptotically optimal
algorithm RUNC-M.

Concluding Remarks : A new parallel scheme works not worse than the formerly suggsted
ones, demonstrates an almost maximal speedup and makes it psible to dualize matrices of big

Daaioa +anoe+ii ifaaddeeaia adaioaieé POOE +13-01-00787-a &  +14-07-00819-a & &daioll 1d&ceadioa
PO i3-4908.2014.1.
lageiitd 1a6+4ied & aiasec 4aiins, 2015. O.1, +13.

Machine Learning and Data Analysis, 2015. Vol. 1 (13).
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size. However, this scheme is e cient only if the number of piocessors is signi cantly smaller
than the number of matrix columns.

Keywords : enumeration; dualization; irreducible covering of a boolan matrix; hypergraph
transversal; asymptotically optimal algorithm; parallel computations; load balancing; strong
scaling

DOI: 10.21469/22233792.1.13.07

Aaja 4064aa 1aodesa L dacidada m n. [adid H, AAoTyueé éc dacée+itd noleasia
iaodeol L, faciaadony iaideaiaeili iféotoeai, anee 1i vaiaeaoaioya 0 4adi onétaeyi
(1) aaiacsescd LM 1a0deod L, 1adaciaaiiié noféacaie iadida H, ia iladdeeeony Nodi-
ée aéaa (0;0;:::;0); (2) Maiaodeda L™ fAladdeeed éameadp éc nodié aeaa(1;0;0;:::;0),
(0;1,0;:::;0), ..., (0;0;0;:::;1). Afiée iaaid noieasia H 641aedoaidyaoc onetaep (1), of i
iaclaadony iMésnoeadi. Anee iaald noteasia H 0&1aeaoaidyac onetaep (2), of i iagd-
aaaony i 2i01. O884040MY iTi0dTeoU iileedniodl P (L) afi&d i&ideaiaeins estoeé

1. Aaia éfiapiéoeaiay iidiaeuiay o6idia, daacecopuay iiito fiiop as6eaad ooié-
oep F. Odaa6aony iinoadieol Alédanaiiop aécupiéoeaiop iidiagui Op 6i6i6 66ié-
oee F.

2. Aai 461805030 G. O8340A40MY TAda+enéeol ana ieieiactind odainadonace aeidasa-
0a G (aaiénoaadiiié caaa+aé yaeyaony cada+a rada+eneaiey anao eéieiaetitd ads-
@eli0o iéstoeé aeiadadsada G)

Abdagecaoey aicieéado ai iiiaed facanoyd aenéddoiié iacdia oeéée (&liagianiaess,
0dideé deiadasadia, oael-eneaiili idfadaiiediaaiee), a o Aldee ead, a odidee dac aai-
i00, a odioee iageiital fao+aiey e 0. 4a.

Aneiioioe+anéed 1odiée oeie+ind cia+aieé +enca dagdieé 46 acecaoee [1] ieaciaa-
po, +0f, 8aé 16aaeél, yoi ~efiél danoao yéfiiaiceaéuii i 8ifi  ofi daciada adiaito aaiido.
Iyolio a6acecacey 10iieony & +efieo 080ai10aradind 1add+  efieeodelits casa+. Noua-
ficadao ianéleuér madiaia é 1oaiéa yooaéoeaiinoe aeaioedl 1a aey iada+eneeoaelins
caaa~+ [1 3].

Aaiayo, +0f aéaioeoi 0aaidado i (eaace)ileeineaciilé ca  4adeeéié, anée ja éasedl
gada fooieony aiail fail dagaied e feéleiiiol gada Tadaié+ea aaony (éaace)iiéeilii
70 dacidada adiaitd aaiito (aey adaéecacee a iaode+iié 61di6 gediaéa yoi daciad
ia0deol L). Aéaideoil A0acecadee i (Baace)ileeineasiilé caaddeedl € 6aasini iMnoai-
eol ofeliél aey iaéioidis +anoitd fned+ada (iaideidd, élaaa a éazedié nodiéa endiaiié
1200e00 & 41684 4406 aaeies [3]). Oaéei 1adach, foA0sR a0a éecascee a ieaid neeilie-
aelité oacoageiifioe idecaanoai.

A [1, 4] id4aeiaedi i1adia é iifiodidiep aneiioioe+anée fioei aeling aéaioeoiia ao-
agecasee. A aaelidéedi yolo ilasia iled+ee dacaeoed a [58] . ia éamal wadl aneii-
oloe+anée Tioeiaglital aeaioeoia nooieony iadio nofeasia  1aooesd, aiaeaoaioypueé
onétagp ntaianoeiinoe (2). A ioge+ed 10 agaideoia acacecad ee f eeilieasgiié ca-
addxeéié aneiioioe+anée Tioeiaelilé agaideoi ileedd aaeaolu  iéeilieaelita Y.éeo-
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IRifaitl dacoelioaoii aaiiié daaiol yaeyaony dacdadioéa S-  fdail dafiadaeeaee-
aaiey aneiioioe+anée Tioeiaelitd aeaideociia adaéecaoee. Yoa fidaia 10ee+adony 10
A-fidain 1ao0tal es+aiey 1oaie asy i(L);j 2f1;:::;ng, éioio0é yaeyaony iaiad 0o6-
atdiéel & 6+2004a40 ia 01éUéT daciadn 1a0desd. 14014 Thitaa i fa1adaadioéa neo+aéiad
ifaiaodes aaiiié 1aodeoq, iiaiaodest eidpo daciad r n, 3aar yaeyaony iadaiaodii
2 & T08AINGIae0 m. Alyaeail, +of ide iadaiaodd r, 8aadili m=2, ife6+aiita 16aiée
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g_)/
W0
Q:
Qo
D:
Qo
ox
(04
=4
Q:
-
(@2
=1
<

icia+el +438¢ M, lileedfioal a &6 .
[0AT F1;2;:::;ug. 16700 L = (a;) 2 My, . A Al SAcA864 40881 T0Te4AR0AEYOU A4ld
Roleasta (odie) 1a0de60 L i iadidh ed iMasia

e O s J Ve

i):j 2 H, aneea; =1 ¢éa =
asy  (H:]) Taigiasel ~addc S(H;j).

il H, anee iaaio

—_

......

aaogeil é H, aidaaeyaony iaoaaé i i aa
i 2 Ry filiad fodiée fi iagiailigaé fodiiié i2c, & (&fiée 0aéed fodie ianéieuer, of
ataesaaony fodiéa fi iaeidiugei i1iadii Adaae ied).
Aey oiai +07al fGaI0 daniadaeéaeeaaiey, fienaiila aagad, a 0ee ideiaieid é agal-
deoi6 RUNC-M, 08aa6aofy aai iaiilal ilaeoeoesiaaol: iaiad  aii yoona aadaaa dagaieé,
e é1aaa aedaeia 0aéoonee daaia idep, aianot iifeeaficda CI" 4adaofy iifeedfioal Co =
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Aéaideoi 1  BuildSubtreeRUNCM
AGia: L;Ho;Ro; Co;
A0dTa: 2 P
1. C"" = fj 2 Coja; =19, d8ai 2 Ry (1iad fiodiée i iaeiditigaé fioiiié i 2o i
2: 48y anac j 2 cmn
3: R Ro
4. Cop GConfjg
5: C Co
6: H Hol[f jg
7. O&aeeol ecR fiodiee, 11édtond fotéast |
8 aneeRrR=7? ol
9: NiGdaieol jaald H, éioiané yasyaony iaideaiaeinn meanoeai
10: éfa+d
11 Oaageol ecC ia Afaianoeita i iadioi H fioiéadd

A
12: BuildSubtreeRUNCM(L; H; R; C)

it cia+aiep eéé &fieddpony.

[anolyuay ddaeecacey agaidoeoia RUNC-M jaiefaia ia yciéd  C++f eidaifeaid
efifeliciaaiedi 1Maeotand fiadaceé. Ediia olal, aey iaéiol o006 +afnoadé aeaideocia ef-
ifelcoaony aeiaie+anéeé anaio 06iéoeé aey ieéieiecacée +ef  éa Tiddaoeé (iaideias,
yoio ideal eniiélicodony ide daacdiee iantaianoeild nosie)

45106 (L;H)jL 2
see+eia (L;H ), 3aaiay j, anéeH 2 P(L);j 2 Jy.

I I AN YA O~ xnAn A~N~O [ NTRVIN

ol L 2 My, €r 6 m. xadac W/ Taicia+éi iifeedfioal anagd ilaiiiee
ri ) m- 16 i3

IMO& r iffeednioad Jn. I6AOU w2 W | 0 +48&cL" 1aicia+el iTAIA08860 18
AfOAABAIToh & ROSTE 1405860 L A Madaie ¢ w

i6foU . = F(LY;H)jw 2 W/ :H 2 P(L)g i3iR08aIf0AT 5aaiiaasiyoias yeaiai-
0adi06 MAa0oee. ia 6eacaiill i3Ii0dAIN0AA TidAadeel fid6+a  éiop adse+ei6 (LY H),
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NN .

Oadeeva l Cia+diey iad (Z(x); ,(x)) aey éseoasey Oe-eaaasao

rnm n 30 120 40 120 50 100 70 70
10 (159,< 10 %) | (167;< 10 %) | (235;< 10 %) | (382< 10 %)
13 (99;< 10 4) | (132< 10 %) | (157:< 10 %) | (234< 10 %)
15 (77;0,0134) | (112< 10 %) | (117;< 10 %) | (187;< 10 %)
18 (74; 0;028) (90;0;0002) | (96;< 10 4) | (147:< 10 %)
20 (60;0;0815) | (63;0;0546) | (89;< 10 4) | (13L< 10 %)
25 (54; 0;315) (60; 0;0876) (50; 0;1382) (85;< 10 4
30 (68;0;0001)
35 (54; 0;,0478)

sA_ I

o s sy N XA t

fidaaaeaieyf, (j) Miodiei

X
.
X
P
N—r
-
O
‘ QX
Q_)/

. r, a :

iifioe | (x) ia yaeyaony iaedil, daaiyaonly m=2. lai8eiada élicedodacee
30 150iieeii caiaoeol, <01 ide  r = 15 €1aao 1afiol ¥.0aciaté 1adadias : 10e 1adana+aiee
yoié oi+éeé doievey Z,(x) ia+eiado noaaeéecedtaaoiuny. Yoi a1aideo 1 ofl, ~of 4aéiidé -
pada 6aaee+aiear ia ioeianao nouanoaaiiial ateadlea a idedéeadice (L)
4 Pafidaaaeaiea ad~efneeoaeénito caaaieé idasead idivaniioal e

(60U L 2 My, & 6700 441 p 6 n idioanmAisia. 16A0U |-V itacada+a 1402410042307
B16&RRSH A Hash N;. A88oid NP = (Ny;:::;N,) faciadl danieraiedl. O&iaidl
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\ANADN

cadoocéek-ai ioivannioa iagiaal adee+eio
X
K(NP)= i(L)
j2Jn:Nj=k
Agy yooaéoeaiiai sanisdaacdiey at+-eneeodelils casaieé ia aead isivaniisaie, 08aao-
aony dageol caaa+o6 ieieiégadee 6oialy cadddcée i6ivaniiol a
(NP)y=max ¢(NP)! min (1)
k2Jp

ieaed i5ead4aI Tiefiaied 161644080 2, l01day eudo ideaéesed  iiiA d4wdied cada+e 1
ioe iMifue aeadiial aeadideoia. la adia yoié i616aaoda 1iaaao iy ~enél iaioanfioia p,
+~efél Aoléadia n iaco0eol L e aaéoido e = (e :::;e,), Aif0yueé é¢ T0ailé aey aaee-
+ef j(L). Nilita0 iieé+aiey ivaiié g Tiefiait 6aida a yoié daaioa

k2Jp
5. N; ko
k kT €

A aaiiii dacaded aaid Tienaiey noaad oanoesiaaiey e efneaas aiao iléacacasdé daal-
00 Tadaeeaeuind agaioeoiia, iveadaait dacéeuoaod ndaaiai ey S-idaid e A-ndaid & da-
aiiiéiecaeuiiar oanoeo : i3
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e

Oaaeesa 2 Noaaidied nodl daniadacedceaaiey ivé m =65 & n =80

B-idaia S-fidaia

T(p) (P) s(p) T(p) (P) s(p)
17,40 1,000 1,000 18,35 1,000 1,000

9,01 0;500 0,514 9;40 0;500 0;502

5;30 0;250 0;291 4,92 0;250 0;261

271 0;125 0;147 2:52 0;125 0;135
16 1,55 0;079 0;090 1,62 0;084 0;087
32 1,55 0;079 0;090 1,61 0;089 0;087
64 1,55 0;079 0;090 1,61 0;089 0;087

o~ N RO

Oaaeesa 3 Noaaidied nodl daniadacedceaaiey ivé m =80 & n =65

B-idaia S-fidaia
P T ® | s® | T ® | s
1 26,1 1,000 1,000 26,2 1,000 1,000
2 13,7 0;500 0;514 138 0;500 0;507
4 7,17 0;250 0;271 7,01 0;250 0;255
8 3;87 0;125 0;140 3;79 0;126 0;137
16 2;83 0;102 0;114 3;13 0;086 0;123
32 2;83 0;102 0;114 3,13 0;092 0;123
64 2;83 0;102 0;114 3,13 0;092 0;123
Oanoedsiaaiea idiataeéini ia n6TadéNilipoadd IBM Blue Gene /P, dafiiieéadapuaainy
a A0 éi. I. A, ENiliifiaa & caaiee 6aéoéiioaca Ad+eneeodedil é 1aodiaoeée é 6eaas-
id0eée e yagypudainy ianneaii-iadaceaeiilé ad+eneeodeli 1é fenoadité. Eazeané ao-
+efiee0aéliné 6cae aéép+ado a nday +a000a6uyaasiné i616and PowerPC 450 (850 1A6),
2 AA 1a0aé Taiyoe é nandana eio&dooaéna. 1de caionéd ad+eneed 48006 caaaieé eninél-
claaény daseel 468006aéi06 ai+eneeodéuind 6ceia (VN (virtu al network) déaseei). A yoii
daezeeia ia éasedll al+eneeodelii 6¢éa caiduail +aoldd MPI (m  essage passing interface)
idi6anna, 101604 adeyo 1daead iiaié ainooiinad anosna
xadac p Taicia+el ~efel 18i6annioia, +adac Te(p) adaiy (a faéodiaad) dadiold k-af
idi6anfida 1adaeeaelifsi acaideoia 6e enielciaaiee p i8i6anfidia. Iénolu T(p) =
=maxTk(p) €T (p)= , Tu(p). Alfioeaioodi 6otaiai caddocée k-at idivaniida iaciaal

1a S(p) = T(H)=T(p) ;

Of €o
(2) oaailiasiiiol caddocée idivaniisia E(p) = S(p)=p
(3) aifioediooné 6aiaail caddocée s(p) = max sk(p).

Oféioaiea, fiioaaonoadpuaa eeidéiié 66iéoee S(p) = pide p> 1, yaéyaony idaéoe-
+anée iaéfeiaéuiti. Aéécinol o6iécee E(p) € daeieéda naeadodennoadao 1 daaiiiasiié
caddocea Taivanniaia. liéacaodéu s(p) yaeyaory aiaéiail iiéacaodey 6dialy caddocée
iofoanfiota (N P), Tioaaadeaiilal oaida a yoié oaaioa.

[iféfeueo enileucoaita a A-idaia 1vaiee aey i (L) Taeiaéiat agy anas iaooeo aai-
ifal dacidada, aaéaa yoe ivaiée n+eodapofy ecaanoitié ai adal y 6aaiol 1adaeeaeuiial
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B-fidaia S-nda
P T(p) ® | s T(p) ® | s
1 344 1;000 1;000 36,5 1;000 1;000
2 17:3 0;500 0:502 188 0;500 0;508
4 101 0:250 0;286 9:94 0:250 0;257
8 5:10 0;125 0;147 5:35 0:;125 0;137
16 303 0:078 0:091 3:33 0:074 0:085
32 3.03 0:078 0:091 332 0:076 0:085
64 303 0;078 0;091 332 0;076 0;085
aéaioeoia. A S-Adaia, iaigioea, ivaiee aey 1auaiia iacaaa + fafn+éotaapony ai asaiy
0aaiod 1adaéeasiilal aéaioeoia

Ndaaiaied A-fcail & S-Acaid idfaiaeony ia iacdeoad daciada 65 80,80 65 80 80.
1208060 déliged élideaddaceé ide fndaaiaiee ia daffiaodea apofy aaead oddaiaiéinoe
iieo-aiey 1oaiié aey A-AcaI0 Dacoelioaol idaanoadédit a oa ae.24. [a 6én. 2 iddanoaa-
gail adadeée 66iéoeé S(p) € E(p) id¢ m = n = 80.

Eg 6éacaiitio 0aadées e adadeéia neaadao, ~oi 1aa NGail aaitin  00ed6po 1dagoe+anée
faeéiaéiaia onéidaiea S(p) € daaiiiasiinol caddocée E(p) Iae yoil aifioédiooné 6aiaai
caad0cees(p) 6 S-AGAI0 iadaiedd iecéeé e s(p) (), ~Of NAeaR0AEIR0A0R0 1 8a+Af0aAiNé
adaeainedsiaéa iaddocée

(a) Adaoeé S(p) i6é¢ m=80 & n=80 (a) Adaoeé E(p) i6¢ m=80en=80
Peén. 2 Ndaaidiea fdal dafniadaeeaeeaaiey

Agy eazeaial ec 5aCiAdia 120880 iTeil 68aca0l ~6fél  p 0aé1a, +01ide p6 p T4l fda-

0 yo6aéc [aideidd, idé m = n =80 +enél p daaii 16 Ioe

aycail fi 0di, ~of dafiadacedéeaada 1o
S i RUNC-M. |6e oaéii

AN N 7 N s

-

ifadiaa 1andil facaaa+ fieeuil dacée<apony, iyolid ed ioe ioeréaedii iadaicitaeil
daailiadil dafiddadeeot iaaead aielgei +~enéii idioanniora

Al+efigdied T6aité aey 1audiia iacasa+, eniéicodind a S-i 048ia, aidacal 1&idd 0do-
a1aiéid, +ai a A-noaia. Tiyolio S-ndadia ideidieia & aéy aled 2€0 1208e6. Yol aaiii-
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m nnp 1 2 4 8 16 32 64 128
30 100 3,95 2,03 1,05 059 | 037| 0;32| 0,32 | 0;32
30 150 | 391 20,0 10,4 521 | 346 | 232| 233| 232

30 200 | 231 116 61,5 | 322 | 188 | 138 | 138 | 138
40 100 | 115 5;83 305| 1L,53| 096| 095| 0,95| 0,95
40 150 | 133 67,1 348 | 191 | 109 944 | 943 | 943

40 200 | 654 328 177 905 | 61,8 | 404 | 368 | 368

daciadam n, 4aam 2 f 30,409 € n 2 f 10Q 150 20Qy. Cia+aiea
ai m=2.

A A o A~A pos

aedideoia adaeecaoee, Tii-
adaain acadeée S(p) e E(p). la
0 6dia iaé caddoceesi(p);k 2 J,

bY N

A 0a&é. 5 ideaadaail asaiy
i fa S-fdaia, i6é dacee~i
- - ]

() Asadee S(p) i5e m = 40 (&) Adaoeé E(p) idé m =40

0 i6aaéieediité a [13] 1iasia é inooiai ép 1adaéeaedia
. i;\ N, '|' ......... Ve I/ II

Tada+enéeoasu
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(a) Adaodeé s, (16) id¢ m =40 (&) Adaodeé s, (32)idé m =40

Peén. 4 Aiioeaiooté 68

dafieraiey Ti53438yA0fy Aca GARIBAAABAIEY REG-aéé adBe+eil, efitelicoplashy A&y
f6aiee TAUAITA TTacaaa-, & Toeieced6a0fy 6BTAAII caadoce & iBToanfiota. A 52i6as daf-
MiaoBeaadital ilasiaa dacdadioaia ffaay 14184 odcataieay  fddia dafiadassaeeaarey
afieiiofoe-anee Tioeiasuins asaioeoila asasecasee

paaioa fidail i5iadilfodediaaia fa id8IA5A dafiadaseasea  aiey A84i5e0ia RUNC-
M [10], 6101806 & fafoyUA4 A04IY YASYAORy Ee4&dN 1T AETSI  0é A+A0a fdAae aeaideoiia
A6asecaee. 154462834106 T401a @ TNOGTAIED 1A0A8EA8UI0  © ABATSE0NA A0asecatee
14371ia+22a480 AOATESp O+ (10U 1641 46y TAUAITA iTacaaas |, ~O7 ide TiBA48AIT06 6fei-
a8y6 ideatats & & alfieel eacaodsyi yooacoeallfoe jadase  Aeufial agaideoia. 1a-
261 5affiaoseaai0e 1Tasia 14 yO6RGOLAAT iBe Alelal ~6fe A iT6ARMTSIA, iTHefeuas
A0+-eREEOABUINA TTacaaa+e SiPo MGUANOAAIT SACIA GACiad O (Bafiadassiseaaied iai-
efidiaco fa iABAT YOOHa 4308Aa BagAIes, E10IGIA MOGIEO afel iofoe+aniee Toeiasuiné
28415801 46a88¢A0ER).
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|6aaeieedi ifatié éniupoadii-ideaioediaaiiné iacia é iof aeaia iloieeiaéiié
daeiifoodéoee (aageddiaée) adaaiasonneed vacéiaiis iani fiaieé XVI XVII aa., idaa-
f0aaeaiins a ciaiaiié 618ia caienie. A iiiiad ilasiaa edeeeo aiaéec aaiciaiaiieéia
iaa+anéed éied, caiefiaiilc & aeaa 00ad iadaéeaelits (feidd Tiegiaaiind idesead fiaié)
oaénota: ciaiaiiial, ifoleeiaéital e fioedioaidiial (foad ifeaayinéian. Aadaaia iiy-
oey eiaadeaioia e éaaceeiaadeaioia ciaiaiiial oaniada. ba  coaaioai agaioeoi ataaea-
iey e0 ec Ta6+apuaal iaoadeaea (aaiciaidiieée) e efiieucia aiey aey 6aeaé adeeodia-
ée. lie6+ail 1vaiée yoodaeoeaiifioe ifadiaa ia iacaaeneiii é fioofeuiii iacaseaea.
Ifitai0l aifioieifioaal asdiaa yaeyaony idedioacey aal ia 1 aueé neo+aé aafiiaoiié
iicaoée
Eep+4a0a félaa  1adaeedeuina 0aénol; ciaidiitd ianifiaiey, aaigiaidiies e, aa-
ge0ddiaéa; eiaadeaiol; éaaceéiaadéaiod

DOI: 10.21469/22233792.1.13.08

Parallel texts in the problem of deciphering
of ancient Russian chant

[. V. Bakhmutova, V.D. Gusev, L.A. Miroshnichenko, and T.N. Titkova
Sobolev Institute of Mathematics of the Siberian Branch of he Russian Academy of Sciences,
4 Acad. Koptyug avenue, Novosibirsk, Russia

The ancient Russian chants of XII{XVII centuries are preserted in the neume writing form. The
problem of chant translation into modern note writing is of deciphering character and, in the
general case (chants without special marks that explain thi singing value), is not yet solved.
The number of \unreadable" ancient hymnals runs into the hundreds. The main di culties
of deciphering are connected with the polysemy of correspatence \neume{note." The known
examples of deciphering are few in number, made by manuallyand refer to the separate hymn.
The authors develop a new computer-oriented approach to thesolution of this problem using
the dvoyeznamenniks of the end of XVII { beginning of XVIII centuries where the chants are
written in three (synchronized between each other) parallé text: in neumes, in notes, and in
old Slavonic verses. The emphasis places on revealing in tsxof dvoyeznamenniks not very
long repeating chains of neumes that are interpreted eitheunambiguously (invariants) or with
admissible deviations (quasi-invariants). On the basis ofather extensive learning material, the
electronic dictionaries of invariants and quasi-invariarts were constructed. The algorithm of
deciphering of neumatic notation using these dictionarieswas developed. The experiments
on the control material have shown that at this stage (without appellation to the structural
organization of neumatic hymnals), these dictionaries proide the deciphering of 60%{70% of
neumatic text. The main features of the presented approach @e: use of dvoyeznamenniks of

Daaioa adiieidia ide oeiaifitaié iaaddaeed DOOE, i814é0 13 -07-00400.

lageiita 1a6+8ied & aiasec 4afins, 2015. 0.1, +13.
Machine Learning and Data Analysis, 2015. Vol. 1 (13).
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the golden age period of Russian chant in di erent genres and rientation, in general, toward
the neumatic notation without special marks from XVI{XVII ¢ enturies.

Keywords : parallel texts; the ancient Russian chants; dvoyeznamenks; deciphering; invari-
ants; quasi-invariants

DOI: 10.21469/22233792.1.13.08

ASAAi456AMEea 6ABEIAI04 TAAMIAIRY XII XVIII 44, id&4f0a  AGAI0 1DASIGUAROAAI
a ciaidiié 6151 caiefie. i514eaia 1A54414aa &6 A MABAIANG b fofeeiaéiop 618i6
ifed A4peddiai-i0é 5a0ae0ad & & TAUAI fe6+aa (IaAMMaley &  aifaal & AOAAIAAT ade-
1478) THOAROMY 1ABA0AIITE. Ciaiaia (e8e &0pee) RIAGRABUT  0A ciaee, fedmaled asy
j404aa+¢ 16Taee. Tie ei0AGIBA0E0PORY baiT+eale 1o dagi 16 a8eid (FA0+iT 10 T4-
&l a1 iyoe oia6 ciaeia). Tauea fadadiey T ciaiaiim (eee espéian) iaiee ieeff
iagoe a [1]. T 1o4iéal, I58aAA4I01 & [2], flee+AR0AT cAdi 005 1Aa+Aneed BoaTienaé
&GIAGYAORY 1a AAiT0é IMAI0 41684 +a 00fy=Up yecalieydia, 3¢ 186 ~eoaditie (A Ao-
LAR0AAITGIE TATATdEAIE [3, 4]) fi-eoapofy eeel 616l iletae  fa

iia0é ei0ABan A i8AiA A40eodiace IDAAN0AAEYPO 048 1Acladd 10& aaiciaiaiiess
(il [1, d6. 12]). YO© iaa+Afeea aidae &ifoa XVII faasa XVI |l 44, fiaddaealea ianf-
jaiey, caieRaiiod A aea4 0046 NEIOOTECIAAiins  1adassAsiino 0AGAONA : Calaiial,
ffoleeiaénal & ROSBIoATSIAT (foadifeaayifieeé ycae). Bf  &e+aRoal ecadnois aaicia-
18iie6Ta 1aaReeeT (iTByaea aanyoea [1]). EIaif fié 8eead & 11144 154464524114 aa-
oidaie 11a6iaa & 4308651484, xafiou ec 166 eAMelcoadny a8y T  a6+aiey, 406aay &&y
sliodiay. YoNi6 id02asanoaiaasa aifoaoi-it fataiiay & esii  joseaay 0aaioa il 1A044T-
46 AAiciaiAiiesa a 6e6d1ach 618i6, iinelsues isiasall daf ficiaaaiey ciaiaiié
ffoasee ia Aafiné N4, faneisuel ecaanon aaoidal, ia o UAAOAGA0

[&11147+eRBAIT0& ScAAN0INA 1581400 430e05iace ciaidiié ff0a6ee Aadeail ad6+-
i6p & eafapony 104380106 TARMAICE (e8e Gceed eeaniia &Rl  Tiaiee), yaiepoep &ioi-
506 ileeit i5INEAACOU 1T A06LAINI 1a080ea8a 4 0A+AIe4 4ifida  Of=i1 A8E0ABUNAT T4
5etaa. NGUARDAAIGp Blel 168 yoii 65240 iace+ea 40a08+afe & A8eceed Atcaideéneed
aaofeé. i1aaloiasaiing aaoidaié yeacodiina aadfee aalci  Alaliesla 162a00aapo iaf-
ifiaiey BAci0f seaidia & Ticaieypo efifelciaadl a6y 4306681 A A0 iTasTad, 154-
Alpapued 1l fialaé 0dGAIAIEII0e Alciieellioe effeaaiaaoasd &, 5aaioapued ad6+iop
Yoe i1asia0 TAiTaai0 ia 423441106 aaoidaie Tijoeyd efaadeaioia & eaaceeiaadeal-
Ofa Cialaiiial dafiiaaa.

OAsip 5aalo0 yasyaony Tiehaied aeaideoia adoeodiase, efiil  BUCOPUAAT A0A8EA6U-
(04 0&8MO0 aAlciaiaiiesia, & T6aiéa &aT yOOAGORAIAOE. 18T  Afacony alasec Toeaié
& 3affiaodeaapony alciielifioe aaiiaéeaal idiaadaaiey.

2 EBacecd Raladiey T claiaiii damiaasd

A 80166 CIAIAINAT 5afIA4a 63seed 403ATAA04+ANETA 6ABETA 1A 1AIed ia 8 6a4TA (Aea-
Fia): aideénees, 00eae6MEee & 0. 4. (036 faciAadiay Aefodia ifitaeaney [1]). ia+asl fiefi-
0AIA TleToces Ta0+aé A Gacealé ec AfUIe 4iaé 1afde efilslyou 1 ARIMARY ia a0
iaiaa. ATfiliieaiaainé 6eee 1aidara, 6ioid0a 6 efifelje A6 (efill, 408 dafidifiodarai
cadal fa 8 1aadeu, a afaleniné (ifiaey) faida eieddoi &1 afy 1Ta016y&fy A 04+4-
64 AMOAROMOAGPUAE &16 T 1TBy486 jAadee. AINAIl 184860 AT Aoaaeyee foie, 8101806
BeeEe-afee TTA0TBYERY & 0a+Aie4 A4,
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a( ) éaéfeiaie yeacaasaioiiioe, 10adeypuieé ciaidiiop 6aii+ 86 70 44 foieeidéii-
41 iddanoaasaiey (jaideiad, caieiu "W A d4cad2 cled icia+ado, ~of 6aii+éa ec 4260
ciaiai, Aotyuay nedaato (), eioadida0ed6aony a 0aefiod aaiciaiaiiesa, Aloadonoadiir,
0ail+8aie ec 0840 & 4460 10, 10aa6aiitie 4804 10 ad6da ciaét 1 ().

3 TieAaied imadiaa
[a aaiiné iNiaio 10 dafeasadl yedeosiiitie addneyie 0845 aaiciaiaiiesia éfi-

vaXVIl farasa XVl a. Yoi 8acitd daaaéoee iiiaiaeaisiaié i 23+8M61é aieae 1e0ied,,

ec Nigfadosiar iadaiey piffieéndié iaoeiiasuiié acaceiod ée, a N.-id0ddaoda (géod-

80 618/644, 619/647, QI188). xefé&T 1afifiaieé a daciid a6an ad aado i4dand leoiedia

338083040 & aéaiaciia 10 25 &1 29, 46y Q1188 yoid fféacacdel a 0d30U ieaed. Aceil 1af-

ifiaieé ftfioaaeypo 1o ianaieiees adnyosia ai 4266 0845 filo  &f ciaiai. ia 1filad yoial

(146+apudai) 1aoddeaca a0ea 1iiodiaia yeaeodiiiay acacéa  ciaiaiiial safidaa [6], a-

aiail Toee+apuayfy 10 ecadnoiis aaoidiees acase i ifiael i 1eacandeyi, a ~anoiifnoe

jage+e4al eidisianee 1 +afolod anoda+adiiioe & cadéianniol 16 ideaycéd dacee+iao &i-

04818802086 eazealal ciaidie a édseal asana.

Ajagec yedeodiiiié acadée iéacas, +of i15e anaé aadeaoceail foe ciaidiiial danidaa
a Gazedll 46aMa MOUANOAGAO 8610151 &lee+afoal ciaidl, a1 A&iypued faidé eidasisa-
davee. 1a0+iT &6 aley 14 i54atoado 10% 10 6acidda acoaaeda. A  fayce f yoel aicieest
idaaileiaedied T jace+ee a faudl feo+ad iaoidypuesiy ! oai+aé cialdl isiecaleu-
fié aeéfl L (L > 1), faiicia=il e if+oe jaficia+ii (i afiofoeitie 1oeefiaf eyie)
&i0A5i5A0880A100 A 10444640 Tailal asana. O&i+ee 1daial  0eia &fdafoaaiil fachadodl
aioodeseaniatie eiaadeaioaie  (AE), aaoisial  eaaceeiaaseaioaie (EAE). EG iiee-
it 0826071330U 838 THTAté 0eT I0B6B00BIN0 dadieo, AATAT 8ia A ¥ifodTage foaddeliinoe,,
5adacoadecoplieany ouanoadiill ficsediedl 6diaiy falaiic  fa+ifioe a eioadidaoavee
Ciaiai.

A 8341046 [8, 9] 4eiidaca T jace~ee a 0aéMoad aaiciaiaiiesia oaii+aé ciaidl it fajé-
fioaaie AE e EAE 1120a30aa4ia yéiiiadeidioasiii fa éacaiii aligd 1a0ddeaca. Asy
éaseaial ec 8 asania 1Miodiail eiaade AE e EAE, 8acaeotdiail  ansiaade a iiloadonoaee
fif clardieyie L =1;2;::: Acaideoin anadediey AE & EAE iiiiaail ia nedacpued fi-
Tadaseaieys:

1) yeaidioaie nejaaddé AE e EAE 11460 a00U, éaé deed diaidesii U aled, ééal O&-
ii+@e ciaidl, ifaoidypuedny a &liedaoiii a6ana, oaé &aé iif yoea eiaadeaioiifioe
100844iaaied i1aoioyaiinoe yaeyaony '|'(§éi6é‘|‘éaéu|'ai, héT éUéo i enéep+ado ec dandniiodaiey

faiiédaoit anoda+apueany oaii-éeé ciaiai. Oaééie, ia+eéiay i [aétoidial L, yaéypony idagoe+anée ana

alfioaoi+il ageiida oai+ée
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jeée Aiaadeead iMA00, 8101504 fBAA640 1024AABE0AGUT 60D aiedl. Yol daafnesnrt
a303aed1aaeD SAGIANAT CIAIAINAT 48634804, 138 810751 4 1476 486116 Ta084e1y-
bofy & Taicia+-apofy Taiél feiaten ana MAoina & Aait 0 &1ied80-
I

4) &

\\\\\\

ITROB1AIT0A 1T Adigiai&iitl 1eoiedai fieiaade AE & EAE, i63a ficadéaiita a o6io-
iliaoita ciaiy il ifhitaié aey ioieei aéiié oasiin e éi-
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Oaaceva 1 DAacgoéeloaoh iad- Oaaceda 2 Dacoeioaol aoi-
aial yéniageidioa o1a1 yéniaseiaioa
Agani k Agana k

1 0,786 1 0,690
2 0,701 2 0,518
3 0,744 3 0,726
4 0,730 4 0,652
5 0,735 5 0,603
6 0,685 6 0,546
7 0,801 7 0,602
8 0,725 8 0,543

ki=( o) ki)=n,

Dacoelioaol yériadeidioa idaanoadédit a oade. 1. E(; ied fea®dao, +of a ndaaiai 1 aea-
fiai 16adeelit 0aélinodoeadpory 1ayaéa 70% 80% ciaiai. T1a iaél yoe Tfoaiée ianéieuét
caalgdil, 1Miéleués 1+adaait 6aaéyaila ianifiaiey niod aiyee éaéea-oi nayce i ifoaa-
geiefy, +0f idé daélinodoéoee ifatgaéi ed gaifd.

Ale4a 64asuind aaiind imeo+ait a 6iad aoioial yéniadeiadioa , é1aaa aéy éniooiey
ShilelCTAAGHY AATCIAIAIee Y4idacaieee, oc Eedese-Afsic  AOREIAT MAdAIey (AB6AAY
@éiéa). Aai a taifain Atfos aeypo foededd, i fie ciareoael it 10éé+apory 10 Noeded ec
Teoiesia fieleeiifiolp € dacaeoifiolp danidda, aadeaoeaiiiou p, gedioié aeiaie~anéian
aeaiaciia. Eiee+anoal 1afinaieé a aeanad adet Aniinoaasi T A aiagtae+i0i réacaoaeai
agy leoiedia 619/647 & 618/64 ca eféep+aiéal aeania 3 e 7, neaal idadanoaaéaiins
a aaiciaiaiieéa vilodacaieée;. Eﬁ'ldl\é[](fé.ée'ﬁy aoioié aadoeéai o élyddeoedioa iesnoey
(k = my=N). Pacoeiivaod yoial yéniddeidioa ideadadin a oaae. 2.

7 aaiiioe caiaoii Aieaeapony, +of Tauyniya ofy fAouanoaaiitie dac-

i

A 08301 iaoeiaioa éliosieniteé iaoddeaé a0e ivaanoade ai 22 iafifiaieyie 1ao-
afar aeana Edileidaey. Elydoeoeadio iiédtaaaiinioe yoeo iani fiaiéé efaadeaioaie iao-
aiai aeafia, ifeo+aiidie ia iaoadeaéa 0dad 1éoiedia, fiifdaa  eé 0,687
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In many classi cation or regression problems, there may be dot of irrelevant features. Bayesian
automatic relevance determination (ARD) is a popular approach to feature selection. However,
the application area of this approach has been limited. In ths paper, this approach is utilized
in a more general case and it is applied to a binary classi cabn problem with binary features.

Also, a new binary classi cation model and a learning algorihm that can purge unwanted

features from the model have been developed.

Keywords : binary classi cation; feature selection; automatic relevance determination; sparse
bayesian learning; variational lower bounds
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1 Introduction

Feature selection is an important challenge that arises in most mackinearning problems.
There are di erent approaches to this task. One of them is to usergdictive models that can
automatically choose the most relevant features during the traingiprocedure. For example, it
can be done with LASSO (Least Absolute Shrinkage and Selection @gter) regression or other
models that use L1-regularization to ensure sparsity. Bayesian AR 1]) is another approach to

This research is funded by RFBR grant #15-31-20596mol-a-ved, Ncrosoft Research, research initiative;: Com-
puter vision collaborative research in Russia, Skoltech SDP Initiative applications A1 and A2.
lagéiiia 1a6+4iéd & aiaséc aaiins, 2015. 0.1, +13.
Machine Learning and Data Analysis, 2015. Vol. 1 (13).
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developing such models. As an example, consider the Relevance debtachine (RVM), [2]. In
case of regression, the RVM is a linear model with an ARD priox; is an object;t is its target;
w is a vector of model parameters or weights; arld(x) is a vector of generalized features. The
model de nition is shown below:

w=(wginwn)T 2RY ()= ax) m(x)T2RY 12 R;
y(x)=w' (x); (1)
ptix;w; )= N(tjy(x); 2
N
pwj )= N0 Y ®)

i=1
and the following expression is the marginal likelihood function, also &wn as evidence [3]:
z
p(tjX; 5 )= ptjX;w; )p(wj )dw:

Equation (2) de nes the likelihood function for an objectx. Here, is the noise preci-
sion, = 2, andy(x) is the mean of the target function given by a linear model de ned
in (1). Expression (3) describes the prior over the weight paramatsw (ARD prior). When
the evidence of the model is maximized with respect to hyperparatees , some of them go
to in nity. The corresponding weight parameters will then have porior distributions that are
concentrated at zero; so, the corresponding basis functiongx) are pruned out of the model.
This e ect is known as ARD e ect and is explained and discussed in [1, 2hd [4, p. 349{353].

However, this e ect is usually studied on models with Gaussian prior.f¥e present authors
propose to extend this approach and use another family of distribans. In this paper, a binary
classi cation problem with binary features is considered as an exatep A new probabilistic
model has been developed for this task and beta prior distributionals been used to reproduce
ARD e ect.

2 Model of Relevance Tagging Machine

2.1 Probabilistic model

Consider a binary classication problem of objects that have binaryfeatures (tags).
Let (x;;t)L, be the training set, wherex; is the object described by a binary vectorx; =

notation, x; =1 if object x; has tagj and x; =0 otherwise.
Under the assumption that all tags a ect the class label independdy, we de ne the prob-
abilistic model of relevance tagging machine (RTM):

Pt=1jx=1)= q;

_ Yooo¥ v h
Pt=1jx;9)= ¢’ + (1 q)d

J:]- j:1 ]:1

]

on the class label.
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2.2 Bayesian Automatic Relevance Determination approach

Similarly to the RVM, follow a traditional Bayesian ARD approach to fedure selection. The
basic idea is to treat parameters) as random variables and place independent priors over them.
As the domain ofq is [0; 1], it is natural to use beta distribution overq . Also, as both classes
are meant to be of the same importance, symmetrical distribution igsed:

q Beta(j+1; ;+1); j2[0+1):

Here, ; =0 corresponds to the uniform distribution overq, so that there is no regularization
of g . Contrary, if ; tends to plus in nity, the variance of ¢ tends to zero and that impliesg =
= 0:5. It means that the j th tag is removed from the model:

Note that the case ; 2 ( 1;0) is not considered because in this case, maximum a posteriori
(MAP) estimate of g would be more contrast (i.e. closer to 0 or 1) than maximum likelihood
(ML) estimate. In case of the problem under investigation, it is un@sonable to believe that a
tag is actually more relevant than it seems to be.

The posterior is written using Bayes' theorem:

p P X a)p(aj )

PlalX st )= S aix a)pa) )dg

(4)

2.3 Evidence maximization

The denominator in Eq. (4) is called theevidence[3] of the model. In general, a simple model
has higher evidence than the complex one if they have the same po#idn accuracy [4, p. 349
352]. In the presented case, evidence maximization is expectede¢db 5 =+ 1 for the majority
of irrelevant features: Z

E( )= P@jX;qp(aj )dg! max:

However, in the described model, likelihood and prior are not the cagate distributions;
so, the evidence is intractable. It also cannot be e ciently estimatgé numerically, because
numerical computation of multidimensional integrals is a very dicult and time-consuming
task. Therefore, one needs some kind of approximation in order moaximize the evidence. In
this paper, an approach that uses variational lower bounds for bmization is described.

3 Variational lower bounds for evidence maximization

De nition 1. A variational lower bound on a function f(w), w 2 M R", is a func-
tion g(w; ); w2 M; 2 M, with the following properties:

glw;w) = f(w) 8w 2 M;
glw; )6 f(w)8w 2 M; 8 2 M;

is called a variational parameter.
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Consider an optimization problemf (w) ! max. If g(w; ) is a variational lower bound
w

on f (w), then this optimization problem can be solved in such coordinatewisgptimization
procedure:
wkt =argmaxg(w; ¥); K= wk:
w

This optimization procedure is known as bound optimization algorithmmbound optimizer.
Many popular optimization methods in machine learning and pattern @gnition are the spe-
cial cases of this algorithm. For instance, EM (expectation{maximation) algorithm and its
extensions, generalized iterative scaling algorithm for maximum eofpy models, nonnegative
matrix factorization algorithm, and concave-convex procedurera the common examples of
bound optimizers [5].

In general case, this lower bound may not be exact for any poimt and variational param-
eters may be from a di erent space. In that case, the result of ansilar optimization procedure

1 =argmaxg(w®; ); wk? =argmaxg(w; ***) (5)
w

can be treated as an approximate solution of the original optimizatiotask.

This approach is widely used in various optimization problems. The be&tature of it is
that there is no need to compute the original functiorf (w). For example, a similar approach
is used in [6] where it is applied to Bayesian logistic regression.

In case of RTM, this approach is applied to evidence maximization. A xational lower
bound has been obtained on the evidence integrand and its integias been used as a set of
evidence lower bounds which can be used in an optimization procedstewn in (5).

Theorem 1. Function E( ;H) is a lower bound on RTM evidence for allH 2 (0;1)" ¢,
2 [0;+1)9:

Z oy %
EC)>E(;H)= Li(g; i) PG j)dg=
i=1 ! |
v Ty L X 1 q jeien v
= G( i) exp & (1) 3 p(q ] j)dg
i=1 j=1 i1 2Q;

8H 2 (0;1)" %8 2[0;+1)%

where
Qi = fjjxj =1g; o
20 j@ )t B 4o p @ )" ¢
. — ¥ o) [ il o) .
c( )= exp@ :
(1) MEERE P MR
JZQiQ j2Qi j2Q;i 12Qi
ti AV T
2o (1n i) oeden
& ()= ':Q ; +':Q(1 1 ; 1Qij 5
J i J i

and H is the matrix of variational parameters and itsith row is equal to .
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Figure 1 Evidence integrand variational lower bounds for a single olect for di erent values of vari-
ational parameters : (a) t = 0; x = (1;0;1)T and op = 0:8; and (b)) t = 0; x = (0;1;1)" and
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Figure 2 Evidence integrand lower bounds for the whole dataset

The proof of Theorem 1 is provided in Appendix A.

The shapes of the evidence integrand and its lower bounds are shawFigs. 1 and 2. Note
that although the evidence lower bound can be computed as a pradwf d one-dimensional
integrals, these integrals still have to be computed numerically. Alsmote that although the
number of variational parameters isnd, usually most of them are inessential and do not a ect
the value of this lower bound. A variational parameter j; is essential if and only ifx; = 1.
Therefore, there are onlyn essential variational parameters where is the average number of
tags per object.

The evidence lower bound is optimized in an EM-like algorithm:
1) E-step:H "™ =argmaxlogE( °9:H); and

H
2) M-step: "W =argmaxlogE( ;H "").

These two steps are repeated until convergence.

On E-step, hyperparameters are xed and variational parametersH are tuned to obtain
the most accurate lower bound. On M-step, the best lower boundoin the E-step is optimized
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Table 1 Relevance determination performance on synthetic data

Noise RTM-MAP-EM  RTM-EM RVM L1-LR
Percentage of removed irrelevant tags

Random 9964% 9946% 9910%  8563%

Correlated 8444% 8890% 8465% 10000%
Percentage of removed genuine tags

Random 450% 468%  263% 354%

Correlated 250% 434%  104% 250%

with respect to hyperparameters . The L-BFGS-B method [8] was used to handle optimization
problems on both steps of algorithm. This method is called RTM-EM.

Let kg and ky be the number of iterations of L-BFGS-B on E-step and M-step, spec-
tively. The complexity of one iteration is then equal toO(n k g + dky, ) operations of numerical
integration.

Complexity of RTM-EM is too high; so, a simpli cation is suggested. In RM-EM, on E-step
of EM algorithm, an attempt to obtain the best possible value of varigonal parameters was
made. Instead of that, a variational lower bound on the evidencetegrand was used that is
exact at its point of maximum. E-step will then look like this:

ew = gMAP = argmax P(tj X ;q)p(qj °?) 8i:
q

Note that all objects share the same set of variational paramet so, there are onlyd of
them: ;= | foralli;k =1;:::;n. This method was named RTM-MAP-EM. Its complexity
is O(dky ) operations of numerical integration.

It was experimentally shown that RTM-MAP-EM also purges irrelevat (both noisy and
correlated) tags and has comparable accuracy with RTM-EM algohim. Also, both EM-based
methods remove the majority of irrelevant tags on early steps. Ilneans that only several
steps of EM-algorithm are needed for feature selection. Furtheptimization will just tune the
remaining hyperparameters.

The complete algorithm of RTM-MAP-EM is provided in Appendix B.

4 Experiments

4.1 Synthetic data

The ability of the presented methods to remove irrelevant featuseon a synthetic dataset was
studied and compared to two classic feature selection models | RVMwhere a similar idea is
applied to linear regression, and L1-regularized logistic regressiditnere were 500 objects and
50 features. The data consisted of genuine tags that were usedgenerate the class label, and
two types of irrelevant tags: random tags and tags that were calated to some of the genuine
tags. Relevance determination accuracy is shown in Table 1.

Both EM-based methods successfully remove nearly all randomti@@s and most correlated
features. The RTM-MAP-EM, RTM-EM, and RVM give comparable resilts and detect random
features better than L1-regularized logistic regression (L1{LRHowever, L1{LR provided the
best results in removing correlated tags.

4.2 Sentiment analysis

Also, the methods were tested on a real task: sentiment analysisoplem [9]. In this problem,
objects are sentences and the task is to classify them into positi@ad negative ones. A bag of
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Table 2 Prediction performance on sentiment analysis dataset

Method Prediction accuracy
RTM-MAP-EM 0.9659
RVM 0.9586
L1-LR 0.9708
RF 0.9416
GBDT 0.9683
SVM 0.9683

words representation was used (each tag represents a wotgl;= 1 if object x; contains thej th
word from the dictionary). There were 1000 train objects, 411 & objects, and 1869 features.
There were 11 tags per objects in average. Test set classi catiancuracy is shown in Table 2.

The present method (RTM-MAP-EM) was compared to di erent stae-of-the-art classi ers
like the RVM, L1-LR, Random Forest (RF), gradient boosting over dcision stumps (GBDT),
and SVM.

The present method provides prediction accuracy that is compdrke to classical methods.
It also provides a way to sort features with respect to their impoence: RTM-MAP-EM chose
about 70 tags to be relevant and removed everything else; L1-LRase about 120 tags; and the
RVM chose about 230 tags. A histogram of weights of most relevawbords for these methods
is shown in Figs. 3{5.

X Q5 S o 3 QL o L 9
© 0S5 L 8 Ev ¥ T 4 ST 3 £ £§E2 <5 28 3
E>"'_ > o =2 L = = o
O &5 = o 9 n =] ) = =
o 5 o e %] o o £
3 B o 8§ @ @ o c e =
Q n % [oF
% o ) )
°

Figure 3 ¢  0:5 for most relevant tags according to RTM-MAP-EM

The RVM chose a lot of rare words to represent the negative classdrds \crappy,” \shitty,"
\lousy," \blame," \afraid," \piece," and \idiot" have less than seven oc currences in the dataset)
and the words from the positive class does not look relevant at all. €hRVM failed to solve
the relevance determination problem on this dataset.

The words chosen by RTM-MAP-EM and logistic regression are quitetuntive in case of
this problem. the present model, it isn't true. Most of them are veryemotional. Top-20 words
chosen by logistic regression are almost the same as top-20 woctissen by the present method.
However, the present model provided a more sparse solution witbngparable prediction per-
formance. Therefore, the present method proved to be bettat relevance determination than
logistic regression and the RVM on this dataset.
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Figure 5 Weights of linear model tuned by RVM

5 Concluding Remarks

Most of previous work on Bayesian ARD approach consider only Gaign prior. The authors

demonstrate that other appropriate priors may also work well. It rmans that Bayesian ARD

approach might be more broad than it was considered before and isthimited to the usage of

Gaussian prior. Also, a method to solve a binary classi cation problemith binary features is

suggested and an experimental comparison which shows that thegent model is comparable to
the state-of-the-art methods of classi cation and feature satgon is provided. The experiments
show that the present model provides better feature selectioesults than the classic feature
selection models like RVM and L1-LR.
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Appendix A

Proof of Theorem 1

Derive a variational lower bound on the likelihood function for a single objectx. Let Q be the set of
its tags: Q = fjjx; = 1g. After some transformations and a change of variables, a caex function is
obtained and its tangent is used as its variational lower boud:

Q
" g g)t! 0 Y 2t 11 !
P(tjx;q) = Q2—Q @+ 9 A
g+ (1 q9) i20 4
2@~ j2Q :
ast 2f0;1g;
1 g IQiet 1
S = =9 ;
G
S0,
0 o 1t
. B @ <A &
logP(tjx;q)= log@l+ Sj : (6)
i2Q
o T
As sj > 0, the geometric mean Sj is concave with respect tos [7, p. 74]. Asf (x) =
i2Q

= logx is convex and nonincreasing, the whole expression on the hg part of (6) is convex with

respect tos [7, p. 84]. Therefore, its tangent is its variational lower bound and after making inverse

change of variables and taking the exponent, one obtains a vational lower bound on P(tjx;q).
The variational lower bound on the likelihood of an objectx; from the training set looks as follows:

0 1
_ X 1 1Qij2ti 1)
Ptijxiia) > Li(: )= 6( )exp@ () —
i2Qi 9
where
Qi = fjjxj =1g;
. _ 0 Q . .
ja e )
o) hEERE ot @ )
12Qi 12Q;i 12Qi 12Q;i
t i
' ij @ ”)1 t . iQij(2ti 1)
&( )= ¥4 —q ” Qi
' i+t @ ) 1
i2Qi j2Q;
The following equation concludes the proof:
Z . . Z Y] Y] .
E( )= PtjX;qp(qj )dq> Li(g; i) p(gj )dg=E( ;H):
i=1 j=1

Il}jote that each object has its own set of variational parametes. As ;; is dummy if g 62Q;, there

are ; xj essential variational parameters.
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Appendix B

RTM-MAP-EM algorithm

Algorithm 1 RTM-MAP-EM

Require: training set (X ;t); maximum number of iterationsT; tolerance"
Ensure: tuned vector of hyperparameters
1 % @ 1|3,T // Initial value of hyperparameters

22 © argmax [, logP(tjx;;q)+log P(qj ©) /I = qg"P
q

3 for k=0to T

4 Il E-step:

5.k argmax [, logP(tijxi;q)+logP(qj %1 / =qg"®

6: H* ( ICj':::' k)T

7 Il M-step:

8: kargmaxlogE( ;H¥)

90 ifk K kK 1k2<" then

10: break

11: K

12: return

Some notes about implementation:
{ g and j are bound to [01;0:9] for all i;j . Otherwise, computations tend to be unstable;
{ ke = km =10 in all experiments;
{ j isbound to [0;1000] for allj. If > 900, it is considered to be innite: ; ==+ 1 ; and

{ there seems to be no need to wait till full convergence; for RM-MAP-EM, T =20 was enough
in both experiments.
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