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Aggregation of ordered smoothers in colored noise �

E. A. Krymova
krymova@phystech.edu

Moscow Institute of Physics and Technology, 9 Institutskiy per., Dolgoprudny, Russia;
Institute for Information Transmission Problems, 19 Bolshoy Karetny per., build 1, Moscow, Russia

The paper is devoted to the problem of recovery of one-dimensional functions given a set of
noisy observations. Suppose that in addition, one is given a�xed set of a �nite number of
function estimates. Based on this set of estimates, it is necessary to construct a new estimator,
the risk of which would be close to the risk of the \best" estimate (so-called oracle) in a given
set. The \best" estimator is a minimizer of the risk over the given set of function estimators.
New oracle inequalities for aggregation of regression function estimates in assumption of het-
eroscedasic Gaussian noise, namely, correlated Gaussian noise with di�erent variances at each
design point, have been proved.
Keywords : aggregation; exponential weighting; ordered smoothers; unbiased risk estimation

DOI: 10.21469/22233792.1.13.01

Àãðåãàöèÿ óïîðÿäî÷åííûõ îöåíîê â öâåòíîì øóìå �

Å. À. Êðûìîâà
Ìîñêîâñêèé ôèçèêî-òåõíè÷åñêèé èíñòèòóò (ÃÓ)

Èíñòèòóò ïðîáëåì ïåðåäà÷è èíôîðìàöèè èì. À. À. Õàðêåâè÷à ÐÀ Í

Ðàññìàòðèâàåòñÿ çàäà÷à âîññòàíîâëåíèÿ ôóíêöèè ðåãðåññèèïî êîíå÷íîìó ÷èñëó íà-
áëþäåíèé ôóíêöèè â ãàóññîâñêèì øóìå, çàäàííûõ â êîíå÷íîì ÷è ñëå äåòåðìèíèðîâàííûõ
òî÷åê. Ïðåäïîëîæèì, ÷òî ïîìèìî íàáëþäåíèé ôóíêöèè èññëåäî âàòåëþ çàðàíåå èçâåñòåí
ôèêñèðîâàííûé íàáîð èç êîíå÷íîãî ÷èñëà îöåíîê ôóíêöèè. Íà î ñíîâå ýòîãî íàáîðà îöå-
íîê òðåáóåòñÿ ïîñòðîèòü íîâóþ îöåíêó, êà÷åñòâî êîòîðîé áûë î áû ñðàâíèìî ñ íàèëó÷øåé
(â ñìûñëå ñðåäíåêâàäðàòè÷íîãî ðèñêà) îöåíêîé èç çàäàííîãî ìíîæåñòâà (c òàê íàçûâà-
åìûì ¾îðàêóëîì¿). Â ðàáîòå ïîëó÷åíû íîâûå îðàêóëüíûå íåðàâ åíñòâà äëÿ ýêñïîíåíöè-
àëüíîé àãðåãàöèè óïîðÿäî÷åííûõ îöåíîê ôóíêöèè ðåãðåññèè â ïðåäïîëîæåíèè ãåòåðîñ-
êåäàñòè÷íîãî øóìà, à èìåííî: øóì ïðåäïîëàãàåòñÿ êîððåëèðî âàííûì (êîâàðèàöèîííàÿ
ìàòðèöà èçâåñòíà) è äèñïåðñèÿ åãî ðàçëè÷íà â êàæäîé òî÷êå íà áëþäåíèÿ.

Êëþ÷åâûå ñëîâà : àãðåãàöèÿ îöåíîê; ýêñïîíåíöèàëüíîå âçâåøèâàíèå; óïîðÿäî ÷åííûå
îöåíêè; íåñìåùåííîå îöåíèâàíèå ðèñêà

DOI: 10.21469/22233792.1.13.01

1 Introduction
The paper is devoted to estimation of noisy vector (sequence space model) given a set of linear
estimators. The sequence space model plays signi�cant role in nonparametric statistics. Many
problems can be transformed to the sequence space model formulation with white (i. e., with
noncorrelated identically distributed zero-mean noise) Gaussian noise or with colored (i. e.,

� This work is partially supported by RFBR research project 15-07-09121.

Ìàøèííîå îáó÷åíèå è àíàëèç äàííûõ, 2015. Ò. 1, •13.
Machine Learning and Data Analysis, 2015. Vol. 1 (13).
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noncorrelated nonidentically distributed zero-mean) Gaussian noise. For example, very often,
linear inverse problems are easily transformed into diagonal form with the help of singular
value decomposition [1]. In this paper, the generalization of such models for the correlated
colored Gaussian noise assumption is considered. Throughout the paper, it is assumed that
one is given a special set of linear estimators, namely, ordered smoothers as various methods
in statistics can be proved to have properties of ordered smoothers (for example, smoothing
splines [2, 3], spectral regularization methods [1, 4], etc.). There exist various approaches to
construct estimates given a set of estimators. One can use a model selection approach and
select one estimator, for example, by a method of the unbiased riskestimation [5] which goes
back to [6, 7].

Another approach is to use aggregation, namely, using a convex combination of given esti-
mators. This approach was �rstly developed by Nemirovsky [8] and independently by Catoni [9].
To tune the weights of the linear combination, authors performed the sample splitting. Later,
this method was extended to several statistical models (see, e. g., [10{13]).

One can avoid sample splitting with the help of the exponential weighting. This method
originates from the solution of functional aggregation problem by penalized empirical risk min-
imization [12]. It has been shown that for this method, one can yield rather good oracle in-
equalities for certain statistical models [14{16].

The goal is to prove new oracle inequalities for aggregation of ordered smoothers in as-
sumption of heteroscedasic Gaussian noise, namely, correlated Gaussian noise with di�erent
variances at each design point.

2 Problem Statement
This paper deals with a sequence space model

Yi = � i + � i ; i = 1; : : : ; n; (1)

where (Y1; : : : ; Yn)T is the vector of observation; and (� 1; : : : ; � n)T is the zero-mean Gaussian
vector with known n � n covariance matrix �. The goal is to estimate an unknown vector
� 2 Rn based on the dataY = ( Y1; : : : ; Yn)T .

Denote the diagonal elements of � by� 2
i , i = 1; : : : ; n. Let one impose the following condi-

tions on the covariance matrix � .

1. The spectral norm is bounded from above:

� 2
max = sup

x2 Rn ; kxk=1
xT � x < 1 :

2. The smallest eigenvalue is bounded from below:

� 2
min = inf

x2 Rn ; kxk=1
xT � x > 0:

3. Assume also that
sup

x2 Rn ; kxk=1
xT [� � �] x < C 2

�

where � is the Hadamard product andC� is the constant.

Let one denote the risk of an estimator̂� (Y ) = ( �̂ 1(Y); : : : ; �̂ n (Y)) T by

R(�̂; � ) = E� k�̂ (Y) � � k2: (2)
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Here, E� stands for the expectation with respect to the measureP� generated by the observa-
tions (1) wherek�k denotes the norm inRn : kxk2 =

P n
i =1 x2

i :
Throughout this paper, � will be recovered with the help of linear estimates

�̂ h
i (Y ) = hi Yi ; h 2 H (3)

whereH is the �nite set of so-calledordered smoothers, which has the following de�nition.
De�nition 1. A set H is a set ofordered multipliers if
{ hi 2 [0; 1]; i = 1; : : : ; n for all h 2 H ;
{ hi +1 6 hi ; i = 1; : : : ; n, for all h 2 H ; and
{ if for some integerk and someh; g 2 H , hk < gk , then hi 6 gi for all i = 1; : : : ; n.

The last condition means that vectors inH are naturally ordered, since for anyh; g 2 H ,
there are only two possibilities:hi 6 gi or hi > gi for all i = 1; : : : ; n.

Substituting the linear model (3) into the risk de�nition (2), one obtains

R(�̂ h; � ) = k(1 � h) � � k2 + k� � hk2;

where x � y denotes the coordinate-wise product of vectorsx; y 2 Rn , i. e., z = x � y means
that zi = x i yi ; i = 1; : : : ; n, and � = ( � 1; : : : ; � n )T . SinceR(�̂ h; � ) depends onh 2 H , one can
minimize it over h 2 H . The minimal risk

r H (� ) = min
h2H

R(�̂ h; � )

is often called in the literature as the oracle risk [8, 9].
Naturally, it is not possible to use the estimate

� � (Y) = h� � Y; h� = arg min
h2H

R(�̂ h; � )

because it depends on the unknown vector� . But if one knew� , it would be possible to point out
the estimate with the least risk. That is why, the goal is to construct an estimator ~� H (Y) based
on the family of linear estimators�̂ h(Y); h 2 H ; which is close to the oracle risk. Formally, this
means that the estimator~� H (Y ) should satisfy the so-called oracle inequality

R(~� H ; � ) 6 r H (� ) + ~� H (� )

which holds uniformly in � 2 Rn .
This inequality implies that the term ~� H is small with respect to the oracle risk uniformly

in � 2 Rn . It is well known that in general, it is not possible to construct such an estimator [17].
But as it was shown in [17] for the setH of ordered smoothers, one can �nd an estimator which
provides the following properties of the remainder term:
{ ~� H (� ) 6 ~Cr H (� ) for all � 2 Rn where ~C > 1 is the constant; and
{ ~� H (� ) � r H (� ) for all � : r H (� ) � � 2.

That is why, throughout this paper, it will be assumed that the setH contains solely ordered
multipliers. Below, an example of ordered smoothers is given. Note that ordered smoothers are
very common in statistics, e. g., smoothing splines [2, 3], spectral regularization methods [1, 4].

3 A Motivating Example
Consider the regression estimation problem in the case of colored noise. It is necessary to recover
a one-dimensional functionf (x); x 2 [0; 1]; given the noisy observations

Z i = f (x i ) + �� (x i ); i = 1; : : : ; n; (4)
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wherex i 2 (0; 1) and �� i (x) is the centered Gaussian random process with variance �� 2(x). Denote
by �� the covariance matrix of the vector ( �� (x1); : : : ; �� (xn )) T .

Let one make use of the smoothing spline estimate, which is de�ned asfollows:

f̂ � (x; Z ) = arg min
f

� nX

i =1

[Z i � f (x i )]2 + �
Z 1

0
[f (m)(x)]2

�
(5)

where f (m) (�) denotes the derivative of orderm and � > 0 is the smoothing parameter which
is usually chosen with the help of the Generalized Cross Validation (see, e. g., [18]).

To transform this model into the model (1), consider the Demmler{Reinsch basis [19]
 k(x); x 2 [0; 1]; k = 1; : : : ; n, which has double orthogonality property

h k ;  l i n = � kl ;
1Z

0

 (m)
k (x) (m)

l (x) dx = � kl � k ; k; l = 1; : : : ; n;

where here and belowhu; vi n stands for the inner product

hu; vi n =
1
n

nX

i =1

u(x i )v(x i )

and � i are the eigenvalues of the basis.
It is assumed for de�niteness that the eigenvalues� k are sorted in ascending order:

� 1 6 � � � 6 � n :

With this basis, one can represent the underlying function as follows:

f (x) =
nX

k=1

 k(x)� k (6)

and one gets from (4)
Yk = hZ;  k i n = � k + � k

where

� k =
nX

j =1

�� (xk) k(x j ) : (7)

Next, substituting (6) in (5), one arrives at

f̂ � (x; Z ) = arg min
f

� nX

k=1

(Yk � � k)2 + �
nX

k=1

� k � 2
k

�
:

Therefore,

f̂ � (x; Y ) =
nX

k=1

�̂ k  k (x)

where

�̂ k =
Yk

1 + �� k
:



Aggregation of ordered smoothers in colored noise 1779

Thus, one may conclude that the models (1){(3) and (4){(5) become equivalent with

hk = h�
k =

1
1 + �� k

:

The vector � = ( � 1; : : : ; � n)T is a Gaussian zero-mean vector with covariance matrix

� =
1
n2

	 T ��	

where matrix 	 consists of the columns ( i (x1); : : : ;  i (xn )) T , i = 1; : : : ; n.
From the orthogonality property of Demmler{Reinsch basis, it is easily seen that eigenvalues

of matrix � are equal to � 2
i = �� 2(x i )=n. Thus, for �xed n, the matrix � has �nite eigenvalues

and the problem is equivalent to (1).
The most interesting case is when�� is a diagonal matrix with diagonal elements

�� 2(x1); : : : ; �� 2(xn ). It is known that in the case of equidistant design, Demmler{Reinsch ba-
sis has the following asymptotic asn; k ! 1 [2]:

 k (x) �

r
2
n

cos(�kx ):

After a transformation of the regression estimation problem (4) with the help of Demmler{
Reinsch basis, one obtains the following covariance of the noise (7):

E� k � j �
1
n

nX

i =1

� 2(x i ) cos(� (k � j )p):

Thus, matrix � approximately equals to a correlation matrix of a stationary Gaussian sequence
with variance

P n
i =1 � 2(x i )=n and the problem (4) becomes equivalent to the problem of esti-

mation of an unknown vector in assumption of stationary noise.
In practice, one has to estimate the unknown covariance in (4). For the model with stationary

noise, it is easy to estimate variance� 2 given the data, for example, by

�� 2 =
1

2n

n� 1X

i =1

[Z i � Z i +1 ]2:

4 Exponential Weighing of Ordered Smoothers
In what follows, the exponential weighting estimate is used:

�� (Y) =
X

h2H

wh(Y)�̂ h(Y)

where

wh(Y ) = � h exp
�
�

�r (Y;�̂ h)
2�� 2

max

�� X

g2H

� g exp
�
�

�r (Y;�̂ g)
2�� 2

max

�
:

Here, parameter� > 0 is �xed and �r (Y;�̂ h) is the unbiased risk estimate of̂� h(Y ) de�ned by

�r (Y;�̂ h) def= kY � �̂ h(Y)k2 + 2
nX

i =1

hi � 2
i �

nX

i =1

� 2
i :
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In order to coverH with small and large cardinalities, make use of the special prior weights
de�ned as follows:

� h def= 1 � exp
�

�
P n

i =1 � 2
i (h+

i � hi )
�� 2

max

�
: (8)

Here,
h+ = min f g 2 H : g > hg; � hmax = 1

wherehmax is the maximal multiplier in H . Along with these weights, one needs also the follow-
ing condition which can be proved to be true for smoothing splines andspectral regularization
methods.

Condition 1. There exists a constantK � 2 (0; 1 ) such that

khk2 � k gk2 > K �

�
khk1 � k gk1

�
(9)

for all h > g from H, wherek � k1 stands for thel1-norm in Rn , i. e.,

khk1 =
nX

i =1

jhi j:

Mention the following oracle inequality [16] for the exponential weighting of ordered
smoothers in the case of white Gaussian noise with variance� 2 that is diagonal � with � min

= � max = � .

Theorem 1. Assume that H is a set of ordered multipliers,� > 4, and Condition 1 holds.
Then, uniformly in � 2 Rn ,

E� k�� � � k2 6 r H (� ) + 2 �� 2 log
�
C

�
1 +

r H (� )
� 2

��
:

This oracle inequality outperforms (in the form of the remainder term) Kniep's oracle in-
equality [17].

Theorem 2. Uniformly in � 2 Rn ,

E� kĥ � Y � � k2 6 r H (� ) + K� 2

r

1 +
r H (� )

� 2

where a minimizer of the unbiased risk estimatêh = argmin
h2H

�r (Y;�̂ h) corresponds to the case

� ! 0 in exponential weighting andK is the generic constant.

The main result of this paper is the following new oracle inequality with remainder term of
the same form as in [16] for the exponential weighting in the case of colored noise problem.

Theorem 3. Assume that H is a set of ordered multipliers,� > 4, and Condition 1 holds.
Then, uniformly in � 2 Rn ,

E� k�� � � k2 6 r H (� ) + 2 �� 2
max log

�
C

�
1 +

r H (� )
� 2

min

��
:

Here and in what follows,C = C(C� ; K � ; �; { ) denotes strictly positive and bounded constant
depending onC� ; K � ; � , and { , where{ = � max=� min .
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For the case of stationary noise� with variance � 2, one has� 2
min = � 2

max = � 2 and the
following

Corollary 1. Assume that H is a set of ordered multipliers,� > 4, and Condition 1 holds.
Then, uniformly in � 2 Rn ,

E� k�� � � k2 6 r H (� ) + 2 �� 2 log
�
C

�
1 +

r H (� )
� 2

��
:

Here and in what follows,C = C(C� ; K � ; � ) denotes strictly positive and bounded constants
depending onC� ; K � , and � .

5 Simulations
To �nd out what value of � is good from a practical viewpoint and to compare the cases of white
and coloured Gaussian noise, a numerical experiment has been carried out. The present author
compares the exponential weighting methods applied to the set of cubic smoothing splines (as
ordered smoothers) for� = f 0; 1; 2; 4g and for the equidistant design:

H =
�

h : hk =
1

1 + [ � (k � 1)]4
; � > 0

�

where an asymptotic formula for the eigenvalues of Demmler{Reinsch basis was used in the
case of equidistant design:� k � (�k )4; k ! 1 .

The scheme of the experiment is the following. For a givenA 2 [0; 300], 100 000 replications
of the observations

Yk = � k(A) + � k ; k = 1; : : : ; 400;

are generated. Here,� (A) 2 R400 is the Gaussian vector with independent components and

E� k(A) = 0 ; E� 2
k(A) = A exp

�
�

k2

2
 2

�

where 
 = 50.
Two types of the noise� were considered:

1) standard Gaussian white noise (� i = 1); and
2) Gaussian vector with covariance matrix � with eigenvalues� i = i=400; i = 1; : : : ; 400.

Next, the mean oracle risk

�r H (A) = Emin
h2H

�
k(1 � h) � � (A)k2 + k� � hk2

	

and the mean excess risk

�� � (A) = Ek� (A) � �� (Y)k2 � �r H (A)

were computed with the help of the Monte-Carlo method. Finally, thedata f �r H (A), �� � (A),
A 2 [0; 300]g are plotted in Fig. 1 to illustrate graphically the remainder term � � (r H ) = E� k��
� � k2 � r H (� ):

Looking at Fig. 1, one sees that there is no universal� minimizing the excess risk uniformly
in � . However, intuitively, it seems that a reasonable choice is� � 1 [15] but unfortunately,
good oracle inequalities are not available for this case. Almost all methods demonstrate similar
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Figure 1 Exponential weighting for the white ( a) and colored (b) noise cases. The dataf �r H (A),
�� � (A), A 2 [0; 300]g that is the dependancy of excess risk on oracle risk is in the pictures

statistical performance (in Fig. 1, for the values of oracle risk bigger than 50). However, when
r H (� )=� 2 is not large, the exponential weighting works usually better (in Fig. 1, for the values
of oracle risk from approximately 10 to 50).
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6 Proofs
The main steps of the proof are based on a combination of methods for deriving oracle inequal-
ities proposed in [16, 20]. Here, the main steps in the proof are sketched, all details are given
below.

With the help of Stein's formula for the unbiased risk estimate, it can be shown that for
� > 4,

E� k�� � � k2 6 E�

X

h2H

wh(Y )�r (Y;�̂ h) 6 r H (� ) + 2 �� 2
maxE�

X

h2H

wh(Y) log
� h

wh(Y)

� 2�� 2
maxE� log

� X

h2H

� h exp
�
�

�r (Y;�̂ h) � �r (Y;�̂ ĥ)
2�� 2

max

��
(10)

whereĥ is the minimizer of the unbiased risk estimatêh = arg min
h2H

�r (Y;�̂ h):

To control the right-hand side at this equation, make use of the ordering property of esti-
mates �̂ h; h 2 H . First, check that if � h is de�ned by (8), then

X

h2H

� h exp
�
�

�r (Y;�̂ h) � �r (Y;�̂ ĥ)
2�� 2

max

�
>

X

h> ĥ

� h exp
�
�

�r (Y;�̂ h) � �r (Y;�̂ ĥ)
2�� 2

max

�
> 1

and so, the last term in Eq. (10) is always negative.
The most di�cult and delicate part of the proof is related to the average Kullback{Leibler

divergenceE�
P

h2H wh(Y) log(wh(Y)=� h): To compute a good lower bound for this value, follow
the approach proposed in [20]. The main idea here is to make use of thefollowing property of
the unbiased risk estimate: for any su�ciently small" < 1, there existsĥ" depending onY such
that with probability 1, for all h > ĥ" ,

�r (Y;�̂ h) � �r (Y;�̂ ĥ) > 2�"
�
k� � hk2 � k � � ĥk2

�
+ 2 �� 2

min :

This equation means thatwh(Y) are exponentially decreasing for largeh. With this property,
one obtains the following entropy bound:

X

h2H

wh(Y) log
� h

wh(Y)
6 log

2

4
X

h6 ĥ"

� h +
C
"

exp
�

C
"

�
3

5 :

The rest of the proof consists in deriving the following bound from (9) and (8):

X

h6 ĥ"

� h 6 1 +
k� � ĥ" k2

K � �� 2
max

and

q
E� k� � ĥ" k2 6

s
r H (� )

1 � 2�"
+

p
1 + 2�

1 � 2�"

p
KC �

� 2
min

:

Finally, combining the above equations, one arrives at (1).
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7 Concluding Remarks
Based on the probabilistic properties of the unbiased risk estimate,the oracle inequality was
proved for the method of aggregation of smoothing splines for theregression estimation problem
in the case of colored noise. However, it seems that no good oracle inequalities are available for
the reasonable choice of� parameter in the de�nition of aggregating weights. Numerical results
demonstrate similar statistical performance for di�erent choice of � parameter.
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Íåëèíåéíàÿ ìíîãîìåðíàÿ ôèëüòðàöèÿ
ìíîãîêîìïîíåíòíûõ èçîáðàæåíèé �

Å. Â. Ìåäâåäåâà, È. Ñ. Òðóáèí, Å. À. Óñòþæàíèíà, À. Â. Ëàëåòèí
emedv@mail.ru

Âÿòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Êèðîâ, Ðîññèÿ

Ïðåäëîæåí ìåòîä íåëèíåéíîé ìíîãîìåðíîé ôèëüòðàöèè ìíîãîê îìïîíåíòíûõ èçîáðà-
æåíèé, èñêàæåííûõ àääèòèâíûì áåëûì ãàóññîâñêèì øóìîì. Ïîâ ûøåíèå êà÷åñòâà çàøóì-
ëåííûõ èçîáðàæåíèé îáåñïå÷èâàåòñÿ çà ñ÷åò ýôôåêòèâíîãî èñ ïîëüçîâàíèÿ ñòàòèñòè÷åñêîé
èçáûòî÷íîñòè ìíîãîêîìïîíåíòíûõ èçîáðàæåíèé. Ðàññìîòðåí ÷àñòíûé ñëó÷àé ìíîãîêîì-
ïîíåíòíûõ èçîáðàæåíèé � öâåòíûå RGB èçîáðàæåíèÿ, êàæäàÿ èç öâåòîâûõ êîìïîíåíò
êîòîðîãî ïðåäñòàâëÿåò ñîáîé g-ðàçðÿäíîå öèôðîâîå ïîëóòîíîâîå èçîáðàæåíèå (ÖÏÈ). Ìå-
òîä îñíîâàí íà ïðåäñòàâëåíèè ìíîãîêîìïîíåíòíûõ g-ðàçðÿäíûõ ÖÏÈ íàáîðîì ðàçðÿäíûõ
äâîè÷íûõ èçîáðàæåíèé (ÐÄÈ), àïïðîêñèìàöèè èõ òðåõìåðíîé ö åïüþ Ìàðêîâà è ïðèìåíå-
íèè òåîðèè ôèëüòðàöèè óñëîâíûõ ìàðêîâñêèõ ïðîöåññîâ. Ïðåä ëîæåíî óëó÷øèòü êà÷åñòâî
âîññòàíîâëåííûõ èçîáðàæåíèé çà ñ÷åò ïîâûøåíèÿ òî÷íîñòè âû ÷èñëåíèÿ ñòàòèñòè÷åñêèõ
õàðàêòåðèñòèê äëÿ êàæäîé ëîêàëüíîé îáëàñòè âíóòðè èçîáðàæ åíèé è ìåæäó öâåòîâûìè
êîìïîíåíòàìè. Äëÿ îöåíêè ñòàòèñòè÷åñêèõ õàðàêòåðèñòèê èñ ïîëüçîâàíî ñêîëüçÿùåå îêíî.
Ïðèâåäåíû ðåçóëüòàòû ìîäåëèðîâàíèÿ, ïîäòâåðæäàþùèå ýôôå êòèâíîñòü ðàçðàáîòàííîãî
ìåòîäà. Êëþ÷åâûå ñëîâà : ìíîãîêîìïîíåíòíûå èçîáðàæåíèÿ; ìíîãîìåðíàÿ íåëèíåéíàÿ

ôèëüòðàöèÿ; ìíîãîìåðíûå öåïè Ìàðêîâà; ðàçðÿäíûå äâîè÷íûå èçîáðàæåíèÿ; ñòàòèñòè-
÷åñêàÿ èçáûòî÷íîñòü èçîáðàæåíèé
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Multidimensional nonlinear �ltration
of multicomponent images �

E. V. Medvedeva, I. S. Trubin, E. A. Ustyuzhanina, and A. V. Laletin
Vyatka State University, 36 Moskovskaya st., Kirov, Russia

The goal of this paper is to develop a method of nonlinear multidimensional multicomponent
images �ltering based on mathematical apparatus of Markov chains. The method allows e�-
cient use of the statistical redundancy of the image to improve the quality of image distorted by
white Gaussian noise. Multidimensional signals of multicomponent images have a much greater
statistical redundancy than single image. This redundancywould be appropriate for use to im-
prove the quality of the restoration of noisy images. Special cases of multicomponent images
are RGB image, each color component of which is ag-bit half-tone digital image (HTDI). The
nature of the statistical relationship between elements within the HTDI and among the ele-
ments of color components (RG, GB, BR) allows one to use this method as an approximation
for the three-dimensional (3D) color images of a Markov chain with several states and for bit
binary image (bit planes) of two color components of the 3D Markov chain with two states.
This approximation makes it possible to apply the theory of � ltration of conditional Markov

� Ðàáîòà âûïîëíåíà â ðàìêàõ áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî ç àäàíèÿ â ñôåðå íàó÷íîé äåÿòåëüíîñòè ïî
çàäàíèþ •2014/61.
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processes for the development of �ltering method of multicomponent images. Realistic images
contain the regions with varying degrees of detail and di�erent statistical characteristics. The
authors propose improving the accuracy of calculation of the statistical characteristics of each
local region within the image and between the color components to improve the quality of the
reconstructed image. A sliding window has been used to estimate local statistical character-
istics of the image. The authors present the results of modeling of the suggested algorithm
of a 3D nonlinear �ltration with use of the sliding window and earlier developed algorithm
of a two-dimensional �ltration of color (RGB) images. The developed 3D �lter taking into
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1 Ââåäåíèå
Äëÿ ðÿäà ñîâðåìåííûõ âèäåîñèñòåì õàðàêòåðíî èñïîëüçîâàíè å ìíîãîêîìïîíåíòíûõ

èçîáðàæåíèé. Ïðèìåðîì ÿâëÿþòñÿ ìóëüòè- è ãèïåðñïåêòðàëüí ûå ñèñòåìû äèñòàíöèîííî-
ãî çîíäèðîâàíèÿ. Èçîáðàæåíèÿ, ïîëó÷åííûå òàêèìè ñèñòåìàì è, ñîäåðæàò äåñÿòêè è äàæå
ñîòíè ñïåêòðàëüíûõ êàíàëîâ, â êîòîðûõ ïðèñóòñòâóþò ïîìåõè ðàçëè÷íîé èíòåíñèâíîñòè.
Äëÿ âîññòàíîâëåíèÿ èçîáðàæåíèé íà ôîíå ïîìåõ ñ öåëüþ ðåøåíè ÿ äàëüíåéøèõ çàäà÷ îá-
ðàáîòêè èçîáðàæåíèé: âûäåëåíèÿ îáúåêòîâ è îöåíêè èõ ïàðàìå òðîâ, êëàññèôèêàöèè, ðàñ-
ïîçíàâàíèÿ è ò. ä., � èñïîëüçóþò ôèëüòðàöèþ. Ê íàñòîÿùåìó âð åìåíè ðàçðàáîòàíî ìíî-
ãî ðàçíîîáðàçíûõ àëãîðèòìîâ ôèëüòðàöèè [1�5], ñèíòåçèðóå ìûõ äëÿ êîíêðåòíîé ìîäåëè
ïîìåõ. Òàê, íàïðèìåð, èçâåñòíûå ëèíåéíûå àëãîðèòìû ôèëüòð àöèè, îñíîâàííûå íà ïðè-
ìåíåíèè ëîêàëüíûõ îïåðàòîðîâ [2, 3], ýôôåêòèâíû ïðè áîëüøè õ îòíîøåíèÿ ñèãíàë/øóì,
íî ñ óâåëè÷åíèåì ìîùíîñòè øóìà ïðèâîäÿò ê ñãëàæèâàíèþ ìåëêè õ äåòàëåé è ðàçìûòèþ
ãðàíèö îáúåêòîâ. Èç íåëèíåéíûõ ìåòîäîâ ôèëüòðàöèè, â ñèëó ì àëûõ âû÷èñëèòåëüíûõ çà-
òðàò, íàèáîëüøåå ðàñïðîñòðàíåíèå ïîëó÷èëè ìåòîäû, îñíîâà ííûå íà ðàçëè÷íûõ ìîäèôè-
êàöèÿõ ìåäèàííîé ôèëüòðàöèè, ôèëüòðû îêðåñòíûõ ýëåìåíòîâ , âêëþ÷àÿ áèëàòåðàëüíûå
ôèëüòðû è ôèëüòðû íåëîêàëüíûõ çíà÷åíèé [2�4]. Íåäîñòàòêîì ïåðå÷èñëåííûõ ôèëüòðîâ,
â ìàëîé ñòåïåíè èñêàæàþùèõ ðåçêèå ãðàíèöû èçîáðàæåíèé è õîð îøî ïîäàâëÿþùèõ èì-
ïóëüñíûå ïîìåõè, ÿâëÿåòñÿ íèçêàÿ ýôôåêòèâíîñòü ïðè íàëè÷è è áåëîãî ãàóññîâñêîãî øóìà
(ÁÃØ). Íà íàñòîÿùèé ìîìåíò íàèáîëåå ýôôåêòèâíûìè ôèëüòðàì è ïðè íàëè÷èè ÁÃØ ÿâ-
ëÿþòñÿ ôèëüòðû BM3D è BM4D (block-matching and 3D/4D �lteri ng) [1, 5], îáúåäèíÿþùèå
íåñêîëüêî äîïîëíÿþùèõ äðóã äðóãà ìåõàíèçìîâ, îäèí èç êîòîð ûõ ñâÿçàí ñ ôèëüòðàöèåé íà
îñíîâå äèñêðåòíîãî êîñèíóñíîãî ïðåîáðàçîâàíèÿ â ãðóïïàõ í àéäåííûõ ïîäîáíûõ áëîêîâ.
Îñíîâíûì íåäîñòàòêîì ðàáîòû ôèëüòðîâ BM3D è BM4D ÿâëÿþòñÿ í èçêîå áûñòðîäåéñòâèå
è ðàçìûòèå ãðàíèö ïðè ìàëûõ îòíîøåíèÿõ ñèãíàë/øóì.

Ñëåäóåò òàêæå îòìåòèòü, ÷òî áîëüøèíñòâî èçâåñòíûõ àëãîðèòìîâ ôèëüòðàöèè ÿâëÿþò-
ñÿ äâóìåðíûìè, ïðèìåíÿþòñÿ ê êàæäîé îòäåëüíîé êîìïîíåíòå è çîáðàæåíèÿ è, êàê ñëåä-
ñòâèå, íå âñåãäà îáåñïå÷èâàþò íàäëåæàùåå êà÷åñòâî èçîáðàæåíèÿ, îñîáåííî â óñëîâèÿõ
äåéñòâèÿ øóìîâ áîëüøîé èíòåíñèâíîñòè.

Â ñâîþ î÷åðåäü ìíîãîêîìïîíåíòíûå èçîáðàæåíèÿ ïðåäñòàâëÿþ ò ñîáîé ìíîãîìåðíûå
ñèãíàëû è îáëàäàþò çíà÷èòåëüíî áîëüøåé ñòàòèñòè÷åñêîé èçáûòî÷íîñòüþ, ÷åì îäíîêîì-
ïîíåíòíûå èçîáðàæåíèÿ, êîòîðóþ öåëåñîîáðàçíî èñïîëüçîâà òü äëÿ ïîâûøåíèÿ êà÷åñòâà
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âîññòàíîâëåíèÿ çàøóìëåííûõ èçîáðàæåíèé. Ïîýòîìó ðàçðàáî òêà àëãîðèòìîâ ôèëüòðàöèè
ìíîãîêîìïîíåíòíûõ èçîáðàæåíèé, ýôôåêòèâíî èñïîëüçóþùèõ ñòàòèñòè÷åñêóþ èçáûòî÷-
íîñòü èçîáðàæåíèé è òåì ñàìûì ïîçâîëÿþùèõ ïîâûñèòü êà÷åñòâ î èõ âîññòàíîâëåíèÿ, ÿâ-
ëÿåòñÿ àêòóàëüíîé çàäà÷åé.

×àñòíûì ñëó÷àåì ìíîãîêîìïîíåíòíûõ èçîáðàæåíèé ìîæíî ñ÷èò àòü öâåòíûå RGB
èçîáðàæåíèÿ, êàæäàÿ èç öâåòîâûõ êîìïîíåíò êîòîðîãî ïðåäñò àâëÿåò ñîáîé g-ðàçðÿäíîå
ÖÏÈ. Èçâåñòíî, ÷òî ìåæäó îòäåëüíûìè îáëàñòÿìè ÖÏÈ, ïðèíàäë åæàùèõ ðàçíûì öâå-
òîâûì êîìïîíåíòàì, ñóùåñòâóåò áîëüøàÿ ñòàòèñòè÷åñêàÿ çàâ èñèìîñòü ìåæäó ýëåìåíòàìè
èçîáðàæåíèÿ. Íàïðèìåð, îáëàñòè æåëòîãî öâåòà îäèíàêîâî õî ðîøî âûäåëåíû íà êðàñíîé
è çåëåíîé êîìïîíåíòàõ, à îáëàñòè áåëîãî öâåòà � íà âñåõ òðåõ ê îìïîíåíòàõ. Òàêèì îáðà-
çîì, ó÷èòûâàÿ õàðàêòåð ñòàòèñòè÷åñêîé ñâÿçè ìåæäó ýëåìåíòàìè âíóòðè ÖÏÈ è ìåæäó
ýëåìåíòàìè öâåòîâûõ êîìïîíåíò (RG, GB, BR), ìîæíî ïðåäïîëî æèòü, ÷òî öâåòíûå RGB
èçîáðàæåíèÿ äîïóñêàþò àïïðîêñèìàöèþ òðåõìåðíîé öåïüþ Ìàð êîâà ñ íåñêîëüêèìè ñî-
ñòîÿíèÿìè.

Öåëü ïðåäëàãàåìîé ðàáîòû � ðàçðàáîòêà ìåòîäà íåëèíåéíîé ìí îãîìåðíîé ôèëüòðàöèè
ìíîãîêîìïîíåíòíûõ èçîáðàæåíèé íà îñíîâå ìàòåìàòè÷åñêîãî àïïàðàòà öåïåé Ìàðêîâà
è ýôôåêòèâíîãî èñïîëüçîâàíèÿ ñòàòèñòè÷åñêîé èçáûòî÷íîñò è, ïîçâîëÿþùåãî ïîâûñèòü
êà÷åñòâî èçîáðàæåíèé, èñêàæåííûõ ÁÃØ.

2 Ìàòåìàòè÷åñêàÿ ìîäåëü RGB èçîáðàæåíèÿ
Ïðè îáðàáîòêå ÖÏÈ ñ ÷èñëîì óðîâíåé ÿðêîñòè 2g âîçíèêàåò ïðîáëåìà õðàíåíèÿ â ïà-

ìÿòè è îïåðèðîâàíèÿ ñ ìàòðèöàìè âåðîÿòíîñòåé ïåðåõîäîâ ðàç ìåðíîñòüþ 2g� 2g. Òàêàÿ
îáðàáîòêà ÖÏÈ òðåáóåò áîëüøèõ âû÷èñëèòåëüíûõ ðåñóðñîâ. Â ðàáîòàõ [6�10] ïðåäëîæåíî
ÖÏÈ, ïðåäñòàâëåííûå g-ðàçðÿäíûìè äâîè÷íûìè ÷èñëàìè, ðàçáèâàòü íà g ÐÄÈ èëè áè-
òîâûõ ïëîñêîñòåé, ÷òî ïîçâîëèëî ñíèçèòü âû÷èñëèòåëüíûå ðå ñóðñû çà ñ÷åò îïåðèðîâàíèÿ
ñ ìàòðèöàìè âåðîÿòíîñòåé ïåðåõîäîâ ðàçìåðîì 2� 2.

Íà ðèñ. 1 ïðåäñòàâëåí ãðàôèê óñðåäíåííîé çàâèñèìîñòè âåðîÿ òíîñòåé ïåðåõîäîâ ìåæ-
äó ýëåìåíòàìè òðåõ öâåòîâûõ êîìïîíåíò (RG, GB, BR) îò íîìåðà ðàçðÿäà ÖÏÈ, ïîäòâåð-
æäàþùèé, ÷òî ìåæäó ýëåìåíòàìè RGB èçîáðàæåíèÿ, îñîáåííî ïð åäëåæàùèìè ñòàðøèì
ðàçðÿäàì ÖÏÈ, ñóùåñòâóåò áîëüøàÿ ñòàòèñòè÷åñêàÿ çàâèñèìîñòü.

Åñëèl-å ÐÄÈ, l = 1; : : : ; g, ïðåäñòàâëÿåò ñîáîé ìàðêîâñêîå ñëó÷àéíîå ïîëå ñ ðàçäåëèìî é
àâòîêîððåëÿöèîííîé ôóíêöèåé, òî â ýòîì ñëó÷àå l-å ÐÄÈ öâåòîâûõ êîìïîíåíò ìîæíî

Ðèñ. 1 Óñðåäíåííàÿ çàâèñèìîñòü âåðîÿòíîñòåé ïåðåõîäîâ ìåæäó ýëå ìåíòàìè òðåõ öâåòîâûõ êîì-
ïîíåíò îò íîìåðà ðàçðÿäà ÖÏÈ
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Ðèñ. 2 Ðàçðÿäíûå äâîè÷íûå èçîáðàæåíèÿ äâóõ öâåòîâûõ êîìïîíåíò l-ãî ðàçðÿäà ÖÏÈ

ïðåäñòàâèòü ñóïåðïîçèöèåé òðåõ îäíîìåðíûõ öåïåé Ìàðêîâà ï î ãîðèçîíòàëè, âåðòèêàëè
è ìåæäó êîìïîíåíòàìè ñ äâóìÿ ðàâíîâåðîÿòíûìè ñîñòîÿíèÿìè M (l )

1 , M (l )
2 è ìàòðèöàìè

âåðîÿòíîñòåé ïåðåõîäîâ ïî ãîðèçîíòàëè 1� = k1� (l )
ij k

2� 2
, âåðòèêàëè2� = k2� (l )

ij k
2� 2

è 4� =

= k4� (l )
ij k

2� 2
ìåæäó öâåòîâûìè êîìïîíåíòàìè (RG, GB, BR).

Íà ðèñ. 2 ïîêàçàíû ÐÄÈ äâóõ öâåòîâûõ êîìïîíåíò l-ãî ðàçðÿäà ÖÏÈ, ðàçäåëåííûõ
íà îáëàñòè F (l )

i (i = 1; : : : ; 4), ýëåìåíòû êîòîðûõ ÿâëÿþòñÿ öåïüþ Ìàðêîâà ðàçëè÷íîé
ðàçìåðíîñòè. Ñîñòîÿíèå ýëåìåíòà � (l )

4 = � (l )
i;j;k îáëàñòè F (l )

4 çàâèñèò îò ñîñòîÿíèÿ ñåìè

ñîñåäíèõ ýëåìåíòîâ, âõîäÿùèõ â åãî îêðåñòíîñòü, ãäå � (l )
1 = � (l )

i;j � 1;k ; � (l )
2 = � (l )

i � 1;j;k ; � (l )
3 =

= � (l )
i � 1;j � 1;k ; � 0(l )

1 = � (l )
i;j � 1;k � 1; � 0(l )

2 = � (l )
i � 1;j;k � 1; � 0(l )

3 = � (l )
i � 1;j � 1;k � 1; � 0(l )

4 = � (l )
i;j;k � 1 (i; j �

ïðîñòðàíñòâåííûå êîîðäèíàòû; k = 1; 2; 3 � íîìåð öâåòîâîé êîìïîíåíòû äëÿ RGB
èçîáðàæåíèÿ). Äëÿ ïîñòðîåíèÿ ìàòåìàòè÷åñêîé ìîäåëè l-ãî ÐÄÈ öâåòîâûõ êîìïîíåíò ïî-
òðåáóåòñÿ ñåìü ìàòðèö âåðîÿòíîñòåé ïåðåõîäîâ: òðè � îñíîâí ûå 1� ; 2� ; 4� è ÷åòûðå � äî-
ïîëíèòåëüíûå, ïîëó÷åííûå íà îñíîâå òðåõ àïðèîðíî çàäàííûõ : 3� (l ) = 1� (l ) � 2� (l ) ; 5� (l ) =
= 1� (l ) � 4� (l ) ; 6� (l ) = 2� (l ) � 4� (l ) ; 7� (l ) = 3� (l ) � 4� (l ) ; îïðåäåëÿþùèõ ñòàòèñòè÷åñêóþ ñâÿçü
ýëåìåíòîâ � (l )

3 ; � 0(l )
1 ; � 0(l )

2 ; � 0(l )
3 ; ñ ýëåìåíòîì � (l )

4 ñîîòâåòñòâåííî [6, 8].

3 Ìåòîä íåëèíåéíîé ìíîãîìåðíîé ôèëüòðàöèè èçîáðàæåíèé
Ïðåäïîëàãàëîñü, ÷òî äâîè÷íûå ñèìâîëû ðàçðÿäîâ ÖÏÈ öâåòîâû õ êîìïîíåíò ïåðåäàþò-

ñÿ áèíàðíûìè èìïóëüñíûìè ñèãíàëàìè ïî ðàäèîêàíàëó íåçàâèñ èìî äðóã îò äðóãà â ïðè-
ñóòñòâèè àääèòèâíîãî ÁÃØ n(t) ñ íóëåâûì ñðåäíèì è äèñïåðñèåé � 2

n .
Íà îñíîâå òðåõìåðíîé ìàòåìàòè÷åñêîé ìîäåëè è ðåçóëüòàòîâ, ïîëó÷åííûõ â ðàáî-

òàõ [6, 8], ñèíòåçèðîâàíî óðàâíåíèå äëÿ àïîñòåðèîðíîé âåðî ÿòíîñòè ñîñòîÿíèé
ýëåìåíòà � (l )

4 = � (l )
i;j;k (ñì. ðèñ. 2), âûðàæåííîå ÷åðåç îäíîìåðíûå àïîñòåðèîðíûå

âåðîÿòíîñòè p(� (l )
i ) è âåðîÿòíîñòè ïåðåõîäà ñîñòîÿíèé ýëåìåíòîâ îêðåñòíîñòè � i;j;k =

=
n

� (l )
1 ; � (l )

2 ; � (l )
3 ; � 0(l )

1 ; � 0(l )
2 ; � 0(l )

3 ; � 0(l )
4

o
ê ñîñòîÿíèþ ýëåìåíòà � (l )

4 :

pj (�
(l )
4 ) = cexpf f

�
M j (�

(l )
4 )

�
g

p(� (l )
1 )1� (l )

ij p(� (l )
2 )2� (l )

ij p(� 0(l )
4 )4� (l )

ij p(� 0(l )
3 )7� (l )

ij

p(� (l )
3 )3� (l )

ij p(� 0(l )
1 )5� (l )

ij p(� 0(l )
2 )6� (l )

ij

; (1)

ãäåc � êîýôôèöèåíò íîðìèðîâêè; f
�
M j (�

(l )
4 )

�
� ëîãàðèôì ôóíêöèè ïðàâäîïîäîáèÿ ýëå-

ìåíòà � (l )
4 l -ãî ÐÄÈ â k-é êîìïîíåíòå.
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Ðàçäåëèâ óðàâíåíèå (1) ïðè j = 1 íà óðàâíåíèå ïðè j = 2 è ïðîëîãàðèôìèðîâàâ
ñëåâà è ñïðàâà, ïîëó÷èì ðåêóððåíòíîå óðàâíåíèå òðåõìåðíîé íåëèíåéíîé ôèëüòðàöèè
ýëåìåíòîâ l-ãî ÐÄÈ âèäà [6, 8]:
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çîâîãî äèñêðèìèíàòîðà ïðè M1 = 1, M2 = � 1; � 2
in = A2T =N0 � îòíîøåíèå ñèãíàë/øóì ïî

ìîùíîñòè ( A � àìïëèòóäà; T � äëèòåëüíîñòü èìïóëüñà; N0 � ñïåêòðàëüíàÿ ïëîòíîñòü
ìîùíîñòè øóìà); � � øóì â k-ì òàêòå; H � ïîðîã, âûáðàííûé â ñîîòâåòñòâèè ñ êðèòåðèåì
èäåàëüíîãî íàáëþäàòåëÿ (äëÿ äàííîãî àëãîðèòìà H = 0);
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Â íåëèíåéíîé ôóíêöèè zr (�) ñîäåðæèòñÿ âñÿ àïðèîðíàÿ èíôîðìàöèÿ î ñòåïåíè êîððåëÿöèè
ìåæäó ýëåìåíòàìè èçîáðàæåíèÿ. Ñîîòâåòñòâåííî ýôôåêòèâíî ñòü ôèëüòðàöèè íåïîñðåä-
ñòâåííî áóäåò çàâèñåòü îò òî÷íîñòè âû÷èñëåííûõ îöåíîê ýëåì åíòîâ ìàòðèö âåðîÿòíîñòåé
ïåðåõîäîâ.

Â ðàáîòàõ [6, 8] àëãîðèòì íåëèíåéíîé ôèëüòðàöèè (2) èñïîëüç îâàëñÿ äëÿ âîññòàíîâëå-
íèÿ çàøóìëåííûõ âèäåîïîñëåäîâàòåëüíîñòåé, ïðåäñòàâëÿþù èõ ñîáîé òðåõìåðíûå ñèãíà-
ëû. Ïðîâåäåííûå èññëåäîâàíèÿ ïîêàçàëè, ÷òî â öåëîì àëãîðèò ì íåëèíåéíîé ôèëüòðàöèè
âèäåîèçîáðàæåíèé (2), ðàçðóøåííûõ ÁÃØ, ïîâûøàåò êà÷åñòâî èõ âîññòàíîâëåíèÿ çà ñ÷åò
ýôôåêòèâíîãî èñïîëüçîâàíèÿ ñòàòèñòè÷åñêîé èçáûòî÷íîñòè . Îäíàêî â óðàâíåíèå (2) ïîä-
ñòàâëÿëèñü óñðåäíåííûå âåðîÿòíîñòè ïåðåõîäîâ, âû÷èñëåíí ûå ïî âñåìó ÐÄÈ, è íå ó÷è-
òûâàëîñü, ÷òî ðåàëüíûå èçîáðàæåíèÿ ñîäåðæàò îáëàñòè ñ ðàçíîé ñòåïåíüþ äåòàëüíîñòè
è ðàçëè÷íûìè ñòàòèñòè÷åñêèìè õàðàêòåðèñòèêàìè. Òàêæå ñëåäóåò ó÷åñòü, ÷òî íåêîòîðûå
îáëàñòè íà l-õ ÐÄÈ, ïðèíàäëåæàùèå ðàçíûì öâåòîâûì êîìïîíåíòàì, ñëàáî ê îððåëèðîâà-
íû. Ïîýòîìó óëó÷øèòü êà÷åñòâî âîññòàíîâëåííûõ èçîáðàæåíè é ìîæíî çà ñ÷åò âû÷èñëåíèÿ
îöåíîê ýëåìåíòîâ ìàòðèö âåðîÿòíîñòåé ïåðåõîäîâ äëÿ êàæäîé ëîêàëüíîé îáëàñòè è ïîñëå-
äóþùåé ïîäñòàíîâêè èõ â óðàâíåíèå ôèëüòðàöèè (2). Â äàííîé ð àáîòå, ó÷èòûâàÿ ëîêàëü-
íûå èçìåíåíèÿ ñòàòèñòè÷åñêèõ õàðàêòåðèñòèê íà ìíîãîêîìïî íåíòíûõ èçîáðàæåíèÿõ, äëÿ
èõ âû÷èñëåíèé ïðåäëàãàåòñÿ èñïîëüçîâàòü ìåòîä ¾ñêîëüçÿùåãî îêíà¿.

Â ïðåäåëàõ ñêîëüçÿùåãî îêíà âû÷èñëÿþòñÿ îöåíêè âåðîÿòíîñò åé ïåðåõîäîâ ïî ãîðè-
çîíòàëè 1�̂ (l )

ij ; âåðòèêàëè2�̂ (l )
ij è ìåæäó äâóìÿ öâåòîâûìè êîìïîíåíòàìè 4�̂ (l )

ij l -ãî ÐÄÈ. Âû-
÷èñëåííûå îöåíêè âåðîÿòíîñòåé ïåðåõîäîâ ïîäñòàâëÿþòñÿ â ó ðàâíåíèå ôèëüòðàöèè (2),
è âîññòàíàâëèâàåòñÿ ýëåìåíò, ñîîòâåòñòâóþùèé öåíòðàëüíî ìó ýëåìåíòó îêíà. Â äàííîé
ðàáîòå äëÿ îöåíêè ýôôåêòèâíîñòè îïòèìàëüíîé ôèëüòðàöèè ñò àòèñòè÷åñêèå õàðàêòåðè-
ñòèêè âû÷èñëÿëèñü ïî èñõîäíîìó, íåçàøóìëåííîìó èçîáðàæåí èþ.
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(à) Ôðàãìåíò èñêóññòâåííîãî ÐÄÈ

(á) Îöåíêà âåðîÿòíîñòè ïåðåõîäà ïî ãîðèçîíòàëè 1 �̂ ( l )
ij

(â) Îöåíêà âåðîÿòíîñòè ïåðåõîäà ïî âåðòèêàëè 2 �̂ ( l )
ij

Ðèñ. 3 Ïðèìåð âû÷èñëåíèÿ îöåíîê 1�̂ (l )
ij è 2�̂ (l )

ij èñêóññòâåííîãî ÐÄÈ â ïðåäåëàõ ñêîëüçÿùåãî îêíà

Íà ðèñ. 3 ïðèâåäåí ïðèìåð âû÷èñëåííûõ îöåíîê 1�̂ (l )
ij è 2�̂ (l )

ij äëÿ îäíîé ñòðîêè èñêóñ-
ñòâåííîãî ÐÄÈ â ïðåäåëàõ ñêîëüçÿùåãî îêíà ðàçìåðîì 21� 21. Èñêóññòâåííîå ÐÄÈ ñî-
äåðæèò îáëàñòè ñ ðàçíûìè ñòàòèñòè÷åñêèìè õàðàêòåðèñòèêàìè è ïîëó÷åíî ïî äâóìåðíîé
ìàòåìàòè÷åñêîé ìîäåëè [7] ñ èñïîëüçîâàíèåì ìàòðèö âåðîÿòí îñòåé ïåðåõîäîâ äëÿ êàæäîé
ëîêàëüíîé îáëàñòè:

1� = 2� =









0;9 0;1
0;1 0;9








 ; 1� = 2� =









0;5 0;5
0;5 0;5








 :

Èç àíàëèçà ãðàôèêîâ (ñì. ðèñ. 3) âèäíî, ÷òî îöåíêè âåðîÿòíîñ òåé ïåðåõîäîâ â ïðåäåëàõ
îêíà ñîâïàäàþò ñ èñòèííûìè âåðîÿòíîñòÿìè (2) äëÿ êàæäîé òåê ñòóðíîé îáëàñòè. Î÷åâèä-
íî, ÷åì áîëüøå ðàçìåð ëîêàëüíûõ îáëàñòåé ñ îäíîðîäíûìè ñòàò èñòè÷åñêèìè õàðàêòåðè-
ñòèêàìè, òåì áîëüøåå ïî ðàçìåðó îêíî ñëåäóåò èñïîëüçîâàòü. Â òî æå âðåìÿ ïðèìåíåíèå
îêîí áîëüøèõ ðàçìåðîâ äëÿ íåáîëüøèõ ëîêàëüíûõ îáëàñòåé ïðè âåäåò ê óñðåäíåíèþ ñòà-
òèñòè÷åñêèõ õàðàêòåðèñòèê â ïðåäåëàõ îêíà è óâåëè÷åíèþ ïîãðåøíîñòè îöåíîê.

4 Ðåçóëüòàòû ìîäåëèðîâàíèÿ
Ìîäåëèðîâàíèå âûïîëíÿëîñü íà ðåàëüíûõ öâåòíûõ (RGB) èçîáð àæåíèÿõ ðàçëè÷íîé

ðàçìåðíîñòè ïðè ðàçíûõ îòíîøåíèÿõ ñèãíàë/øóì â ýëåìåíòå l-ãî ÐÄÈ � 2
in íà âõîäå óñòðîé-

ñòâà ôèëüòðàöèè. Îòíîøåíèå ñèãíàë/øóì ïî ìîùíîñòè � 2
in àïðèîðíî ïðèíÿòî îäèíàêîâûì

äëÿ âñåõg ÐÄÈ.
Íà ðèñ. 4 ïîêàçàíî ñðàâíåíèå ðåçóëüòàòîâ îáðàáîòêè ðåàëüíî ãî öâåòíîãî èçîáðàæåíèÿ

ðàçìåðîì 970� 534 àëãîðèòìîì äâóìåðíîé ôèëüòðàöèè áåç ó÷åòà ñêîëüçÿùåãî îêí à [6, 8]
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(à) Èñõîäíîå èçîáðàæåíèå

(á) Ôðàãìåíò èñõîäíîãî èçîáðàæå-
íèÿ

(â) Çàøóìëåííîå èçîáðàæåíèå (� 2
in =

= � 6) äÁ

(ã) Âîññòàíîâëåííîå äâóìåðíûì
ôèëüòðîì

(ä) Âîññòàíîâëåííîå òðåõìåð-
íûì ôèëüòðîì ñ èñïîëüçîâàíèåì
ñêàíèðóþùåãî îêíà

Ðèñ. 4 Íåëèíåéíàÿ ôèëüòðàöèÿ öâåòíîãî èçîáðàæåíèÿ ðàçíûìè ìåòîä àìè

è ðàçðàáîòàííûì àëãîðèòìîì òðåõìåðíîé ôèëüòðàöèè ñ ó÷åòîì ñêîëüçÿùåãî îêíà. Íà
ðèñ. 4,à ïðèâåäåíî èñõîäíîå òåñòîâîå èçîáðàæåíèå. Äàëåå ïîêàçàíû ó âåëè÷åííûå ôðàã-
ìåíòû: ( á) èñõîäíîãî èçîáðàæåíèÿ; ( â) çàøóìëåííîãî ÁÃØ èçîáðàæåíèÿ ïðè � 2

in = � 6 äÁ;
(ã) âîññòàíîâëåííîãî äâóìåðíûì àëãîðèòìîì áåç ó÷åòà ñêîëüçÿ ùåãî îêíà (ò. å. âûïîëíåíà
íåçàâèñèìàÿ ôèëüòðàöèÿ òðåõ öâåòîâûõ êîìïîíåíò); ( ä) òðåõìåðíûì íåëèíåéíûì ôèëüò-
ðîì ñ ó÷åòîì ñêîëüçÿùåãî îêíà.
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Ðèñ. 5 Ñðåäíåêâàäðàòè÷íàÿ îøèáêà ïðè äâóõ- è òðåõìåðíîé ôèëüòðàö èè (� 2
in = � 6 äÁ)

Èç ïðèâåäåííûõ ðåçóëüòàòîâ âèäíî, ÷òî òðåõìåðíûé ôèëüòð ñ ó ÷åòîì ñêîëüçÿùåãî
îêíà ïîçâîëèë óìåíüøèòü êîëè÷åñòâî àðòåôàêòîâ, ïîäîáíûõ â îçäåéñòâèþ èìïóëüñíûõ
ïîìåõ, îáåñïå÷èòü áîëåå òî÷íîå âûäåëåíèå ãðàíèö è ìàëîðàçì åðíûõ îáúåêòîâ.

Äëÿ îöåíêè êà÷åñòâà èçîáðàæåíèÿ âû÷èñëÿëàñü ïîáèòîâàÿ ñðåäíåêâàäðàòè÷íàÿ îøèá-
êà (ÑÊÎ):

CKO =
1

NMK

KX

k=1

NX

i =1

MX

j =1

�
x ik � yjk

� 2
;

ãäå x ik è yjk � èñõîäíîå è âîññòàíîâëåííîå l-e ÐÄÈ k-é êîìïîíåíòû; M; N � ðàçìåðû
èçîáðàæåíèÿ; K � êîëè÷åñòâî öâåòîâûõ êîìïîíåíò.

Íà ðèñ. 5 ïðåäñòàâëåíû çàâèñèìîñòè ÑÊÎ â òåñòîâîì èçîáðàæåí èè, âîññòàíîâëåííîì
äâóìåðíûìè íåëèíåéíûìè ôèëüòðàìè áåç ó÷åòà (ÄÍÔ) è ñ ó÷åòîì ñêîëüçÿùåãî îêíà
(ÄÍÔ_ÑÎ), à òàêæå òðåõìåðíûìè íåëèíåéíûìè ôèëüòðàìè áåç ó÷ åòà (ÒÍÔ) è ñ ó÷å-
òîì ñêîëüçÿùåãî îêíà (ÒÍÔ_ÑÎ) îò íîìåðà ðàçðÿäà ÖÏÈ ïðè îòíî øåíèè ñèãíàë/øóì
íà âõîäå ïðèåìíîãî óñòðîéñòâà � 2

in = � 6 äÁ. Äâóõ- è òðåõìåðíûå ôèëüòðû áåç ó÷åòà ñêîëü-
çÿùåãî îêíà äàþò áëèçêèå ðåçóëüòàòû â ÑÊÎ, ïîýòîìó íà ãðàôèê å îíè ïðåäñòàâëåíû îä-
íîé ëèíèåé. Òðåõìåðíûé ôèëüòð ñ ó÷åòîì ñêîëüçÿùåãî îêíà ïîç âîëÿåò òî÷íåå âû÷èñëèòü
ñòàòèñòè÷åñêèå õàðàêòåðèñòèêè äëÿ êàæäîé ëîêàëüíîé îáëàñòè êàê âíóòðè, òàê è ìåæäó
ÐÄÈ ðàçíûõ öâåòîâûõ êîìïîíåíò. Ñëåäóåò îòìåòèòü, ÷òî ìåíüø åå êîëè÷åñòâî îøèáîê íà-

Ðèñ. 6 Âûèãðûø â ÑÊÎ äëÿ òðåõìåðíîãî ôèëüòðà ñ ó÷åòîì îêíà
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áëþäàåòñÿ ïðè âîññòàíîâëåíèè ñòàðøèõ ðàçðÿäîâ ÖÏÈ, ÷òî ÿâë ÿåòñÿ âåñüìà âàæíûì ïðè
ïîâûøåíèè êà÷åñòâà èçîáðàæåíèÿ.

Íà ðèñ. 6 ïðåäñòàâëåí âûèãðûø â ÑÊÎ ðàçðàáîòàííûì òðåõìåðíû ì àëãîðèòìîì
ôèëüòðàöèè (ÒÍÔ_ÑÎ) îòíîñèòåëüíî äâóìåðíîãî àëãîðèòìà (Ä ÍÔ) ïðè ðàçíûõ îòíî-
øåíèÿõ ñèãíàë/øóì. Â äèàïàçîíå îòíîøåíèé ñèãíàë/øóì � 2

in = � 9; : : : ; � 3 äÁ âûèãðûø
â ÑÊÎ ñîñòàâëÿåò îò 30% äî 70%ñîîòâåòñòâåííî.

Äëÿ íåèçâåñòíûõ ñòàòèñòè÷åñêèõ õàðàêòåðèñòèê èçîáðàæåíèÿ íåîáõîäèìî ïðèìåíÿòü
àäàïòèâíûå àëãîðèòìû îáðàáîòêè, ïîçâîëÿþùèå íåïîñðåäñòâ åííî â ïðîöåññå ïðèåìà èçîá-
ðàæåíèé âû÷èñëÿòü îöåíêè ýëåìåíòîâ ìàòðèö âåðîÿòíîñòåé ïå ðåõîäîâ è âûïîëíÿòü àäàï-
òàöèþ ïàðàìåòðîâ àëãîðèòìà ôèëüòðàöèè ìíîãîêîìïîíåíòíûõ èçîáðàæåíèÿõ.

5 Çàêëþ÷åíèå

Ðàçðàáîòàííûé àëãîðèòì ìíîãîìåðíîé íåëèíåéíîé ôèëüòðàöè è ñ èñïîëüçîâàíèåì
ñêîëüçÿùåãî îêíà, çà ñ÷åò ïîâûøåíèÿ òî÷íîñòè âû÷èñëåíèÿ ñò àòèñòè÷åñêèõ õàðàêòåðè-
ñòèê äëÿ êàæäîé ëîêàëüíîé îáëàñòè è ó÷åòà ìåæêîìïîíåíòíîé è çáûòî÷íîñòè, ïîçâîëèë
òî÷íåå âûäåëèòü îáúåêòû ìàëîðàçìåðíîé ôîðìû è êîíòóðû îáúå êòîâ è òåì ñàìûì ïîâû-
ñèòü êà÷åñòâî ìíîãîêîìïîíåíòíûõ èçîáðàæåíèé, èñêàæåííûõ ÁÃØ. Àëãîðèòì ýôôåêòè-
âåí ïðè ìàëûõ îòíîøåíèÿõ ñèãíàë/øóì. Äàëüíåéøèå èññëåäîâà íèÿ áóäóò íàïðàâëåíû íà
ðàçðàáîòêó àäàïòèâíîãî àëãîðèòìà ôèëüòðàöèè, â êîòîðîì ñò àòèñòè÷åñêèå õàðàêòåðèñòè-
êè áóäóò âû÷èñëÿòüñÿ â ïðåäåëàõ ñêîëüçÿùåãî îêíà ïî çàøóìëå ííîìó èçîáðàæåíèþ.
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ðàñïîçíàâàíèÿ òðåõìåðíîãî èçîáðàæåíèÿ íà îñíîâå

ñòîõàñòè÷åñêîé ãåîìåòðèè è ôóíêöèîíàëüíîãî
àíàëèçà �
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1Ïåíçåíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, óë. Êðàñíàÿ, 40, ã. Ïåíçà, Ðîññèÿ

2Ïåíçåíñêèé ãîñóäàðñòâåííûé òåõíîëîãè÷åñêèé óíèâåðñèòåò ,
ïðîåçä Áàéäóêîâà/óë. Ãàãàðèíà, 1, à/11, ã. Ïåíçà, Ðîññèÿ

Ïðåäëîæåí íîâûé ïîäõîä ê ðàñïîçíàâàíèþ òðåõìåðíûõ (3D) èçî áðàæåíèé, îñíîâàí-
íûé íà ñîâðåìåííûõ ìåòîäàõ ñòîõàñòè÷åñêîé ãåîìåòðèè è ôóíê öèîíàëüíîãî àíàëèçà. Äàí-
íûé ìåòîä îáëàäàåò ðÿäîì ïðåèìóùåñòâ, â ÷àñòíîñòè ïîçâîëÿå ò îïèñûâàòü ìåòðè÷åñêèå
ñâîéñòâà 3D îáúåêòîâ. Òàê, áëàãîäàðÿ ïîñòðîåíèþ ñòðîãîé ìà òåìàòè÷åñêîé ìîäåëè àíàëè-
òèê ìîæåò ñòðîèòü ïðèçíàêè íå èíòóèòèâíî, à àíàëèòè÷åñêè, î ïèñûâàÿ ôîðìó îáúåêòîâ
è èõ îñîáåííîñòè (â ÷àñòíîñòè, êîíñòðóèðîâàíèå ãåîìåòðè÷å ñêèõ ïðèçíàêîâ). Ãèïåðòðåéñ-
ïðåîáðàçîâàíèå ïîçâîëÿåò ñîçäàâàòü èíâàðèàíòíîå îïèñàíè å ïðîñòðàíñòâåííîãî îáúåêòà,
êîòîðîå ÿâëÿåòñÿ áîëåå óñòîé÷èâûì ê èñêàæåíèÿì è êîîðäèíàò íûì øóìàì, ÷åì îïèñàíèå,
ïîëó÷àåìîå â ðåçóëüòàòå ïðîöåäóðû íîðìàëèçàöèè îáúåêòà. Ä îñòîâåðíîñòü è ýôôåêòèâ-
íîñòü ïðåäëàãàåìîãî ìåòîäà ïîäòâåðæäàåòñÿ êàê àäåêâàòíî ï îñòðîåííîé ìàòåìàòè÷åñêîé
ìîäåëüþ ñ ïðèìåíåíèåì ñîâðåìåííûõ ïîäõîäîâ àíàëèçà è ðàñïî çíàâàíèÿ 3D èçîáðàæåíèé,
òàê è ðåçóëüòàòàìè ïðàêòè÷åñêèõ ýêñïåðèìåíòîâ, à òàêæå ðåãèñòðàöèåé ðàçðàáîòàííîãî
ïðîãðàììíîãî ïàêåòà. Äàíî ïîäðîáíîå îïèñàíèå òåõíèêè ñêàí èðîâàíèÿ ãèïåðòðåéñ-ïðå-
îáðàçîâàíèÿ è åãî ìàòåìàòè÷åñêîé ìîäåëè. Ïðîàíàëèçèðîâàí û îñíîâíûå ïîäõîäû ê ïî-
ñòðîåíèþ è âûäåëåíèþ èíôîðìàòèâíûõ ïðèçíàêîâ. Ïðåäëîæåíà ñîáñòâåííàÿ ìåòîäèêà
ìèíèìèçàöèè ïðèçíàêîâîãî ïðîñòðàíñòâà è ñîîòâåòñòâóþùàÿ åé ðåøàþùàÿ ïðîöåäóðà.
Ïðèâåäåíû ðåçóëüòàòû ïðàêòè÷åñêîãî ýêñïåðèìåíòà ñðàâíåí èÿ ñòîõàñòè÷åñêîãî è äåòåð-
ìèíèðîâàííîãî ñïîñîáîâ ñêàíèðîâàíèÿ.

Êëþ÷åâûå ñëîâà : 3D ðàñïîçíàâàíèå îáðàçîâ; ãèïåðòðåéñ-ïðåîáðàçîâàíèå; êî ìïîçèöèîí-
íàÿ ñòðóêòóðà ïðèçíàêà; ìèíèìèçàöèÿ ïðèçíàêîâîãî ïðîñòðà íñòâà; èíâàðèàíòíîå îïè-
ñàíèå; ñòîõàñòè÷åñêèé ñïîñîá ñêàíèðîâàíèÿ
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Background : In recent decades, the emphasis in the analysis and patternrecognition shifts
from two-dimensional to three-dimensional (3D) images, because 3D design allows to use more
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information about the object. Three-dimensional modelinggives possibility to see object from
di�erent angles, in particular, allows to analyze its spatial form.
Methods : A new approach to the 3D objects' recognition based on modern methods of stochas-
tic geometry and functional analysis is proposed. This method has many advantages; in par-
ticular, it allows to describe 3D objects metric properties. Thus, due to building a rigorous
mathematical model, the analyst can construct analytical and not intuitive features, describing
object form and their characteristics (in particular, constructing geometric features).
Results : Hypertrace transform allows to create invariant description of spatial object, which
is more resistant to distortion and coordinate noise than the description obtained as a result
of the object normalization procedure. The proposed methodreliability and e�ciency are
con�rmed both an adequate constructed mathematical model by using modern approaches of
3D images analysis and recognition and practical experiments results and also the developed
software package registration.
Concluding Remarks : Detailed description of hypertrace transform scan technique and its
mathematical model is provided. The main approaches to construct and distinguish informa-
tive features are analyzed. Own method to minimize the feature space and its appropriate
decision procedure are proposed. The practical experimentresults of comparing stochastic and
deterministic scan methods are presented.
Keywords : 3D image recognition; hypertrace transform; compositional structure of feature;
feature space minimization; invariant description; stochastic scan method
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1 Ââåäåíèå
Îäíîé èç ïðîáëåì ðàñïîçíàâàíèÿ îáðàçîâ ÿâëÿåòñÿ âûðàáîòêà ðåøàþùåé ïðîöåäóðû

äëÿ ðàçëè÷èÿ îäíèõ èçîáðàæåíèé îò äðóãèõ [1, 2]. Îïðåäåëåíè å íàèáîëåå îïòèìàëüíîãî
ðåøàþùåãî ïðàâèëà îñóùåñòâëÿåòñÿ íà îñíîâå àïðèîðíîé èíôî ðìàöèè è îáó÷àþùåé âû-
áîðêè. Ïðè ýòîì ñóùåñòâóþò äâà ïîäõîäà ê ôîðìèðîâàíèþ ñëîâà ðÿ ïðèçíàêîâ. Ïåðâûé
ïîäõîä ïðåäïîëàãàåò, ÷òî àëôàâèò êëàññîâ è ñëîâàðü ïðèçíàê îâ çàðàíåå ïðåäîïðåäåëåíû
è èìåþò ÷åòêóþ äåòåðìèíèðîâàííóþ ñòðóêòóðó. Âòîðîé æå ïîäõ îä èñïîëüçóåò ìåòîäû äè-
íàìè÷åñêîãî îáó÷åíèÿ ñëîâàðÿ, íàèáîëåå àêòèâíî ðàçâèâàâø èåñÿ â ïîñëåäíèå 15 ëåò [3, 4].
Òàê, äèíàìè÷åñêîå îáó÷åíèå ñëîâàðÿ ìîæåò ôîðìèðîâàòüñÿ íå ïîñðåäñòâåííî íà îáó÷à-
þùåé âûáîðêå è ìîæåò, íàïðèìåð, çíà÷èòåëüíî óëó÷øèòü êà÷åñ òâî óäàëåíèÿ øóìà ñ ïî-
ìîùüþ ðàçðåæåííîãî ïðåäñòàâëåíèÿ èçîáðàæåíèÿ.

Îäíàêî ïðåäïîëîæåíèå î ïîëíîé îïðåäåëåííîñòè ñëîâàðÿ ïðèç íàêîâ (ïåðâûé ïîäõîä)
åùå äî ðàñïîçíàâàíèÿ èçîáðàæåíèÿ íå âïîëíå âåðíî. Áîëüøèå á àçû èçîáðàæåíèé ñîäåðæàò
îãðîìíîå êîëè÷åñòâî ðàçíîîáðàçíûõ êëàññîâ îáúåêòîâ, êàæä ûé èç êîòîðûõ îáëàäàåò ñâî-
èìè ñîáñòâåííûìè çíà÷èìûìè õàðàêòåðèñòèêàìè è îñîáåííîñò ÿìè. À ïîòîìó îäíè êëàññû
áóäóò õîðîøî ðàçëè÷àòüñÿ ïî íåêîòîðîìó ïðèçíàêó, à äðóãèå ê ëàññû � íåò.

Äîñòîèíñòâà è íåäîñòàòêè ïîñòðîåíèÿ îïòèìàëüíûõ ïðèçíàêî â íà îñíîâå àïðèîðíîé
èíôîðìàöèè è îáó÷àþùåé âûáîðêå (âòîðîé ïîäõîä) îòìå÷àþòñÿ , â ÷àñòíîñòè, â ðàáî-
òå [5]. ×åì óäà÷íåå âûáðàíû ïðèçíàêè, òåì êîìïàêòíåå îáðàçû è óñïåøíåå ðåøàåòñÿ çàäà÷à
îáó÷åíèÿ. Îäíàêî åñëè ïðèçíàêè çàðàíåå íå çàäàíû èëè âûáèðà þòñÿ ñëó÷àéíî è íåóäà÷íî,
òî ëþáîé ìåòîä ìîæåò ïîòåðÿòü ðàáîòîñïîñîáíîñòü è ñíèçèòñÿ êà÷åñòâî ðàñïîçíàâàíèÿ.
Òåì íå ìåíåå âòîðîé ïîäõîä ÿâëÿåòñÿ áîëåå ïåðñïåêòèâíûì, ÷å ì ïåðâûé.

Òàêèì îáðàçîì, ôîðìèðîâàíèå èíôîðìàòèâíûõ ÷èñëîâûõ ïðèçí àêîâ ïî êëàññàì è ó÷åò
èõ ðàçëè÷íîé ðàçëè÷àþùåé ñïîñîáíîñòè (âåñîâ) äëÿ ðàçíûõ òè ïîâ îáúåêòîâ ÿâëÿþòñÿ íå
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ìåíåå âàæíîé è òðóäíîé çàäà÷åé [6], ÷åì ðàçðàáîòêà ðåøàþùåé ïðîöåäóðû, è ìîãóò òîæå
çàìåòíî ïîâûñèòü íàäåæíîñòü ðàñïîçíàâàíèÿ.

Äëÿ ñîâðåìåííîãî ýòàïà ðàçâèòèÿ òåîðèè ðàñïîçíàâàíèÿ îáðà çîâ àêòóàëüíî ðàñøèðå-
íèå êðóãà ðàññìàòðèâàåìûõ çàäà÷ ðàñïîçíàâàíèÿ íà 3D èçîáðà æåíèÿ, â òî âðåìÿ êàê ðàíåå
âíèìàíèå èññëåäîâàòåëåé áûëî ñîñðåäîòî÷åíî íà ðåøåíèè çàä à÷ àíàëèçà è ðàñïîçíàâàíèÿ
äâóìåðíûõ (2D) èçîáðàæåíèé.

Ïðîáëåìà ðàñïîçíàâàíèÿ êîíêðåòíî 3D èçîáðàæåíèé èìååò ìíî ãî ðàçëè÷íûõ àñïåê-
òîâ [7, 8]: ïðîáëåìû àíàëèçà ñöåíû (â òîì ÷èñëå ïðîáëåìû ïîëî æåíèÿ, îðèåíòàöèè è îñâå-
ùåíèÿ îáúåêòà), ïðîáëåìû ïîíèìàíèÿ èçîáðàæåíèÿ, ïðîáëåìû ìàøèííîãî çðåíèÿ, à òàêæå
ñîáñòâåííî ïðîáëåìû ðàñïîçíàâàíèÿ è êëàññèôèêàöèè ïðîñòð àíñòâåííûõ îáúåêòîâ íà 3D
èçîáðàæåíèè.

Â äàííîé ñòàòüå ïðåäëàãàåòñÿ íîâûé ïîäõîä ê êîíñòðóèðîâàíè þ ïðèçíàêîâ 3D èçîáðà-
æåíèÿ íà îñíîâå ñòîõàñòè÷åñêîé ãåîìåòðèè, äàþùèå èíâàðèàí òíîå îïèñàíèå îáúåêòà ïðè
ëþáîé åãî ïðîñòðàíñòâåííîé îðèåíòàöèè � ãèïåðòðåéñ-ïðåîá ðàçîâàíèå. Áëàãîäàðÿ êîì-
ïîçèöèîííîé ñòðóêòóðå ôóíêöèîíàëîâ, âõîäÿùèõ â ñòðóêòóðó ïðèçíàêà, âîçìîæíî ïî-
ñòðîåíèå áîëüøîãî ÷èñëà ïðèçíàêîâ 3D èçîáðàæåíèé è ïðèìåíå íèå ïðîñòîãî ðåøàþùåãî
ïðàâèëà äëÿ îòíåñåíèÿ îáúåêòà ê òîìó èëè èíîìó êëàññó.

2 Ïðîáëåìà èíâàðèàíòíîñòè îïèñàíèÿ òðåõìåðíîãî èçîáðàæåí èÿ
Íàëè÷èå ïðîèçâîëüíîé ïðîñòðàíñòâåííîé îðèåíòàöèè 3D èçîá ðàæåíèÿ ñèëüíî îñëîæ-

íÿåò ñîçäàíèå åãî èíâàðèàíòíîãî îïèñàíèÿ. Â îòëè÷èå îò 2D ñë ó÷àÿ, ïîâîðîò ïðîñòðàí-
ñòâåííîãî èçîáðàæåíèÿ âîçìîæåí â òðåõ ïëîñêîñòÿõ, êîòîðûå ÿâëÿþòñÿ âçàèìîçàâèñèìû-
ìè äðóã îò äðóãà [9]. Òàê, ëþáîå âðàùåíèå â 3D ïðîñòðàíñòâå ìî æåò áûòü ïðåäñòàâëåíî
â âèäå êîìïîçèöèè ïîâîðîòîâ âîêðóã òðåõ îðòîãîíàëüíûõ äåêà ðòîâûõ îñåé, êîòîðûå çàäà-
þòñÿ ìàòðèöàìè ïîâîðîòà:

M x (� ) =

0

@
1 0 0
0 cos� sin�
0 � sin� cos�

1

A ;

M y(� ) =

0

@
cos� 0 sin�

0 1 0
� sin� 0 cos�

1

A ;

M z(
 ) =

0

@
cos
 sin
 0

� sin
 cos
 0
0 0 1

1

A :

Òàê êàê ìàòðèöû ïîâîðîòà íå îáëàäàþò ñâîéñòâîì êîììóòàòèâí îñòè, òî ïåðåìåíà ìàò-
ðèö ìåñòàìè èçìåíèò ïîëîæåíèå îáúåêòà ñ îäíîãî íà äðóãîå. Â î áùåì ñëó÷àå îðèåíòàöèÿ
ïðîñòðàíñòâåííîãî îáúåêòà, ïîëó÷àåìàÿ â ðåçóëüòàòå ïîñëå äîâàòåëüíîñòè êîíå÷íûõ ïîâî-
ðîòîâ, çàâèñèò îò ïîðÿäêà âûïîëíåíèÿ ýòèõ ïîâîðîòîâ.

Òàêèì îáðàçîì, íåîáõîäèìî ðàçðàáîòàòü òàêóþ ñõåìó ñêàíèðî âàíèÿ 3D èçîáðàæåíèÿ,
÷òîáû ðåçóëüòàòû åãî ñêàíèðîâàíèÿ íå çàâèñåëè áû îò ïðîñòðà íñòâåííîé îðèåíòàöèè àíà-
ëèçèðóåìîãî îáúåêòà. Ïóñòü F � èñõîäíàÿ 3D ìîäåëü. Îïðåäåëèì ïëîñêîñòü B(�; r ) =
= f xjxT � = rg êàê êàñàòåëüíóþ ê ñôåðå c öåíòðîì â íà÷àëå êîîðäèíàò è ñ ðàäèó ñîì r
â òî÷êå (�; r ), ãäå� = [cos' � sin!; sin' � sin!; cos! ] � åäèíè÷íûé âåêòîð â R3, à r , ! è ' �
ñôåðè÷åñêèå êîîðäèíàòû.
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Ðèñ. 1 Îïîðíàÿ ñåòêà íà ñôåðå è ñîîòâåòñòâóþùèå åé ñåòêè ñêàíèðóþù èõ ïàðàëëåëüíûõ ïëîñ-
êîñòåé

×òîáû ñõåìà ñêàíèðîâàíèÿ 3D èçîáðàæåíèÿ íå áûëà ïðèâÿçàíà ê ôîðìå àíàëèçèðó-
åìîãî îáúåêòà è åãî ïðîñòðàíñòâåííîé îðèåíòàöèè, íåîáõîäè ìî è äîñòàòî÷íî, ÷òîáû ïðè
ïðîèçâîëüíîì 3D ïîâîðîòå 3D èçîáðàæåíèÿ ïîëó÷àåìûå ïëîñêî ñòÿìè ñå÷åíèÿ íå èçìåíÿëè
ôîðìû. Äðóãèìè ñëîâàìè, íåîáõîäèìî äîáèòüñÿ, ÷òîáû ïðè ïðî ñòðàíñòâåííîì ïîâîðîòå
3D èçîáðàæåíèÿ âñå ñêàíèðóþùèå ñåòêè ïàðàëëåëüíûõ ïëîñêîñ òåé ïîä ðàçíûìè óãëàìè
îáçîðà ! è ' ñîâïàäàëè áû äðóã ñ äðóãîì.

Ñòàíäàðòíûé ïåðåáîð âñåõ ïàð óãëîâ ! è ' , êîòîðûìè îïðåäåëÿåòñÿ êàæäàÿ ñêàíèðó-
þùàÿ ñåòêà ïàðàëëåëüíûõ ïëîñêîñòåé, â òîïîëîãè÷åñêîì ñìûñ ëå äëÿ íåïðåðûâíîãî ñëó÷àÿ
äàåò ìîäåëü êîíöåíòðè÷åñêèõ ñôåð ñ öåíòðîì â íà÷àëå êîîðäèí àò. Êàæäîé ñêàíèðóþùåé
ñåòêå ïàðàëëåëüíûõ ïëîñêîñòåé íà åäèíè÷íîé ñôåðå ñîïîñòàâ èì òî÷êó, êîòîðàÿ áóäåò ÿâ-
ëÿòüñÿ òî÷êîé êàñàíèÿ ñî ñôåðîé ïëîñêîñòè, ïàðàëëåëüíîé ïë îñêîñòÿì äàííîé ñåòêè. Ìíî-
æåñòâî òî÷åê íà ñôåðå îáðàçóþò îïîðíóþ ñåòêó (ðèñ. 1).

Ñòîèò îòìåòèòü, ÷òî ïàðà óãëîâ (!; ' ) îäíîçíà÷íî îïðåäåëÿåò óçåë îïîðíîé ñåòêè, ñî-
îòâåòñòâóþùèé åäèíñòâåííîé êàñàòåëüíîé ïëîñêîñòè è ñåòêå ñêàíèðóþùèõ ïàðàëëåëüíûõ
ïëîñêîñòåé. Åñëè ïðè ïîâîðîòå ñôåðû âîêðóã ñâîåãî öåíòðà îï îðíàÿ ñåòêà ïåðåéäåò ñà-
ìà â ñåáÿ, òî ñîîòâåòñòâóþùèå ñåòêè ñêàíèðóþùèõ ïëîñêîñòåé ïîëíîñòüþ ñîâïàäóò äðóã
ñ äðóãîì è ïîëó÷àåìûå ñå÷åíèÿ íå èçìåíÿò ñâîåé ôîðìû, ïîýòîì ó âû÷èñëÿåìîå çíà÷åíèå
ïðèçíàêà íå èçìåíèòñÿ.

Òàêèì îáðàçîì, íåîáõîäèìî ïîñòðîèòü îïîðíóþ ñåòêó, îáëàäà þùóþ ðàâíîìåðíûì ðàñ-
ïðåäåëåíèåì òî÷åê íà ñôåðå, ÷òîáû ïëîòíîñòü ïëîñêîñòåé â ïð îñòðàíñòâå áûëà òàêæå
ðàâíîìåðíîé äëÿ äîñòèæåíèÿ íàèìåíüøåé îøèáêè ñîâìåùåíèè ó çëîâ îïîðíîé ñåòêè ïðè
ïîâîðîòå. Ðàâíîìåðíîå ðàñïðåäåëåíèå òî÷åê îïîðíîé ñåòêè í à ñôåðå îáåñïå÷èò îòñóòñòâèå
áîëåå ïëîòíûõ ñêîïëåíèé óçëîâ íà ïîâåðõíîñòè ñôåðû â òåõ èëè èíûõ ìåñòàõ, îïðåäå-
ëÿþùèõ ïðåèìóùåñòâåííî ñå÷åíèÿ ïîä òåìè èëè èíûìè óãëàìè îá çîðà. Òàêèì îáðàçîì,
â îáùåì ñëó÷àå ïðè çàíåñåíèè ðåçóëüòàòîâ ñêàíèðîâàíèÿ â ìàò ðèöó (ïîäðîáíîå îïèñàíèå
ìàòðèöû áóäåò äàíî íèæå) âñå åå ýëåìåíòû áóäóò ïðèíèìàòü ðàâ íîïðàâíîå ó÷àñòèå ïðè
âû÷èñëåíèè çíà÷åíèÿ ïðèçíàêà 3D èçîáðàæåíèÿ áåç ïîâûøåíèÿ äîëè âëèÿíèÿ îïðåäåëåí-
íûõ çíà÷åíèé ýëåìåíòîâ ìàòðèöû, òàê êàê ÷àñòîòà ïîÿâëåíèÿ ë þáîãî ýëåìåíòà ìàòðèöû
ïðèáëèçèòåëüíî îäèíàêîâà (ðàâíîìåðíûé îáçîð 3D òåëà ñî âñå õ ñòîðîí). Äðóãèìè ñëîâà-
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ìè, çíà÷åíèå âû÷èñëÿåìîãî ïðèçíàêà íå áóäåò çàâèñåòü îò îðè åíòàöèè 3D èçîáðàæåíèÿ
â ïðîñòðàíñòâå è áóäåò èìåòü íåáîëüøîå êîëåáàíèé çíà÷åíèé è ç-çà äèñêðåòíîé ñåòêè íà
ñôåðå. Íàèáîëüøèå îòêëîíåíèÿ áóäóò íàáëþäàòüñÿ òîãäà, êîã äà óçëû ïîâåðíóòîé ñåòêè
áóäóò ëåæàòü ìåæäó óçëàìè èñõîäíîé ñåòêè.

3 Ìàòåìàòè÷åñêàÿ ìîäåëü è òåõíèêà ñêàíèðîâàíèÿ ãèïåðòðåéñ -
ïðåîáðàçîâàíèÿ

Ñêàíèðîâàíèå èñõîäíîãî ïðîñòðàíñòâåííîãî îáúåêòà F îñóùåñòâëÿåòñÿ ñåòêîé ïà-
ðàëëåëüíûõ ïëîñêîñòåé ñ ðàññòîÿíèåì � r ìåæäó ïëîñêîñòÿìè è çàäàííûìè óãëàìè !
è ' (ñì. ðèñ. 1). Âçàèìíîå ïîëîæåíèå 3D îáúåêòà F è êàæäîé ñêàíèðóþùåé ïëîñ-
êîñòè B(� (!; ' ); r ) õàðàêòåðèçóåòñÿ ÷èñëîì G ïî íåêîòîðîìó ïðàâèëó HyperT : G =
= HyperT ( F

T
B (� (!; ' ); r )). Â êà÷åñòâå óêàçàííîé õàðàêòåðèñòèêè ìîãóò âûñòóïàòü

÷èñëî ïåðåñå÷åíèé ïëîñêîñòè ñ èñõîäíûì îáúåêòîì, ïëîùàäü ñ å÷åíèÿ èëè ñâîéñòâà îêðåñò-
íîñòè òàêîãî ñå÷åíèÿ è ò. ï. Äðóãèìè ñëîâàìè, ôóíêöèîíàë Hyp erT õàðàêòåðèçóåò ñâîéñòâî
ïðèçíàêà ñå÷åíèÿ [10] (ðèñ. 2).

(à) Îäíî èç ñå÷åíèé 3D îáúåêòà (á) Ïðîöåññ ñêàíèðîâàíèÿ 3D îáúåêòà ïëîñêîñòÿìè

Ðèñ. 2 Îñîáåííîñòè ñêàíèðîâàíèÿ 3D îáúåêòà

Ñêàíèðîâàíèå ñåòêîé ïàðàëëåëüíûõ ïëîñêîñòåé ïîâòîðÿåòñÿ äëÿ êàæäîãî íîâîãî çíà-
÷åíèÿ óãëà îáçîðà, îïðåäåëÿåìîãî âûðàæåíèÿìè ! + � ! è ' + � ' , ñ òåì æå øàãîì � r
ìåæäó ñêàíèðóþùèìè ïëîñêîñòÿìè. Óãëû ! è ' ìåíÿþòñÿ ñîãëàñíî óçëàì îïîðíîé ñåòêè.

Ðåçóëüòàò âû÷èñëåíèé HyperT ôóíêöèîíàëà çàâèñèò îò òðåõ ïàðàìåòðîâ ïëîñêîñòè
(r; !; ' ). Ïîýòîìó åñëè êàæäîé 2D ôèãóðå, ïîëó÷åííîé ïðè ñå÷åíèè èñõ îäíîé 3D ìîäåëè
ñêàíèðóþùåé ïëîñêîñòüþ, ñîïîñòàâèòü íåêîòîðûé èíôîðìàòè âíûé ïðèçíàê � ( Fsect) ïî
ïðàâèëó HyperT, òî ïðè ÷èñëåííîì àíàëèçå ðåçóëüòàò ãèïåðòð åéñ-ïðåîáðàçîâàíèÿ óäîáíî
ïðåäñòàâèòü â âèäå 3D ãèïåðòðåéñ-ìàòðèöû 3TM, ó êîòîðîé îñü 0' íàïðàâëåíà ãîðèçîí-
òàëüíî, îñü 0! � âåðòèêàëüíî, îñü 0r � âãëóáü.

Êàæäàÿ ãëóáèííàÿ ñòðîêà ìàòðèöû ñîäåðæèò ýëåìåíòû-ïðèçíà êè, âû÷èñëÿåìûå ïî
ôèãóðàì, êîòîðûå ïîëó÷åíû â ðåçóëüòàòå ïåðåñå÷åíèÿ ñêàíèð óþùèõ ïëîñêîñòåé è èñõîä-
íîãî îáúåêòà äëÿ âñåõ çíà÷åíèé ðàññòîÿíèé r ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ óãëîâ ! è ' .
Åñëè ïëîñêîñòü B íå ïåðåñåêàåò 3D èçîáðàæåíèå, ò. å.F

T
B (� (!; ' ); r ) = ? , òî çíà÷åíèå

ãèïåðòðåéñ ôóíêöèîíàëà ïîëàãàþò ðàâíûì íóëþ: HyperT (F
T

B (� (!; ' ); r )) = 0 .
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Ðèñ. 3 Ïðèìåð ãðàôè÷åñêîãî ïðåäñòàâëåíèÿ ãèïåðòðåéñ-ìàòðèöû 3T M

Òàêèì îáðàçîì, òðîéêå (! i ; ' j ; r k) ñîîòâåòñòâóåò ýëåìåíò ìàòðèöû 3TM ñ íîìåðîì
(i; j; k ) è çíà÷åíèåì �( Fsect), êîòîðûé õàðàêòåðèçóåò èíôîðìàòèâíûé ïðèçíàê ôèãóðû,
ïîëó÷åííîé â ñå÷åíèè îáúåêòà F ïëîñêîñòüþ B(� (! i ; ' j ); r k). Ãðàôè÷åñêîå ïðåäñòàâëåíèå
ãèïåðòðåéñ-ìàòðèöû ïîêàçàíî íà ðèñ. 3, ãäå ïîëó÷åííîå â ðåç óëüòàòå ñêàíèðîâàíèÿ ìíî-
æåñòâî ÷èñåëG îáðàçóþò òî÷êè (! i ; ' j ; r k) â ñèñòåìå êîîðäèíàò ñ îñÿìè 0! , 0' è 0r . ×åì
áëèæå ê êðàñíîìó è òåïëûì òîíàì, òåì âûøå çíà÷åíèå ýëåìåíòà ì àòðèöû; ÷åì áëèæå
ê ôèîëåòîâîìó è õîëîäíûì òîíàì, òåì íèæå çíà÷åíèå äàííîãî ýë åìåíòà.

Ïîñëå çàïîëíåíèÿ 3D ãèïåðòðåéñ-ìàòðèöû ñ ïîìîùüþ ãèïåðäèà ìåòðàëüíîãî ôóíêöèî-
íàëà HyperP îáðàáàòûâàþòñÿ ãëóáèííûå ñòðîêè ìàòðèöû 3ÒM. Å ãî ìîæíî çàäàòü, íàïðè-
ìåð, êàê HyperT =

R
G (!; '; r ) dr. Ïîñëå îáðàáîòêè äàííàÿ 3D ãèïåðòðåéñ-ìàòðèöà 3ÒM

ñòàíîâèòñÿ äâóìåðíîé ìàòðèöåé 2ÒM, êàæäûé ñòîëáåö è ñòðîêà êîòîðîé ïðåäñòàâëÿåò
ñîáîé 2� -ïåðèîäè÷åñêóþ êðèâóþ. Äàëåå ïðèìåíÿåòñÿ ïîñòîëáöîâàÿ îá ðàáîòêà ìàòðèöû
2TM ïîñðåäñòâîì ôóíêöèîíàëà Hyper
 , êîòîðûé ìîæíî çàäàòü, íàïðèìåð, êàê Hyper
 =
= max

'
G (!; ' ). Â ðåçóëüòàòå ïîëó÷àåòñÿ íàáîð ÷èñåë 1TM � âåêòîð çíà÷åíèé, íåïðåðûâ-

íûì àíàëîãîì êîòîðîãî áóäåò 2� -ïåðèîäè÷åñêàÿ êðèâàÿ. Ê ïîëó÷åííîìó íàáîðó ÷èñåë ïðè-
ìåíÿþò ãèïåðêðóãîâîé ôóíêöèîíàë Hyper� , ÷òî ïðèâîäèò ê ïîÿâëåíèþ íåêîòîðîãî ÷èñëà
� ïðèçíàêà èçîáðàæåíèÿ Res(F ). Ýòîò ôóíêöèîíàë ìîæíî çàäàòü, íàïðèìåð, àìïëèòóäîé
âòîðîé ãàðìîíèêè ðàçëîæåíèÿ â ðÿä Ôóðüå.

Òàêèì îáðàçîì, ãèïåðòðèïëåòíûé ïðèçíàê 3D èçîáðàæåíèÿ F îáëàäàåò ñòðóêòóðîé
â âèäå êîìïîçèöèè ÷åòûðåõ ôóíêöèîíàëîâ, êàæäûé èç êîòîðûõ, êðîìå ãèïåðòðåéñ-ôóíê-
öèîíàëà HyperT, ïðè ïîñëåäîâàòåëüíîì ïðèìåíåíèè ñîêðàùàå ò ðàçìåðíîñòü ìàòðèöû
3TM íà åäèíèöó:

Res(F ) = Hyper� � Hyper
 � HyperP � HyperT(Fsect):

Êàæäóþ 2D ôèãóðó, ïîëó÷èâøóþñÿ â ñå÷åíèè èñõîäíîé 3D ìîäåëè ñåòêîé ïàðàë-
ëåëüíûõ ïëîñêîñòåé ïîä ðàçíûìè óãëàìè îáçîðà, íåîáõîäèìî ï ðîñêàíèðîâàòü, ÷òîáû èç-
âëå÷ü êàêèå-íèáóäü çíà÷èìûå ïðèçíàêè (íàïðèìåð, ïåðèìåòð êîíòóðà ôèãóðû ñå÷åíèÿ
è ò. ï.). Äëÿ íàõîæäåíèÿ ïðèçíàêà 2D èçîáðàæåíèÿ ñå÷åíèÿ èñï îëüçóåòñÿ òðåéñ-ïðåîáðà-
çîâàíèå [11].
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(à) Ñêàíèðîâàíèå ñå÷åíèÿ ñåòêîé ïàðàëëåëü-
íûõ ïðÿìûõ

(á) Ïðèìåð ãðàôè÷åñêîãî ïðåäñòàâëåíèÿ òðåéñ
ìàòðèöû TM

Ðèñ. 4 Ïðîöåññ ñêàíèðîâàíèÿ 2D ñå÷åíèÿ

Ñêàíèðîâàíèå ïîëó÷àåìûõ â ñå÷åíèè ôèãóð Fsect îñóùåñòâëÿåòñÿ ðåøåòêîé ïàðàëëåëü-
íûõ ïðÿìûõ l (�; � ) ñ ðàññòîÿíèåì � � ìåæäó ëèíèÿìè, ãäå � è � � ïîëÿðíûå êîîðäèíàòû
ïðÿìîé â ïëîñêîñòè ñå÷åíèÿ (ñì. ðèñ. 2). Âçàèìíîå ïîëîæåíèå 2D èçîáðàæåíèÿ Fsect è êàæ-
äîé ñêàíèðóþùåé ëèíèè l (�; � ) õàðàêòåðèçóåòñÿ ÷èñëîìg, âû÷èñëÿåìûì ïî íåêîòîðîìó
ïðàâèëó T : g = T( Fsect

T
l(�; � )) . Â êà÷åñòâå óêàçàííîé õàðàêòåðèñòèêè ìîãóò âûñòó-

ïàòü äëèíà ÷àñòè ïðÿìîé, ëåæàùåé âíóòðè èçîáðàæåíèÿ, èëè ñâ îéñòâà îêðåñòíîñòè òî÷êè
ïåðåñå÷åíèÿ è ò. ï. Äðóãèìè ñëîâàìè, ôóíêöèîíàë T õàðàêòåðèçóåò ñâîéñòâî îòðåçêîâ ïå-
ðåñå÷åíèé ïðÿìîé 2D ôèãóðû â ïëîñêîñòè ñå÷åíèÿ.

Çàòåì ñêàíèðîâàíèå ïðîèçâîäèòñÿ äëÿ íîâîãî çíà÷åíèÿ óãëà � + � � , ïîëó÷èâøåãî äèñ-
êðåòíîå ïðèðàùåíèå � � , ñåòêîé ïàðàëëåëüíûõ ïðÿìûõ â òîé æå ïëîñêîñòè ñå÷åíèÿ Fsect

è ñ òåì æå øàãîì � � . Ê ïåðåñå÷åíèþ íîâîé ïðÿìîé l(� +� �; � ) è ñå÷åíèÿ Fsect ïðèìåíÿåòñÿ
òî æå ðàíåå âûáðàííîå ïðàâèëî T. Ñêàíèðîâàíèå ïîâòîðÿåòñÿ äëÿ êàæäîãî íîâîãî óãëà
äî çàâåðøåíèÿ îáîðîòà â 2� ðàä.

Ðåçóëüòàò âû÷èñëåíèé òðåéñ ôóíêöèîíàëà çàâèñèò îò äâóõ ïàðàìåòðîâ ïðÿìîé: � è � .
Ïðè ÷èñëåííîì àíàëèçå ðåçóëüòàò òðåéñ-ïðåîáðàçîâàíèÿ óäî áíî ïðåäñòàâèòü â âèäå 2D
òðåéñ ìàòðèöû ÒÌ, ó êîòîðîé îñü 0� íàïðàâëåíà ãîðèçîíòàëüíî, à îñü 0� � âåðòèêàëüíî
(ðèñ. 4). Êàæäûé âåðòèêàëüíûé ñòîëáåö ìàòðèöû ÒÌ ñîäåðæèò ç íà÷åíèÿ, âû÷èñëÿåìûå
ïî âñåì ïðÿìûì ñêàíèðóþùåé ñåòêè ïðè îäèíàêîâîì çíà÷åíèè óã ëà � äëÿ îäíîé è òîé
æå 2D ôèãóðû ñå÷åíèÿ. Êàæäàÿ ãîðèçîíòàëüíàÿ ñòðîêà ìàòðèöû ÒÌ ñîäåðæèò çíà÷åíèÿ,
âû÷èñëÿåìûå äëÿ îäíîé è òîé æå ïðÿìîé l, èìåþùåé îäèíàêîâîå ðàññòîÿíèå äî íà÷à-
ëà êîîðäèíàò, ïðè ðàçíûõ çíà÷åíèÿõ óãëà � â òîé æå ïëîñêîñòè ñå÷åíèÿ. Åñëè ïðÿìàÿ l
íå ïåðåñåêàåò èçîáðàæåíèå:Fsect

T
l(�; � ) = ? , òî çíà÷åíèå òðåéñ ôóíêöèîíàëà ïîëàãàþò

ðàâíûì íóëþ: T( Fsect
T

l(�; � )) = 0 . Òàêèì îáðàçîì, ïàðå (� i ; � j ) ñîîòâåòñòâóåò ýëåìåíò
ìàòðèöû TM ñ íîìåðîì (i; j ) è çíà÷åíèåì T( Fsect

T
l(� i ; � j )) .

Ïîñëå çàïîëíåíèÿ 2D òðåéñ ìàòðèöû c ïîìîùüþ äèàìåòðàëüíîãî ôóíêöèîíàëà P
îáðàáàòûâàþòñÿ ñòîëáöû ìàòðèöû TM. Åãî ìîæíî çàäàòü, íàïðè ìåð, êàê T =
=

R
g(�; � )d�=max

�
g(�; � ). Ïîñëå ýòîé îáðàáîòêè äàííàÿ äâóìåðíàÿ ìàòðèöà ÒM ñòàíî-

âèòñÿ îäíîìåðíîé ìàòðèöåé � âåêòîðîì ÷èñåë, íåïðåðûâíûì àí àëîãîì êîòîðîãî áóäåò
2� -ïåðèîäè÷åñêàÿ êðèâàÿ. Çàòåì ê ïîëó÷åííîìó íàáîðó ÷èñåë ïð èìåíÿþò êðóãîâîé ôóíê-
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öèîíàë � , êîòîðûé ìîæíî çàäàòü êàê � = min
�

g(� ). Â ðåçóëüòàòå ïîëó÷àåòñÿ íåêîòîðîå

÷èñëî �( Fsect) � ïðèçíàê 2D ôèãóðû ñå÷åíèÿ Fsect.
Òàêèì îáðàçîì, òðèïëåòíûé ïðèçíàê 2D èçîáðàæåíèÿ Fsect îáëàäàåò ñòðóêòóðîé â âèäå

êîìïîçèöèè òðåõ ôóíêöèîíàëîâ, êàæäûé èç êîòîðûõ, êðîìå òðå éñ ôóíêöèîíàëà T, ïðè
ïîñëåäîâàòåëüíîì ïðèìåíåíèè ñîêðàùàåò ðàçìåðíîñòü ìàòðè öû TM íà åäèíèöó:

�( Fsect) = HyperT( Fsect) = � � P � T( Fsect

\
l (�; � )) :

Îáúåäèíÿÿ ïîëó÷åííûå ôîðìóëû äëÿ Res(F ) è �( Fsect), îêîí÷àòåëüíî ïîëó÷àåì ñëåäó-
þùóþ àíàëèòè÷åñêóþ ñòðóêòóðó ïðèçíàêà 3D èçîáðàæåíèÿ â âèä å êîìïîçèöèè íåêîòîðîãî
ìíîæåñòâà ôóíêöèîíàëîâ:

Res(F ) = Hyper� � Hyper
 � HyperP � HyperT(� � P � T( Fsect

\
l (�; � ))) :

Áëàãîäàðÿ êîìïîçèöèîííîé ñòðóêòóðå ôóíêöèîíàëîâ, âõîäÿù èõ â ñòðóêòóðó�( Fsect)
è Res(F ), âîçìîæíî ïîëó÷åíèå îãðîìíîãî ÷èñëà ïðèçíàêîâ, ïðè÷åì âîç ìîæíî êîíñòðóèðî-
âàíèå ïðèçíàêîâ, îïèñûâàþùèõ òå èëè èíûå ãåîìåòðè÷åñêèå õà ðàêòåðèñòèêè 3D îáúåêòà,
÷òî îáëåã÷àåò çàäà÷ó àíàëèçà ñâîéñòâ 3D èçîáðàæåíèé è ïîñòðîåíèÿ èíôîðìàòèâíûõ ïðè-
çíàêîâ.

Ñòîèò îòìåòèòü, ÷òî ðàñïîëîæåíèå ñèñòåìû êîîðäèíàò â ïëîñê îñòè ñå÷åíèÿ è åå îðèåí-
òàöèÿ îòíîñèòåëüíî ôèãóðû ñå÷åíèÿ ñîâåðøåííî íåâàæíû, òàê êàê òðåéñ-ïðåîáðàçîâàíèå
ïîëíîñòüþ èíâàðèàíòíî ê ãðóïïå äâèæåíèé è ìàñøòàáèðîâàíèþ 2D èçîáðàæåíèÿ [12].

Òàêèì îáðàçîì, äàííûé ìåòîä îáëàäàåò îïðåäåëåííîé óíèâåðñ àëüíîñòüþ, òàê êàê ñõåìà
ñêàíèðîâàíèÿ íå ïðèâÿçàíà ê ãåîìåòðè÷åñêèì îñîáåííîñòÿì è ñõîäíîé ìîäåëè, à áëàãîäàðÿ
áîëüøîìó ÷èñëó èñïîëüçóåìûõ âèäîâ ôóíêöèîíàëîâ è èõ êîìïîç èöèîííîé ñòðóêòóðå ìîæ-
íî ïîäáèðàòü è êîíñòðóèðîâàòü ðàçëè÷íûå ïðèçíàêè, êîòîðûå áóäóò íàèáîëåå ýôôåêòèâ-
íû ïðè ðàñïîçíàâàíèè çàäàííîé áàçû îáúåêòîâ. Ïðåäëàãàåìàÿ ìåòîäèêà îðèåíòèðîâàíà
íà îáúåêòû ëþáîé ñëîæíîñòè è êîíôèãóðàöèè.

4 Ìèíèìèçàöèÿ ðàçìåðíîñòè ïðèçíàêîâîãî ïðîñòðàíñòâà
Êàê îòìå÷àëîñü âûøå, ïîäõîä íà îñíîâå ñòîõàñòè÷åñêîé ãåîìå òðèè ïîçâîëÿåò àâòîìà-

òè÷åñêè ãåíåðèðîâàòü áîëüøîå êîëè÷åñòâî ãèïåðòðèïëåòíûõ ïðèçíàêîâ, îòîáðàæàþùèõ
êàê ãåîìåòðè÷åñêèå, òàê è àáñòðàêòíûå õàðàêòåðèñòèêè 3D èçîáðàæåíèÿ. Îäíàêî ñôîð-
ìèðîâàííàÿ òàêèì îáðàçîì ñèñòåìà ãèïåðòðèïëåòíûõ ïðèçíàê îâ, êàê ïðàâèëî, èçáûòî÷íà.
Îäíè ïðèçíàêè èìåþò âûñîêóþ ðàçëè÷àþùóþ ñèëó, òîãäà êàê äðó ãèå � íåò. Ïðè ýòîì äëÿ
îäíèõ êëàññîâ ýôôåêòèâíû îäíè ïðèçíàêè, à äëÿ äðóãèõ êëàññî â � äðóãèå. Êðîìå òîãî,
ìíîãèå ïðèçíàêè ìîãóò êîððåëèðîâàòü äðóã ñ äðóãîì, òåì ñàìû ì ñíèæàÿ îáùóþ ýôôåê-
òèâíîñòü ðàñïîçíàâàíèÿ.

Òàêæå ñòîèò îòìåòèòü, ÷òî ñîçäàíèå èçëèøíåãî áîëüøîãî êîëè ÷åñòâà ïðèçíàêîâ íå
òîëüêî íå ïîâûøàåò ýôôåêòèâíîñòü ðàñïîçíàâàíèÿ, íî è ñíèæà åò ñêîðîñòü ðàáîòû ðàñïî-
çíàþùåé ñèñòåìû.

Òàêèì îáðàçîì, öåëåñîîáðàçíî ðàçðàáîòàòü àëãîðèòì, êîòîð ûé ïîñëå ãåíåðàöèè ïðè-
çíàêîâ ìèíèìèçèðóåò ðàçìåðíîñòü èõ ïðîñòðàíñòâà äëÿ âûäåë åíèÿ íàèáîëåå èíôîðìàòèâ-
íûõ èç íèõ.

Ìîæíî âûäåëèòü äâà îñíîâíûõ ïîäõîäà ê ïîñòðîåíèþ ýôôåêòèâí îãî ìíîæåñòâà ïðè-
çíàêîâ èçîáðàæåíèé [13, 14]. Ïåðâûé ïîäõîä çàêëþ÷àåòñÿ â òî ì, ÷òîáû ñòðîèòü çàðàíåå
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èçâåñòíîå ìàëîå êîëè÷åñòâî ïðèçíàêîâ, îáëàäàþùèõ áîëüøîé èíôîðìàòèâíîñòüþ. Ñ ïî-
çèöèè âòîðîãî ïîäõîäà èç áîëüøîãî ÷èñëà ïîñòðîåííûõ ïðèçíà êîâ ïî íåêîòîðîìó ïðàâèëó
îòáèðàåòñÿ êàê ìîæíî ìåíüøåå êîëè÷åñòâî íàèáîëåå èíôîðìàò èâíûõ ïðèçíàêîâ.

Ìèíóñîì ïåðâîãî ïîäõîäà ÿâëÿåòñÿ îòñóòñòâèå åäèíîé ëîãè÷å ñêîé ñèñòåìû, òàê êàê
òàêèå ìåòîäû îñíîâàíû, êàê ïðàâèëî, íà ýâðèñòèêå è ýìïèðèêå ðàçðàáîò÷èêà ðàñïîçíà-
þùåãî àëãîðèòìà, ïîýòîìó íà ïðàêòèêå òðóäíî âûÿâèòü ìàëîå ê îëè÷åñòâî èíôîðìàòèâíûõ
ïðèçíàêîâ, êîòîðûå áóäóò ýôôåêòèâíî ðàñïîçíàâàòü 3D èçîáð àæåíèÿ äëÿ áîëüøèíñòâà
ïðàêòè÷åñêèõ çàäà÷, òàê êàê ãåîìåòðèÿ ðåàëüíûõ 3D îáúåêòîââåñüìà îáøèðíà è ñëîæíà.

Êàñàòåëüíî âòîðîãî ïîäõîäà â íàñòîÿùåå âðåìÿ ðàçðàáîòàíî ì íîæåñòâî ðàçëè÷íûõ
êðèòåðèåâ îòáîðà ýôôåêòèâíûõ è çíà÷èìûõ ïðèçíàêîâ, îñíîâà ííûõ íà ìåòîäàõ ìàòåìà-
òè÷åñêîé ñòàòèñòèêè è èíôîðìàòèêè. Äàííûé ïîäõîä ÿâëÿåòñÿ áîëåå ãèáêèì è óíèâåð-
ñàëüíûì, òàê êàê â êàæäîì êîíêðåòíîì ñëó÷àå èíôîðìàòèâíîñò ü ïðèçíàêîâ îöåíèâàåòñÿ
èñõîäÿ èç ïðåäñòàâëåííîé áàçû 3D îáúåêòîâ.

Â äàííîì ðàçäåëå áóäåò îïèñàí àëãîðèòì, ñîãëàñíî êîòîðîìó ì îæíî ñîêðàòèòü áîëü-
øîå êîëè÷åñòâî ïðèçíàêîâ äî íåñêîëüêèõ íàèáîëåå èíôîðìàòè âíûõ (â ðóñëå èäåé âòîðîãî
ïîäõîäà). Òàêæå áëàãîäàðÿ êîìïîçèöèîííîé ñòðóêòóðå ïðèçí àêà àíàëèòèê ìîæåò çàðà-
íåå ñîçäàâàòü îïðåäåëåííûå ïðèçíàêè, êîòîðûå ñ âûñîêîé âåð îÿòíîñòüþ áóäóò ÿâëÿòüñÿ
èíôîðìàòèâíûìè (â ðóñëå èäåé ïåðâîãî ïîäõîäà), òàêèå êàê ïë îùàäü ïîâåðõíîñòè 3D
îáúåêòà, åãî îáúåì, ìàêñèìàëüíàÿ ïëîùàäü è ïåðèìåòð ñå÷åíè ÿ, ðàäèóñ îïèñàííîé ñôåðû
è ò. ï.

Êîëè÷åñòâåííîé ìåðîé äëÿ îïðåäåëåíèÿ èíôîðìàòèâíîñòè îòä åëüíîãî ïðèçíàêà Res i

ìîæåò ñëóæèòü êîëè÷åñòâî èíôîðìàöèè Info(Res), èçâëåêàåìîé ïðè ðàñïîçíàâàíèè 3D
èçîáðàæåíèÿ. Îíà ðàâíà ðàçíîñòè ìåæäó ýíòðîïèåé H (F ) ðàñïðåäåëåíèé ïëîòíîñòè âå-
ðîÿòíîñòè îáðàçîâ F è óñðåäíåííîé ïî âñåì èçîáðàæåíèÿì íåîïðåäåëåííîñòüþ ðåøå íèÿ,
êîòîðàÿ îïðåäåëÿåòñÿ ïîëíîé óñëîâíîé ýíòðîïèåé îáðàçîâ Fi .

Îäíàêî â ðàññìàòðèâàåìîì ñëó÷àå îöåíêà èíôîðìàòèâíîñòè ïð èçíàêà äàííûì ñïî-
ñîáîì íåâîçìîæíà ââèäó îãðîìíîãî îáúåìà âû÷èñëåíèé. Òàê, ñ èñòåìà ñïîñîáíà àâòîìàòè-
÷åñêè ãåíåðèðîâàòü646 = 68 719 476 736ðàçëè÷íûõ ïðèçíàêîâ ïðè èñïîëüçîâàíèè 64 ðàç-
ëè÷íûõ âèäîâ ôóíêöèé äëÿ êàæäîãî èç 6 ôóíêöèîíàëîâ êîìïîçèöèîííîé ñòðóêòóðû
ïðèçíàêà [15]. Î÷åâèäíî, ÷òî çàäà÷à îïðåäåëåíèÿ äàæå íåáîë üøîãî ÷èñëà èíôîðìàòèâ-
íûõ èç âñåé ñîâîêóïíîñòè ïðèçíàêîâ íå ðàçðåøèìà çà ðåàëüíîå âðåìÿ â ðàìêàõ îïðåäåëå-
íèÿ êîëè÷åñòâåííîé ìåðû ýíòðîïèè. Êðîìå òîãî, íå âñåãäà âîç ìîæíî ïîëó÷èòü ÷èñëåííûå
çíà÷åíèÿ âåðîÿòíîñòåé, íåîáõîäèìûõ äëÿ îïðåäåëåíèÿ H (F ) è Info(x).

Òàêæå ñòîèò îòìåòèòü, ÷òî êîíöåïöèÿ ìèíèìàëüíîé ýíòðîïèè î ñíîâûâàåòñÿ íà ïðåä-
ïîëîæåíèè î íîðìàëüíîñòè ðàñïðåäåëåíèÿ îáðàçîâ, ñîñòàâëÿ þùèõ çàäàííûå êëàññû, ÷òî
äàëåêî íå âñåãäà âåðíî. Êðîìå òîãî, â çàäà÷å êëàññèôèêàöèè 3D èçîáðàæåíèé çàêîíû
ðàñïðåäåëåíèé ïëîòíîñòè âåðîÿòíîñòè îáðàçîâ íå èçâåñòíû, òàê êàê áàçû äàííûõ ôîð-
ìèðóþòñÿ èñõîäÿ èç êîíòåêñòà ðåøàåìîé çàäà÷è, îïðåäåëÿåìî ãî êîíêðåòíûìè óñëîâèÿìè
äåÿòåëüíîñòè òîãî èëè èíîãî ñóáúåêòà.

Ïîýòîìó öåëåñîîáðàçíî èñïîëüçîâàòü ïîäõîäû, äëÿ êîòîðûõ í å íóæíî çíàòü ïëîòíîñòü
ðàñïðåäåëåíèÿ âåðîÿòíîñòè 3D èçîáðàæåíèé. Áóäåì îïðåäåëÿ òü èíôîðìàòèâíîñòü òîãî
èëè èíîãî ïðèçíàêà èñõîäÿ èç äàííûõ îáó÷àþùåé âûáîðêè 3D îáú åêòîâ.

Â îñíîâå äàííîãî ïðåäïîëîæåíèÿ ëåæèò ãèïîòåçà êîìïàêòíîñò è: 3D èçîáðàæåíèÿ îä-
íîãî è òîãî æå êëàññà â ïðèçíàêîâîì ïðîñòðàíñòâå îáû÷íî ðàñï îëàãàþòñÿ â ãåîìåòðè÷åñêè
áëèçêèå òî÷êè, îáðàçóÿ ¾êîìïàêòíûå¿ ñãóñòêè. Äðóãèìè ñëîâ àìè, ñõîæèå îáúåêòû ãîðàç-
äî ÷àùå ëåæàò â îäíîì êëàññå, ÷åì â ðàçíûõ, è ïðè ýòîì îáëàäàþò ñâîéñòâîì õîðîøåé
îòäåëèìîñòè:
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(1) ìíîæåñòâà ðàçíûõ îáðàçîâ ñîïðèêàñàþòñÿ â ñðàâíèòåëüíî íåáîëüøîì ÷èñëå òî÷åê (èëè
âîîáùå íå ñîïðèêàñàþòñÿ);

(2) ñóùåñòâóþò òî÷êè â ïðèçíàêîâîì ïðîñòðàíñòâå, êîòîðûå í å áóäóò ïðèíàäëåæàòü íè
ê îäíîìó èç êëàññîâ (èëè ðàâíîâåðîÿòíî ïðèíàäëåæàòü îáîèì ê ëàññàì);

(3) ãðàíèöû êëàññîâ èìåþò ñðàâíèòåëüíî ïëàâíóþ ôîðìó áåç ãë óáîêèõ âûñòóïîâ â ïðåäå-
ëû äðóãèõ êëàññîâ.

Òàêèì îáðàçîì, èñïîëüçóåìûé â äàííîé ðàáîòå àëãîðèòì ìèíèì èçàöèè ðàçìåðíîñòè
ïðèçíàêîâîãî ïðîñòðàíñòâà áûë ðàçðàáîòàí èñõîäÿ èç ëîãèêè ñðàâíåíèÿ 3D îáúåêòîâ, ó÷è-
òûâàÿ âñå âûøåñêàçàííîå. Åãî ñóòü çàêëþ÷àåòñÿ â ñëåäóþùåì.

Ðàññìîòðèì ìíîæåñòâî M =
mS

i =1
Ci , ñîñòîÿùåå èç m ïîäìíîæåñòâ (êëàññîâ) Ci , ïðè

ýòîì â ïîäìíîæåñòâå Ci ñîäåðæèòñÿhi êîëè÷åñòâî ýëåìåíòîâ (èçîáðàæåíèé). Âûáåðåì èç
äàííîãî ìíîæåñòâà ïîäìíîæåñòâî M 0 � M , ìîùíîñòü êîòîðîãî ðàâíà

P m
i =1 hi =2 äëÿ îáó÷å-

íèÿ ñèñòåìû, ò. å. M 0 =
mS

i =1
A i . Îñòàâøèåñÿ ïîäìíîæåñòâà B i áóäóò íóæíû äëÿ èñïûòàíèÿ

îáó÷åííîé ñèñòåìû, êîíòðîëÿ åå êà÷åñòâà.
Îáîçíà÷èì ÷åðåç ResA i (s)

k ãèïåðòðèïëåòíûé ïðèçíàê k-ãî âèäà, âû÷èñëåííûé äëÿ s-ãî
ïðåäñòàâèòåëÿi -ãî êëàññàA i . Ñðåäíåå çíà÷åíèå k-ãî âèäà ïðèçíàêà äëÿ âñåõ èçîáðàæåíèé
ìíîæåñòâà A i ðàâíî:

� A i
k =

2
hi

h iX

s=1

ResA i (s)
k :

Ñðåäíåêâàäðàòè÷åñêîå îòêëîíåíèå k-ãî ïðèçíàêà ïî ìíîæåñòâó A i ðàâíî:

� A i
k =

vu
u
t 2

hi

 
h iX

s=1

�
ResA i (s)

k � � A i
k

� 2
!

:

Èíôîðìàòèâíûìè ïðèçíàêàìè áóäóò òå, êîòîðûå ïîçâîëÿþò ðàç ëè÷àòü êàê ìîæíî
áîëüøå êëàññîâ 3D îáúåêòîâ ìåæäó ñîáîé. Äðóãèìè ñëîâàìè, ñð åäíåå çíà÷åíèå ïðèçíàêà
äëÿ îäíîãî êëàññà áóäåò êàê ìîæíî áîëåå óäàëåíî îò ñðåäíåãî ç íà÷åíèÿ òîãî æå ïðèçíà-
êà äëÿ ëþáîãî äðóãîãî êëàññà. Ïðè ýòîì êîëè÷åñòâî ñîâïàäåíè é ïðåäñòàâèòåëåé ðàçíûõ
êëàññîâ äîëæíî áûòü êàê ìîæíî ìåíüøå.

Â ñâÿçè ñ âûøåèçëîæåííûì áûëè ðàçðàáîòàíû äâå ïðîöåäóðû: îò áîð ïîòåíöèàëüíî
ýôôåêòèâíûõ ïðèçíàêîâ ïî êîëè÷åñòâó êàê ìîæíî ìåíüøåãî ñîâ ïàäåíèÿ ïðåäñòàâèòåëåé
ðàçíûõ êëàññîâ ìåæäó ñîáîé è âûäåëåíèå èíôîðìàòèâíûõ ïðèçí àêîâ ïî óäàëåííîñòè äðóã
îò äðóãà èõ ñðåäíèõ çíà÷åíèé ïî êëàññàì.

Äëÿ îòáîðà ïîòåíöèàëüíî ýôôåêòèâíûõ ïðèçíàêîâ íåîáõîäèìî âíóòðè êàæäîãî êëàñ-
ñà èçîáðàæåíèé ïðîèçâåñòè ðàñ÷åò èõ óñðåäíåííûõ çíà÷åíèé, à òàêæå ñòàòèñòèêó ðàñ÷åòà
èõ ñðåäíåêâàäðàòè÷åñêîãî êîëåáàíèÿ îòäåëüíî ïî êàæäîìó ïð èçíàêó. Äëÿ ýòîãî ðàññ÷è-
òûâàåòñÿ ïîêàçàòåëüp(A i ; k), êîòîðûé îïðåäåëÿåò ìåðó íåïîäîáèÿ k-ãî ïðèçíàêà äëÿ i -ãî
êëàññàA i . Îí ñîñòîèò èç äâóõ ÷àñòåé:

p(A i ; k) =
q1(A i ; k) + q2(A i ; k)

hi
:

Ïåðâàÿ ÷àñòü êîýôôèöèåíòà ó÷èòûâàåò êîëè÷åñòâî 3D èçîáðàæåíèé, ïðèçíàêè ResA i (s)
k

êîòîðûõ íå áóäóò ïîïàäàòü â ñîîòâåòñòâóþùèå äèàïàçîíû êîëå áàíèÿ ñðåäíåãî çíà÷åíèÿ
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k-ãî ïðèçíàêà äëÿ ñâîåãî i -ãî êëàññàA i : q1(A i (s); k) óâåëè÷èâàåòñÿ íà 1, åñëèResA j (s)
k <

< � A i
k � � A i

k _ � A i
k + � A i

k < ResA j (s)
k äëÿ i = j .

Ïîêàçàòåëü q1(A i (s); k) ïîêàçûâàåò êîëè÷åñòâî 3D îáúåêòîâ s, êîòîðûå áóäóò íåïðà-
âèëüíî êëàññèôèöèðîâàíû, òàê êàê ñëèøêîì äàëåêî îòñòîÿò îò ñðåäíåãî ïðåäñòàâèòåëÿ
ñâîåãî êëàññà.

Âòîðàÿ ÷àñòü êîýôôèöèåíòà ó÷èòûâàåò êîëè÷åñòâî 3D èçîáðàæåíèé, ïðèçíàêè ResA j (s)
k

êîòîðûõ ïîïàäóò â ñîîòâåòñòâóþùèå äèàïàçîíû êîëåáàíèÿ ñðå äíåãî çíà÷åíèÿ k-ãî ïðèçíà-
êà äëÿ äðóãîãî i -ãî êëàññàA i : q2(A i (s); k) óâåëè÷èâàåòñÿ íà 1, åñëè� A i

k � � A i
k 6 ResA j (s)

k 6
6 � A i

k + � A i
k äëÿ i 6= j .

Ïîêàçàòåëü q2(A i (s); k) ïîêàçûâàåò êîëè÷åñòâî 3D îáúåêòîâ s, êîòîðûå áóäóò íåïðà-
âèëüíî êëàññèôèöèðîâàíû, òàê êàê ñëèøêîì áëèçêî íàõîäÿòñÿ ê ñðåäíåìó ïðåäñòàâèòåëþ
äðóãîãî êëàññà.

Êîýôôèöèåíò p ïðåäñòàâëÿåò ñîáîé ìàòðèöó âåñîâ, ðàññ÷èòàííóþ äëÿ êàæäîãî òèïà
ïðèçíàêà k (k = 1; : : : ; col) â çàâèñèìîñòè îò êëàññà îáúåêòîâ A i (i = 1; : : : ; m). Äàííàÿ
ìàòðèöà ïîêàçûâàåò ðàçëè÷àþùóþ ñèëó ïðèçíàêîâ ñ òî÷êè çðåí èÿ óðîâíÿ ïîòåíöèàëüíûõ
îøèáîê â êëàññèôèêàöèè îáúåêòîâ.

Ñòîèò îòìåòèòü, ÷òî êîýôôèöèåíò p(A i ; k) âñåãäà áóäåò ëåæàòü â åäèíè÷íîì îòðåçêå:
0 6 p(A i ; k) 6 1. Ïîýòîìó äàííûé ïîêàçàòåëü ìîæåò ðàññìàòðèâàòüñÿ êàê âåðî ÿòíîñòü
òîãî, íàñêîëüêî ýòîò ïðèçíàê ïîòåíöèàëüíî íåèíôîðìàòèâåí äëÿ äàííîãî êëàññà. ×åì
âûøå êîýôôèöèåíò íåïîäîáèÿ p(A i ; k), òåì ìåíüøåé ðàçëè÷àþùåé ñèëîé îáëàäàåò k-é
ïðèçíàê äëÿ i -ãî êëàññàA i . Â ñâÿçè ñ ýòèì öåëåñîîáðàçíî çàäàòü íåêîòîðûé ïîðîã � , ÷òîáû
èç âñåé ñîâîêóïíîñòè ïðèçíàêîâ âûäåëèòü ïîòåíöèàëüíî ýôôå êòèâíûå, îòñåÿâ çàâåäîìî
íåèíôîðìàòèâíûå ïðèçíàêè: P m

i =1 p(A i ; k)
m

6 �:

Òàêèì îáðàçîì, äàííàÿ ïðîöåäóðà ïîçâîëÿåò íå òîëüêî ïðîèçâ åñòè îòáîð ïîòåíöèàëüíî
ýôôåêòèâíûõ ïðèçíàêîâ, íî è óêàçàòü èõ ðàçëè÷àþùóþ ñèëó ïî ê ëàññàì.

Äàëåå äëÿ ó÷åòà êîððåëÿöèè ïðèçíàêîâ äðóã ñ äðóãîì íóæíî ïðî èçâåñòè ðàñ÷åò ýëåìåí-
òîâ ìàòðèöû ïàðíîé êîððåëÿöèè ïî ïîëó÷åííîé ñîâîêóïíîñòè ñ ðåäíèõ çíà÷åíèé êàæäîãî
ïðèçíàêà ïî êëàññàì. Âûäåëÿþòñÿ òå ïðèçíàêè, êîòîðûå èìåþò çíà÷åíèå êîýôôèöèåíòà
ïàðíîé êîððåëÿöèè íå íèæå 0,7. Ñðåäè âûäåëåííûõ ïàð ìíîæåñò âà ïðèçíàêîâ óäàëÿþòñÿ
òå, êîòîðûå èìåþò áîëüøåå çíà÷åíèå óæå ïîäñ÷èòàííîé ñóììû

P m
i =1 p(A i ; k).

Äàëüíåéøèé îòáîð èíôîðìàòèâíûõ ïðèçíàêîâ ïðîèçâîäèòñÿ èç ïîëó÷åííîé ñîêðàùåí-
íîé ñîâîêóïíîñòè ïðèçíàêîâ ñ ó÷åòîì ðàñïðåäåëåíèÿ èõ ñðåäí èõ çíà÷åíèé ïî êëàññàì íà
âñåì èíòåðâàëå, ÷òîáû â öåëîì âñå ïðèçíàêè áûëè óäàëåíû êàê ì îæíî äàëüøå äðóã îò
äðóãà. Òàê êàê êîëåáàíèå äèñïåðñèè ïðèçíàêîâ óæå ó÷òåíî ïî ê ëàññàì (â ìàòðèöå âåñîâ
âûäåëåíû òîëüêî íàèáîëåå èíôîðìàòèâíûå ñ òî÷êè çðåíèÿ êàê ì îæíî ìåíüøåãî ïåðåñå÷å-
íèÿ ãðàíèö êëàññîâ ìåæäó ñîáîé), òî äàëåå äîñòàòî÷íî äëÿ êàæ äîãî ïðèçíàêà ïðîèçâåñòè
ñîðòèðîâêó òîëüêî èõ óñðåäíåííûõ çíà÷åíèé ïî êëàññàì:

sort
�
� A 1

k ; � A 2
k ; : : : ; � A m

k

�
!

�
� A 1

k ; � A 2
k ; : : : ; � A m

k

�
;

ãäå� A i
k � ñðåäíåå çíà÷åíèå k-ãî ïðèçíàêà ïî i -ìó êëàññó A i , îòñîðòèðîâàííîå ïî âîçðàñ-

òàíèþ ( � A 1
k 6 � A 2

k 6 � � � 6 � A m
k ).

Äàëåå íàõîäèòñÿ ðàçíèöà ìåæäó çíà÷åíèÿìè ñîñåäíèõ ýëåìåíò îâ:

�
�
� A 1

k ; � A 2
k ; : : : ; � A m

k

�
!

�
� A 2

k � � A 1
k ; � A 3

k � � A 2
k ; : : : ; � A m

k � � A m � 1
k

�
:
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×åì ìåíüøå çíà÷åíèå ýëåìåíòà � � i
k = � A i

k � � A i � 1
k (i = 2; : : : ; m) è òåì áîëüøå êî-

ëè÷åñòâî òàêèõ ýëåìåíòîâ, òåì õóæå ðàçëè÷àþùàÿ ñèëà ïðèçíà êà. ×òîáû íå ïðîèçâîäèòü
ëèøíèé ðàç ñîðòèðîâêó è ïðè ýòîì îöåíèòü óðîâåíü çíà÷åíèÿ íå ñêîëüêèõ íàèáîëåå õóäøèõ
ïðåäñòàâèòåëåé, äîñòàòî÷íî ðàññ÷èòàòü, íàïðèìåð, íèæíþþ ãðàíèöó èíòåðâàëà êîëåáàíèÿ
ñðåäíåãî çíà÷åíèÿ ïðèçíàêîâ � � i

k (i = 2; : : : ; m):

border(k) = mean (� � k) � stdev (� � k) ;

ãäåmean (� � k) = (2 =(m � 1))
P m� 1

i =1 � � i
k = 2

�
� A m

k � � A 1
k

�
=(m � 1) � ñðåäíåàðèôìåòè÷åñêîå

÷èñåë� � i
k , à stdev (� � k) =

r

(2=(m � 1))
� P m� 1

i =1 (� � i
k � mean (� � k))2

�
� ñðåäíåêâàäðàòè-

÷åñêîå ÷èñåë� � i
k .

Êðèòåðèé îòáîðà ïðèçíàêîâ ñëåäóþùèé: ÷åì âûøå çíà÷åíèå border(k), òåì âûøå ðàç-
ëè÷àþùàÿ ñèëà k-ãî ïðèçíàêà è åãî èíôîðìàòèâíîñòü. Ïîýòîìó ïðîãðàììà îòáè ðàåòz ëó÷-
øèõ ïðåäñòàâèòåëåé ïî äàííîìó êðèòåðèþ, ãäå ïîðîã z ïðèçíàêîâ çàäàåò àíàëèòèê ìàøèíå
åùå äî íà÷àëà ðàáîòû èñõîäÿ èç êîëè÷åñòâà êëàññîâ èçîáðàæåíèé â áàçå äàííûõ, à òàêæå
òðåáîâàíèé ê òî÷íîñòè ðåçóëüòàòîâ è âðåìåíè èõ ïîëó÷åíèÿ.

Âòîðàÿ ïðåäëîæåííàÿ ïðîöåäóðà âûäåëÿåò èç âñåõ ïîòåíöèàëü íî èíôîðìàòèâíûõ
íåêîððåëèðóåìûõ ïðèçíàêîâ òîëüêî òå, êîòîðûå äàþò êàê ìîæí î ìåíåå áëèçêèé äðóã êî
äðóãó íàáîð ñðåäíèõ çíà÷åíèé ïðèçíàêîâ ïî êëàññàì. Â ýòîì ñë ó÷àå ó÷èòûâàåòñÿ ðàçëè-
÷àþùàÿ ñèëà ïðèçíàêîâ ñ òî÷êè çðåíèÿ èõ èíôîðìàòèâíîñòè.

Ïîñòðîåííûé ñîãëàñíî óêàçàííûì äâóì ïðîöåäóðàì àëãîðèòì ñ îêðàùåíèÿ ðàçìåð-
íîñòè ïðèçíàêîâîãî ïðîñòðàíñòâà ïîçâîëÿåò ïîëó÷àòü íàáîð èíôîðìàòèâíûõ ïðèçíàêîâ
ñ óêàçàíèåì äëÿ êàæäîãî èç íèõ åãî ðàçëè÷àþùåé ñèëû ñ òî÷êè çð åíèÿ ïîòåíöèàëüíîãî
óðîâíÿ îøèáîê (çíà÷åíèå âåñîâîãî êîýôôèöèåíòà íåïîäîáèÿ) . Ïðè íåîáõîäèìîñòè äàí-
íûé íàáîð ìîæíî ñâîäèòü ê ìèíèìóìó, óêàçûâàÿ ìèíèìàëüíîå êî ëè÷åñòâî z òðåáóåìûõ
ïðèçíàêîâ, îòîáðàííûõ ñ òî÷êè çðåíèÿ èõ ïîòåíöèàëüíîé ýôôå êòèâíîñòè.

Âòîðàÿ ïðåäëîæåííàÿ ïðîöåäóðà ýôôåêòèâíî äîïîëíÿåò ïåðâó þ ïðîöåäóðó, òàê êàê
îíè ïðåñëåäóþò ïðÿìî ïðîòèâîïîëîæíûå öåëè: ïåðâàÿ îòáèðàå ò èíôîðìàòèâíûå ïðèçíàêè
ñ òî÷êè çðåíèÿ óðîâíÿ èõ ïîòåíöèàëüíîé íåýôôåêòèâíîñòè, òî ãäà êàê âòîðàÿ ñòðåìèòñÿ
âûäåëÿòü ïðèçíàêè ñ òî÷êè çðåíèÿ èõ ïîòåíöèàëüíîé ýôôåêòèâ íîñòè. Â òåõ ñëó÷àÿõ,
ãäå ïëîõî ñðàáîòàåò ïåðâàÿ ïðîöåäóðà (íàïðèìåð, îïðåäåëåí íûå òåîðåòè÷åñêèå ïðèìåðû
êîíñòðóêöèé), âòîðàÿ äîëæíà äàòü õîðîøèå ðåçóëüòàòû, è íàî áîðîò.

5 Ðåøàþùàÿ ïðîöåäóðà
¾Ñõîäñòâî¿ 3D èçîáðàæåíèé ìåæäó ñîáîé îïðåäåëÿåòñÿ ôóíêöè åé ðàññòîÿíèÿ

� (desk(x); desk(x0)) ìåæäó äâóìÿ âåêòîðàìè äåñêðèïòîðîâ ïðèçíàêîâ îáðàçîâ desk(x)
â ïðîñòðàíñòâå îáúåêòîâ X . Ïðè âûïîëíåíèè ãèïîòåçû êîìïàêòíîñòè êëàññ 3D èçîáðàæå-
íèÿ ìîæåò áûòü òàêæå îïðåäåëåí êàê êëàññ óñðåäíåííîãî èçîáð àæåíèÿ ìíîæåñòâà ñõîäíûõ
âèäîâ ïðîñòðàíñòâåííûõ îáúåêòîâ, ÿâëÿþùåãîñÿ íàèáîëåå áë èçêèì ê èñõîäíîìó èçîáðà-
æåíèþ â ñìûñëå ðàññòîÿíèÿ � (x; x0).

Ðåøàþùàÿ ïðîöåäóðà ïîñòðîåíà òàêèì îáðàçîì, ÷òî ìîæåò êàê ó ÷èòûâàòü, òàê è íå
ó÷èòûâàòü âåñîâûå êîýôôèöèåíòû äëÿ êàæäîãî èíôîðìàòèâíîã î ãèïåðòðèïëåòíîãî ïðè-
çíàêà. Åå ñóòü ñîñòîèò â ñëåäóþùåì.

Îáîçíà÷èì ÷åðåç t òåñòîâîå 3D èçîáðàæåíèå èç êàêîãî-ëèáî ïîäìíîæåñòâà B i . Òîãäà
åãî k-é ïðèçíàê áóäåò ðàâåí Restk . Ðàññòîÿíèå ìåæäó òåñòîâûì 3D èçîáðàæåíèåì è i -ì
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êëàññîì (ìíîæåñòâîì A i ) ñ ó÷åòîì âåñîâûõ çíà÷åíèé îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì :

d(t; A i ) =
X

k

p(A i ; k)
jRestk � � A i

k j

� A i
k

:

Áåç ó÷åòà âåñîâûõ çíà÷åíèé äàííàÿ ôîðìóëà áóäåò âûãëÿäåòü òàê:

d(t; A i ) =
X

k

jRestk � � A i
k j

� A i
k

:

Ðàñïîçíàþùàÿ ñèñòåìà òåñòîâîå èçîáðàæåíèå t îòíîñèò ê êëàññó A j , åñëè

d(t; A j ) = min
i

d(t; A i ):

Òàêèì îáðàçîì, åùå îäèí ñóùåñòâåííûé ïëþñ â ïîëüçó ãèïåðòðè ïëåòíûõ ïðèçíàêîâ
çàêëþ÷àåòñÿ â òîì, ÷òî ïðè îïîðå íà áîëüøîå èõ êîëè÷åñòâî ïðè ìåíÿþòñÿ ïðîñòûå ðå-
øàþùèå ïðàâèëà äëÿ ðàñïîçíàâàíèÿ 3D èçîáðàæåíèé. Ïðè ýòîì, ÷òî íåìàëîâàæíî, ïðè
îïðåäåëåíèè ïðèíàäëåæíîñòè òåñòîâîãî èçîáðàæåíèÿ ó÷èòûâ àþòñÿ âåñîâûå êîýôôèöèåí-
òû äëÿ êàæäîãî èíôîðìàòèâíîãî ïðèçíàêà â çàâèñèìîñòè îò êëà ññà 3D îáúåêòà.

6 Ïðåèìóùåñòâà ñòîõàñòè÷åñêîãî ñïîñîáà ñêàíèðîâàíèÿ òðåõ ìåð-
íûõ èçîáðàæåíèé

Ïðè àíàëèçå è ðàñïîçíàâàíèè 2D èçîáðàæåíèé ñêàíèðîâàíèå ñî ñëó÷àéíûìè ïàðàìåò-
ðàìè óëó÷øàåò ñîîòíîøåíèå ¾íàäåæíîñòü�áûñòðîäåéñòâèå¿ ï î ñðàâíåíèþ ñ ôèêñèðîâàí-
íîé ðàçâåðòêîé [12]. Àíàëîãè÷íîå ñâîéñòâî ñïðàâåäëèâî òàê æå è ïðè àíàëèçå è ðàñïîçíà-
âàíèè 3D èçîáðàæåíèé. Ïîêàæåì ïðåèìóùåñòâî ñòîõàñòè÷åñêî ãî ñïîñîáà àíàëèçà ïåðåä
äåòåðìèíèðîâàííûìè ðàçâåðòêàìè íà ïðîñòîì ïðèìåðå áðîñàí èÿ òî÷êè íà îêðóæíîñòü,
êîòîðûé î÷åíü õîðîøî ðàñêðîåò îáùóþ èäåþ.

Çàäà÷à ýêñïåðèìåíòà ñîñòîèò â òîì, ÷òîáû îöåíèòü ìèíèìàëüí óþ ïîãðåøíîñòü îòêëî-
íåíèÿ ñëó÷àéíî áðîñàåìîé òî÷êè íà îêðóæíîñòü îò ìíîæåñòâà ð àññòàâëåííûõ íà íåé òî-
÷åê. Äëÿ ôèêñèðîâàííîé ðàçâåðòêè èç N òî÷åê (ðèñ. 5,à) íà îêðóæíîñòè îáðàçóþòñÿ N äóã
ðàâíîé äëèíû 2� / N . Ïîýòîìó ìèíèìàëüíîå îòêëîíåíèå â õóäøåì ñëó÷àå ñîñòàâèò � / N ,
êîãäà áðîñàåìàÿ òî÷êà áóäåò ëåæàòü â öåíòðå äóãè ìåæäó äâóìÿòî÷êàìè èñõîäíîé ðàç-
âåðòêè.

(à) (á) (â)

Ðèñ. 5 Ðàññòàíîâêà òî÷åê íà îêðóæíîñòè ñòîõàñòè÷åñêèì è äåòåðìèí èðîâàííûì ñïîñîáîì
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Äëÿ ñòîõàñòè÷åñêîãî ñïîñîáà ðàññòàíîâêè òî÷åê äåëî îáñòîè ò èíà÷å (ðèñ. 5,á). Íå
óìåíüøàÿ îáùíîñòè, ïóñòü áðîñàåìàÿ òî÷êà ïîïàëà â ìåñòî (0; 1). Ìàêñèìàëüíàÿ ïîãðåø-
íîñòü ðàâíà � , êîãäà áðîñàåìàÿ òî÷êà è íàèáîëåå óäàëåííàÿ òî÷êà ðàçâåðòêè áóäóò ÿâëÿòü-
ñÿ äèàìåòðàëüíî ïðîòèâîïîëîæíûìè. Òàê êàê òî÷êè ëåâîé è ïðà âîé ïîëîâèíû îêðóæíîñòè
ðàâíîóäàëåíû îò òî÷êè (0; 1) è äàþò îäèíàêîâîå ñèììåòðè÷íîå îòêëîíåíèå â ïðåäåëàõ äî � ,
òî àíàëèç ìèíèìàëüíîãî îòêëîíåíèÿ áðîñàåìîé òî÷êè îò ìíîæå ñòâà ïîñòðîåííûõ òî÷åê
íà îêðóæíîñòè ðàâíîñèëåí àíàëèçó ìèíèìàëüíîãî îòêëîíåíèÿ äëÿ òî÷åê òîëüêî äëÿ îä-
íîé ïîëîâèíû îêðóæíîñòè, íàïðèìåð, åñëè ñïðîåöèðîâàòü ãîð èçîíòàëüíî òî÷êè ïðàâîé
ïîëîâèíû îêðóæíîñòè íà ëåâóþ (ðèñ. 5, â). Â ýòîì ñëó÷àå äëÿ ðàâíîìåðíîãî ðàñïðåäåëå-
íèÿ îæèäàåìîå ìèíèìàëüíîå îòêëîíåíèå äëÿ N òî÷åê áóäåò ðàâíî � / ( N + 1) , òàê êàê îíè
ìåæäó òî÷êîé (0; 1) è äèàìåòðàëüíî óäàëåííîé (0; � 1) îáðàçóþò N + 1 äóãó ñ îæèäàåìîé
ñðåäíåé äëèíîé � / ( N + 1) .

Äàííûå ðàññóæäåíèÿ àíàëîãè÷íû è ñïðàâåäëèâû äëÿ ëþáîé áðîñ àåìîé òî÷êè íà
îêðóæíîñòè, îòëè÷íîé îò (0; 1). Òàê êàê� / ( N + 1) < � / N , òî ñòîõàñòè÷åñêèé ñïîñîá ðàñ-
ñòàíîâêè òî÷åê áîëåå ýôôåêòèâåí, ÷åì äåòåðìèíèðîâàííûé. Ï ðîâåäåííûå ïðàêòè÷åñêèå
ýêñïåðèìåíòû â ñðåäå ïàêåòà MathCAD 15 M030 ïîêàçàëè ñïðàâåäëèâîñòü ïðèâåäåííûõ
âûøå òåîðåòè÷åñêèõ îöåíîê. Äðóãèå àíàëîãè÷íûå òåîðåòè÷åñêèå îöåíêè, ïîäòâåðæäàþùèå
ýôôåêòèâíîñòü è ïðåèìóùåñòâî ìåòîäîâ ñòîõàñòè÷åñêîé ãåîì åòðèè, ìîæíî íàéòè â [16].

Íèæå ïðèâåäåíû ðåçóëüòàòû ýêñïåðèìåíòà äëÿ äîêàçàòåëüñòâà ïðåèìóùåñòâ ñòîõàñòè-
÷åñêîãî ñïîñîáà ñêàíèðîâàíèÿ ïåðåä äåòåðìèíèðîâàííîé ðàç âåðòêîé ñ òî÷êè çðåíèÿ ñîîò-
íîøåíèÿ ¾òî÷íîñòü�áûñòðîäåéñòâèå¿. Â êà÷åñòâå 3D èçîáðàæåíèÿ áûë âçÿò îáúåêò ¾ïàóê¿
ïîä íîìåðîì m16 èç èçâåñòíîé áàçû äàííûõ Ïðèíñòîíñêîãî óíèâåðñèòåòà The Princeton
Shape Benchmark[17]. Â êà÷åñòâå êðèòåðèÿ îöåíêè ðåçóëüòàòîâ ðàáîòû àëãîðèòìà áûë
èñïîëüçîâàí êîýôôèöèåíò óäåëüíîé ïîãðåøíîñòè âû÷èñëåíèÿ ïðèçíàêà:

� =
jTrueFeat � CalcFeatj

TrueFeat
;

ãäå TrueFeat � èñòèííîå çíà÷åíèå ïðèçíàêà, à CalcFeat � âû÷è ñëåííîå çíà÷åíèå ïðèçíàêà.
Â êà÷åñòâå àíàëèçèðóåìîãî ïðèçíàêà áûëà âûáðàíà ìàêñèìàëü íàÿ äëèíà îòðåçêà, êîòî-

ðûé ìîæåò áûòü ïîìåùåí âîâíóòðü 3D îáúåêòà. Òî÷íîå çíà÷åíèå äàííîãî ïðèçíàêà ìîæíî
âû÷èñëèòü äëÿ ïðîèçâîëüíî âçÿòîãî 3D èçîáðàæåíèÿ, ïåðåáðà â âñå ïîïàðíûå ðàññòîÿíèÿ
ìåæäó âåðøèíàìè 3D ìîäåëè. Îïèñàíèå äàííîãî ïðèçíàêà ïðèâå äåíî íèæå:

Res(F ) = Hyper� � Hyper
 � HyperP � HyperT(� � P � T) :

Çäåñü
T( Fsect

\
l (�; � )) = max

t
(f (�; �; t )); P = max

�
g(�; � ); � = max

�
g(� );

HyperT(F
\

B(� (!; ' ); r )) = �( Fsect) = G(!; '; r ); HyperP = Row3D � � r ;

Hyper
 = max
!

G(!; ' ); Hyper� = max
'

G(' );

ãäåf (�; �; t ) � äëèíà t-ãî îòðåçêà, âûñåêàåìîãî � -é ïðÿìîé ïîä � -ì óãëîì íàêëîíà â ïëîñ-
êîñòè ñå÷åíèÿ Fsect; �( Fsect) = G(!; '; r ) � ïðèçíàê ñå÷åíèÿ (ìàêñèìàëüíàÿ äëèíà îòðåç-
êà), ïîëó÷àåìîãî ïåðåñå÷åíèåì r -é ïëîñêîñòè B(� (!; ' ); r ) ïîä ïàðîé (!; ' ) óãëîâ îáçîðà;
Row3D � êîëè÷åñòâî íåíóëåâûõ ýëåìåíòîâ ãëóáèííûõ ñòðîêàõ ì àòðèöû 3TM (îñü 0r ).

Ýêñïåðèìåíò ñîñòîÿë èç äâóõ áëîêîâ. Ïåðâûé áëîê îöåíèâàë ïð è îäèíàêîâûõ ïàðà-
ìåòðàõ ñêàíèðîâàíèÿ, íà ñêîëüêî ïðîöåíòîâ óâåëè÷èòñÿ òî÷í îñòü ðàñïîçíàâàíèÿ îáúåê-
òà (òî÷íîñòü âû÷èñëåíèÿ ïðèçíàêà) ïðè èñïîëüçîâàíèè ñòîõà ñòè÷åñêîãî ñêàíèðîâàíèÿ ïî
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Ðèñ. 6 Ñðàâíèòåëüíàÿ äèàãðàììà ðåçóëüòàòîâ îòíîøåíèé ñòîõàñòè÷ åñêîãî ñêàíèðîâàíèÿ è äå-
òåðìèíèðîâàííîé ðàçâåðòêè

ñðàâíåíèþ ñ äåòåðìèíèðîâàííîé ðàçâåðòêîé. Âòîðîé áëîê ñîñ òîÿë â îïðåäåëåíèè òàêèõ
ïàðàìåòðîâ ñêàíèðîâàíèÿ, ÷òîáû çà ìåíüøåå âðåìÿ ðàáîòû àëã îðèòìà (øàã ñêàíèðîâàíèÿ
êðóïíåå) äîñòè÷ü ïðèáëèçèòåëüíî òîò æå óðîâåíü òî÷íîñòè äë ÿ ñòîõàñòè÷åñêîãî ñêàíèðî-
âàíèÿ, êàê è äëÿ äåòåðìèíèðîâàííîé ðàçâåðòêè. Ãîðèçîíòàëü íàÿ îñü ïîêàçûâàåò ðåçóëüòà-
òû ýêñïåðèìåíòîâ êàæäîãî áëîêà. Ïîëîæèòåëüíûå çíà÷åíèÿ âå ðòèêàëüíîé îñè ïîêàçûâàåò
ïðåèìóùåñòâî ñòîõàñòè÷åñêîãî ñïîñîáà ñêàíèðîâàíèÿ ïåðåä äåòåðìèíèðîâàííûì, îòðèöà-
òåëüíûå çíà÷åíèÿ � íàîáîðîò:

� i;j =
Si;j � D i;j

Si;j
;

ãäåSi;j � çíà÷åíèå ïîêàçàòåëÿ, âû÷èñëåííîãî ñòîõàñòè÷åñêèì ñïîñî áîì ñêàíèðîâàíèÿ 3D
èçîáðàæåíèÿ; D i;j � çíà÷åíèå ïîêàçàòåëÿ, âû÷èñëåííîãî äåòåðìèíèðîâàííûì ñï îñîáîì
ñêàíèðîâàíèÿ 3D èçîáðàæåíèÿ. Ïðè i = 1 ïîêàçàòåëü îïðåäåëÿåò âðåìÿ âû÷èñëåíèÿ ïðè-
çíàêà, ïðè i = 2 � çíà÷åíèå ïðèçíàêà. Ïåðåìåííàÿ j îïðåäåëÿåò áëîê ýêñïåðèìåíòà.

Êàê âèäíî èç ïðåäñòàâëåííîé äèàãðàììû (ðèñ. 6), ïðåèìóùåñò âî ñòîõàñòè÷åñêîãî ñêà-
íèðîâàíèÿ ïåðåä äåòåðìèíèðîâàííîé ðàçâåðòêîé î÷åâèäíî. Ï ðè ýòîì âî âòîðîì áëîêå
ýêñïåðèìåíòà ïðèðîñò âû÷èñëÿåìîãî ïîêàçàòåëÿ (ïðèðîñò áû ñòðîäåéñòâèÿ) çàìåòíî âû-
øå, ÷åì â ïåðâîì áëîêå (òî÷íîñòü âû÷èñëåíèé ïðèçíàêà). Ïðè ý òîì ïðè óïîðå íà áûñòðî-
äåéñòâèå ïðèðîñò ýôôåêòèâíîñòè çàìåòíî âûøå, ÷åì ïðè óïîðå íà òî÷íîñòü âû÷èñëåíèé
ïðèçíàêà. Ýòî îáúÿñíÿåòñÿ êîìáèíàòîðíûì ñîêðàùåíèåì ÷èñë à ñêàíèðîâàíèé èç-çà êîì-
ïîçèöèîííîé ñòðóêòóðû ïðèçíàêà. Ñòîèò îòìåòèòü òàêæå, ÷òî âîçìîæíîñòü ðåãóëèðîâà-
íèÿ òàêîãî ñâîéñòâà ãèïåðòðåéñ-ïðåîáðàçîâàíèÿ, êàê âûáîð ìåæäó ñêîðîñòüþ âû÷èñëåíèé
è òî÷íîñòüþ, ïîâûøàåò ãèáêîñòü ñòîõàñòè÷åñêîãî ðàñïîçíàâ àíèÿ 3D èçîáðàæåíèé. Äðóãèå
ýêñïåðèìåíòû ïî ïðîâåðêå ñâîéñòâ ãèïåðòðåéñ-ïðåîáðàçîâà íèÿ ïðè àíàëèçå è ðàñïîçíàâà-
íèè 3D èçîáðàæåíèé ìîæíî íàéòè â ðàáîòàõ [18, 19].
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7 Çàêëþ÷åíèå
Â íàñòîÿùåé ñòàòüå äëÿ ðåøåíèÿ çàäà÷è àíàëèçà è ðàñïîçíàâàí èÿ 3D èçîáðàæåíèé

âïåðâûå áûë ïðåäëîæåí íîâûé ïîäõîä ñ ïîçèöèè ñòîõàñòè÷åñêî é ãåîìåòðèè è ôóíêöèî-
íàëüíîãî àíàëèçà, êîòîðûé ïîçâîëÿåò àíàëèçèðîâàòü ïðîñòð àíñòâåííûå îáúåêòû áåç ïðåä-
âàðèòåëüíîãî èõ óïðîùåíèÿ è ïîñòðîåíèÿ ïðîåêöèé íà ïëîñêîñ òè, àíàëèçèðóÿ íåïîñðåä-
ñòâåííî èõ 3D ôîðìó. Äàííûé ïîäõîä îáëàäàåò îïðåäåëåííîé óí èâåðñàëüíîñòüþ, òàê êàê
òåõíèêà ñêàíèðîâàíèÿ ïëîñêîñòÿìè íå ïðèâÿçàíà ê ãåîìåòðè÷ åñêèì îñîáåííîñòÿì 3D èçîá-
ðàæåíèÿ, ïîýòîìó ãèïåðòðåéñ-ïðåîáðàçîâàíèå ñïîñîáíî ýôô åêòèâíî ðàñïîçíàâàòü 3D îáú-
åêòû ëþáîé ôîðìû è ñòðóêòóðû.

Íîâîå ãåîìåòðè÷åñêîå ãèïåðòðåéñ-ïðåîáðàçîâàíèå áëàãîäà ðÿ îïèñàííîìó ìåòîäó ïî-
ñòðîåíèÿ ãèïåðòðèïëåòíûõ ïðèçíàêîâ ïîçâîëÿåò íå òîëüêî ñî çäàâàòü èíâàðèàíòíîå îïè-
ñàíèå 3D èçîáðàæåíèÿ, íî è àíàëèçèðîâàòü åãî îñîáåííîñòè è ã åîìåòðèþ ïîâåðõíîñòè.

Ðàçðàáîòàííàÿ ïðîöåäóðà ìèíèìèçàöèè ïðèçíàêîâîãî ïðîñòð àíñòâà ïîçâîëÿåò íå òîëü-
êî îòáèðàòü çàäàííîå ÷èñëî èíôîðìàòèâíûõ ïðèçíàêîâ, íî è ïð èñâàèâàòü êàæäîìó èç íèõ
âåñîâîé êîýôôèöèåíò, îáîçíà÷àþùèé åãî ðàçëè÷àþùóþ ñèëó â ç àâèñèìîñòè îò ïðåäúÿâëÿ-
åìîãî êëàññà 3D èçîáðàæåíèÿ. Òàêæå ñòîèò îòìåòèòü, ÷òî öåëü ñòàòüè ñîñòîÿëà íå â ðàç-
ðàáîòêå óíèâåðñàëüíîé ïðîöåäóðû ìèíèìèçàöèè ïðèçíàêîâîã î ïðîñòðàíñòâà, à â âîçìîæ-
íîñòè ïðèìåíåíèÿ äàííîé ïðîöåäóðû ïðè ñòîõàñòè÷åñêîì ìåòî äå ðàñïîçíàâàíèÿ, êîòîðàÿ
áû îáëàäàëà äîïîëíèòåëüíûì ïðåèìóùåñòâîì: èìåëàñü âîçìîæ íîñòü ó÷èòûâàòü âåñîâûå
çíà÷åíèÿ êîýôôèöèåíòîâ ïðèçíàêîâ â çàâèñèìîñòè îò êëàññîâ 3D èçîáðàæåíèé. Íàëè-
÷èå äàííîãî ñâîéñòâà ïîçâîëÿåò ïîâûñèòü íàäåæíîñòü ñòîõàñ òè÷åñêîãî ðàñïîçíàâàíèÿ 3D
èçîáðàæåíèé ãèïåðòðåéñ-ïðåîáðàçîâàíèåì.

Èñïîëüçóÿ îñîáåííîñòè êîíñòðóèðîâàíèÿ ãèïåðòðèïëåòíûõ ï ðèçíàêîâ, ìîæíî èñïîëü-
çîâàòü ïðîñòóþ ïðîöåäóðó ìèíèìèçàöèè ïðèçíàêîâîãî ïðîñòð àíñòâà è ðåøàþùåå ïðàâè-
ëî. Îïîðà íà ìèíèìàëüíûé íàáîð ýôôåêòèâíûõ ïðèçíàêîâ çíà÷è òåëüíî ñîêðàùàåò âðåìÿ
ðàáîòû ðàñïîçíàþùåãî àëãîðèòìà

Ââèäó ñëîæíîñòè ðàçðàáîòêè â îáùåì âèäå åäèíîé ìåòîäîëîãèè îòáîðà èíôîðìàòèâ-
íûõ íåêîððåëèðóåìûõ ïðèçíàêîâ è åå îöåíêè, à òàêæå îãðàíè÷å ííîãî îáúåìà ñòàòüè, â äàí-
íîé ðàáîòå îòñóòñòâóåò ñðàâíåíèå ïðîöåäóðû ìèíèìèçàöèè ïð èçíàêîâîãî ïðîñòðàíñòâà
ñ äðóãèìè ïîäõîäàìè.

Àâòîðû ïëàíèðóþò ðàçâèòü äàííûé ìåòîä äëÿ àíàëèçà íå òîëüêî áèíàðíûõ (êîíòóð-
íûõ) è ìîíîõðîìíûõ 3D èçîáðàæåíèé [15], íî òàêæå è öâåòíûõ è ò åêñòóðíûõ 3D èçîáðà-
æåíèé. Àíàëîãè÷íûå ðåçóëüòàòû óæå áûëè ïîëó÷åíû ïðè àíàëèç å öâåòíûõ è òåêñòóðíûõ
2D èçîáðàæåíèé â [20�22]. Èíòåëëåêòóàëüíûé óðîâåíü ãèïåðò ðåéñ-ïðåîáðàçîâàíèÿ ìîæåò
áûòü ïîâûøåí áëàãîäàðÿ ðàçâèòèþ ìåòîäà äëÿ èíòåëëåêòóàëüí îãî àíàëèçà è ðàñïîçíàâà-
íèÿ äåôîðìèðîâàííûõ è ïîâðåæäåííûõ 3D îáúåêòîâ, äëÿ èçó÷åí èÿ òîïîëîãèè èõ ïîâåðõ-
íîñòè. Óæå åñòü ïåðâàÿ ïóáëèêàöèÿ â äàííîì íàïðàâëåíèè [23] .
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Èññëåäóåòñÿ ìîäåëü, îïèñûâàþùàÿ ïðîöåññ ãðóçîïåðåâîçîê, ðåàëèçóåìûé â ðàìêàõ ðÿ-
äà òåõíîëîãèé. Ðàññìàòðèâàþòñÿ ÷åòûðå âàðèàíòà ìîäåëè. Ïå ðâûé âàðèàíò îïèñûâàåò
òðàíñíàöèîíàëüíûå òðàíñïîðòíûå ïåðåâîçêè, ò. å. ïåðåâîçê è áåç âûäåëåííûõ íà÷àëüíîé
ñòàíöèè îòïðàâëåíèÿ è êîíå÷íîé ñòàíöèè ðàñïðåäåëåíèÿ ãðóç îâ. Âòîðîé âàðèàíò îïè-
ñûâàåò òðàíñïîðòíûå ïåðåâîçêè ñ âûäåëåííîé íà÷àëüíîé ñòàí öèåé îòïðàâëåíèÿ ãðóçîâ.
Òðåòèé âàðèàíò îïèñûâàåò òðàíñïîðòíûå ïåðåâîçêè ñ âûäåëåí íûìè íà÷àëüíîé ñòàíöèåé
îòïðàâëåíèÿ è êîíå÷íîé ñòàíöèåé ðàñïðåäåëåíèÿ ãðóçîâ. ×åò âåðòûé âàðèàíò îïèñûâàåò
òðàíñïîðòíûå ïåðåâîçêè ïî êðóãîâîé öåïî÷êå ñòàíöèé. Äëÿ âñ åõ âàðèàíòîâ ìîäåëè èçó÷à-
þòñÿ ðåæèìû ãðóçîïåðåâîçîê, óäîâëåòâîðÿþùèå çàäàííîé ñèñ òåìå êîíòðîëÿ. Òàêèå ðåæè-
ìû îïèñûâàþòñÿ ðåøåíèÿìè òèïà áåãóùåé âîëíû äëÿ íåëèíåéíîã î êîíå÷íî-ðàçíîñòíîãî
àíàëîãà óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà. Îïèñàíû âîçìîæíû å ðåæèìû ãðóçîïåðåâîçîê,
èññëåäîâàí âîïðîñ óñòîé÷èâîñòè ñòàöèîíàðíûõ ðåæèìîâ.
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ðåøåíèÿ òèïà áåãóùåé âîëíû; óñòîé÷èâîñòü; äèíàìè÷åñêèå ìî äåëè ãðóçîïåðåâîçîê
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Dynamic model of organization of cargo transportation �

L. A. Beklaryan and N. K. Khachatryan
CEMI RAS, 47 Nachimovky prospect, Moscow, Russia

The model describing the process of cargo transportation realized through a number of tech-
nologies is investigated. Four versions of the model are considered. The �rst version of the
model describes the transnational cargo transportation without dedicated initial departure
station and the �nal station cargo distribution. This versi on of the model describes the cargo,
for which both the �rst and the last stations are not nodes. For such cargo transportation, it
is important to describe the rule of interaction of intermediate stations. The second version of
the model describes the transport cargo with a dedicated initial departure station. This version
of the model describes the cargo on the long section of the route where the initial departure
station is nodular. The role of the station is the most signi� cant problem in the organization
of cargo and, therefore, it has extra capacity. For such cargo transportation, it is important to
describe the rule of interaction between the �rst station and intermediate stations, as well as
the rule of interaction between intermediate stations. Thethird version of the model describes
the cargo transportation between dedicated initial departure station and �nal station. This
version of the model describes the cargo on the long section of the route between the two node
stations. In the problem of transport cargo organization, node stations play the most important
role; therefore, they have additional capacity. For such cargo transportation, it is important to
describe the rules of interaction of nodal stations with intermediate stations and the rules of
interaction between intermediate stations. The fourth version of the model describes the cargo
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transportation in a circular chain of stations. For all versions of the model, the modes of freight
satisfying given control system are studied. Such regimes are described by traveling wave type
solutions of nonlinear �nite-di�erence analogue of a parabolic equation. The possible modes of
freight are described, the issue of stability of stationaryregimes is investigated.
Keywords: nonlinear �nite-di�erence analogue of a parabolic equation; cargo transportation
models; traveling wave type solutions
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1 Ââåäåíèå
Ñðåäè ïðîáëåì, ñâÿçàííûõ ñ ðàáîòîé òðàíñïîðòà, öåíòðàëüíî å ìåñòî çàíèìàþò çàäà÷è

ïëàíèðîâàíèÿ è îðãàíèçàöèè ãðóçîïåðåâîçîê. Âïåðâûå ìåòîä û íàõîæäåíèÿ îïòèìàëüíîãî
ïëàíà ïåðåâîçîê â íàøåé ñòðàíå áûëè ïðåäëîæåíû â 1930-õ ãã. Â 1939 ã. Ë. Â. Êàíòî-
ðîâè÷åì [1] ìàòåìàòè÷åñêè îïèñàíà òðàíñïîðòíàÿ çàäà÷à ëèí åéíîãî ïðîãðàììèðîâàíèÿ.
Èì æå îïðåäåëåí öåëûé êëàññ çàäà÷, áëèçêèõ ê òðàíñïîðòíîé, ï ðåäëîæåí àëãîðèòì äëÿ
ðåøåíèÿ òðàíñïîðòíîé çàäà÷è, íàçâàííûé ìåòîäîì ðàçðåøàþù èõ ìíîæèòåëåé. Â 1949 ã.
Ë. Â. Êàíòîðîâè÷ è Ì. Ê. Ãàâóðèí îïóáëèêîâàëè ðàáîòó [2], â êî òîðîé ðåøàëàñü òðàíñïîðò-
íàÿ çàäà÷à ñ îãðàíè÷åíèÿìè íà ïðîïóñêíûå ñïîñîáíîñòè. Èñïî ëüçóÿ èäåè îáùåãî ìåòîäà
Ë. Â. Êàíòîðîâè÷à, äëÿ ðåøåíèÿ çàäà÷ ëèíåéíîãî ïðîãðàììèðî âàíèÿ áûë ðàçðàáîòàí ìå-
òîä ïîòåíöèàëîâ. ×åðåç ãîä ýòîò æå ìåòîä áûë ïðåäëîæåí Äæ. Äà íöèãîì è Ô. Âîëüôîì [3].
Â òî æå âðåìÿ â Ñîâåòñêîì Ñîþçå À. Ë. Ëóðüå [4] áûë ïðåäëîæåí ìå òîä ðåøåíèÿ òðàíñ-
ïîðòíîé çàäà÷è ïóòåì ïðèáëèæåíèÿ óñëîâíî-îïòèìàëüíûìè ïë àíàìè. Â 1985 ã. Î. È. Àâåí,
Ñ. Å. Ëîâåöêèé è Ã. Å. Ìîèñååíêî îïóáëèêîâàëè ðàáîòó [5], ïîñ âÿùåííóþ ïðîáëåìàì îïòè-
ìàëüíîãî ïëàíèðîâàíèÿ è óïðàâëåíèÿ òðàíñïîðòíûìè ïîòîêàì è íà òðàíñïîðòíûõ ñåòÿõ.
Áûëè ðàññìîòðåíû ìàòåìàòè÷åñêèå ìîäåëè òðàíñïîðòíûõ ñåòå é è òðàíñïîðòíûõ ïîòîêîâ
(îäíîðîäíûé òðàíñïîðòíûé ïîòîê, ïîòîê ñ óñèëåíèÿìè è îñëàá ëåíèÿìè, ïîòîê íåñêîëüêèõ
âèäîâ íà òðàíñïîðòíîé ñåòè ñ îãðàíè÷åííîé ïðîïóñêíîé ñïîñî áíîñòüþ çâåíüåâ, äèíàìè÷å-
ñêèé òðàíñïîðòíûé ïîòîê).

Äðóãîé âàæíîé çàäà÷åé, ñâÿçàííîé ñ ðàáîòîé òðàíñïîðòà, ÿâë ÿåòñÿ îðãàíèçàöèÿ ãðóçî-
ïåðåâîçîê. Òàêàÿ çàäà÷à ðàññìîòðåíà â [6�14]. Ñåòü ãðóçîïåðåâîçîê íà æåëåçíîäîðîæíîì
òðàíñïîðòå ïðåäñòàâëÿåò ñîáîé áîëüøóþ ñëîæíóþ ñèñòåìó, ìî äåëèðîâàíèå êîòîðîé ñâÿ-
çàíî ñ äîïîëíèòåëüíûìè òðóäíîñòÿìè èç-çà ñëîæíîñòè ñåòè äî ðîã è ìíîãîîáðàçèÿ äâèæå-
íèÿ ïîåçäîâ. Ïðè èññëåäîâàíèè õàðàêòåðèñòèê ñèñòåìû æåëåç íîäîðîæíûõ ãðóçîïåðåâîçîê
â öåëîì öåëåñîîáðàçíî èñïîëüçîâàòü ãðóáûå ìîäåëè, â êîòîðû å ââîäÿòñÿ ñóùåñòâåííûå àï-
ïðîêñèìàöèè, à ðÿä äåòàëåé íå ó÷èòûâàåòñÿ. Â òî æå âðåìÿ ïðè ä åòàëüíîì èññëåäîâàíèè
èçîëèðîâàííûõ ó÷àñòêîâ ñåòè èñïîëüçóåòñÿ òî÷íàÿ ìîäåëü, â êîòîðîé ñâÿçè äàííîãî ó÷àñò-
êà ñ äðóãèìè áîëåå èëè ìåíåå îïóñêàþòñÿ è äåòàëüíî èññëåäóåòñÿ òîëüêî ýòîò ó÷àñòîê. Ïðè
ýòîì íå ñëåäóåò óïóñêàòü èç âèäó îòêëîíåíèå ìîäåëè îò ðåàëüí îé ñåòè â ïåðâîì ñëó÷àå
è íåäîó÷åò ñâÿçåé ó÷àñòêîâ âî âòîðîì. Ñîçäàâàòü ìîäåëü, êîò îðàÿ òî÷íî ïðåäñòàâëÿåò âñå
äåòàëè, áåññìûñëåííî, ïîñêîëüêó ýòî ïðèâîäèò ê íåîáîñíîâà ííîìó óñëîæíåíèþ ïðîöåññà
åå ïðîåêòèðîâàíèÿ, ïîýòîìó ïðè ìîäåëèðîâàíèè âñåãäà èñïîë üçóåòñÿ ðÿä àïïðîêñèìàöèé
ðåàëüíûõ õàðàêòåðèñòèê äâèæåíèÿ ïîåçäîâ.

Äàííàÿ ðàáîòà ïîñâÿùåíà äåòàëüíîìó èçó÷åíèþ ïðîöåññà îðãà íèçàöèè ãðóçîïåðåâîçîê
â öåëîì. Â íåé ïîñòðîåíà è èññëåäîâàíà äèíàìè÷åñêàÿ ìîäåëü î ðãàíèçàöèè ãðóçîïåðåâî-
çîê íà ïðîòÿæåííîì ó÷àñòêå ïóòè ñ áîëüøèì êîëè÷åñòâîì ïðîìå æóòî÷íûõ ñòàíöèé, ÷åðåç
êîòîðûå ïðîõîäèò ãðóçîïîòîê. Ïðåäïîëàãàåòñÿ, ÷òî ìåæäó äâ óìÿ ñîñåäíèìè ñòàíöèÿìè ñó-
ùåñòâóåò ìåæñòàíöèîííûé ïåðåãîííûé ïóòü, ãäå âðåìåííî ìîæ åò õðàíèòüñÿ ÷àñòü ãðóçîâ.
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Åìêîñòü ïåðåãîííûõ ïóòåé ñ÷èòàåì íåîãðàíè÷åííîé. Äâèæåíè å ãðóçîâ ïðîèñõîäèò â îä-
íîì íàïðàâëåíèè. Íà ïðîèçâîëüíóþ ïðîìåæóòî÷íóþ ñòàíöèþ ãð óç ìîæåò ïîñòóïàòü êàê
ñ ïðåäûäóùåé ñòàíöèè, òàê è ñ ïåðåãîííîãî ïóòè, ðàñïîëîæåíí îãî ìåæäó íèìè. Àíàëî-
ãè÷íî ñ ïðîèçâîëüíîé ïðîìåæóòî÷íîé ñòàíöèè ãðóç ìîæåò áûòü îòïðàâëåí ëèáî íà ñëåäó-
þùóþ ñòàíöèþ, ëèáî íà ïåðåãîííûé ïóòü, ðàñïîëîæåííûé ìåæäó íèìè. Ðàññìàòðèâàþòñÿ
÷åòûðå âàðèàíòà ìîäåëè.

2 Ìîäåëü òðàíñíàöèîíàëüíûõ ãðóçîïåðåâîçîê
Òàêàÿ ìîäåëü îïèñûâàåò äâèæåíèå ãðóçîïîòîêà áåç âûäåëåííû õ íà÷àëüíîé ñòàíöèè îò-

ïðàâëåíèÿ è êîíå÷íîé ñòàíöèè ðàñïðåäåëåíèÿ ãðóçîâ, âñëåäñ òâèå ÷åãî ñ÷èòàåì, ÷òî ÷èñëî
ïðîìåæóòî÷íûõ ñòàíöèé áåñêîíå÷íî êàê â ïðàâóþ, òàê è â ëåâóþ ñòîðîíû. Ðàáîòà âñåõ
ñòàíöèé ñîñòîèò èç ïðèåìà, îáðàáîòêè è îòïðàâêè ãðóçîâ, à ñà ìè ñòàíöèè èìåþò çàäàííóþ
ïðîïóñêíóþ ñïîñîáíîñòü. Ïîä ïðîïóñêíîé ñïîñîáíîñòüþ ïîíè ìàåì ìàêñèìàëüíûé îáúåì
ãðóçîâ, êîòîðûé ìîæåò ïðîéòè ÷åðåç ïðîìåæóòî÷íóþ ñòàíöèþ ç à åäèíè÷íûé îòðåçîê âðå-
ìåíè. Îáðàáîòêà ãðóçîâ ïðîèñõîäèò â óçëàõ ñòàíöèé. Â êàæäûé ìîìåíò âðåìåíè ÷èñëî
çàäåéñòâîâàííûõ óçëîâ íà n-é ñòàíöèè îáîçíà÷èì ÷åðåç zn (t). Â êàæäîì óçëå â òå÷åíèå
åäèíèöû âðåìåíè îáðàáàòûâàåòñÿ åäèíè÷íûé îáúåì ãðóçîâ. Î÷ åâèäíî, ÷òî êîëè÷åñòâî
çàäåéñòâîâàííûõ óçëîâ îáðàáîòêè ãðóçîâ ïðè áåñïåðåáîéíîé ðàáîòå âñåé öåïè ïåðåâîçîê
îãðàíè÷åíî. Ìàêñèìàëüíîå êîëè÷åñòâî òàêèõ óçëîâ, îáîçíà÷ àåìîå ÷åðåç � , îïðåäåëÿåò
ïðîïóñêíóþ ñïîñîáíîñòü ñòàíöèé. Îðãàíèçàöèÿ ïîäîáíûõ ãðó çîïîòîêîâ çàâèñèò îò òåõíî-
ëîãèé ïî ïðèåìó, îáðàáîòêå è îòïðàâëåíèþ ãðóçîâ. Îïèøåì ýòè òåõíîëîãèè.

Ïåðâàÿ òåõíîëîãèÿ îñíîâàíà íà óñòàíîâëåííûõ íîðìàòèâíûõ ïðàâèëàõ âçàèìîäåé -
ñòâèÿ ñîñåäíèõ ñòàíöèé. Äëÿ êàæäîé ñòàíöèè ñ íîìåðîì i ñóùåñòâóþò ïðàâèëà âçàèìîäåé-
ñòâèÿ ñ ïðåäûäóùåé (i � 1)-é ñòàíöèåé è ïîñëåäóþùåé ( i + 1)-é ñòàíöèåé. Ñîãëàñíî ïðàâè-
ëó âçàèìîäåéñòâèÿ ñ ïðåäûäóùåé ñòàíöèåé ñòàíöèÿ ñ íîìåðîì i óâåëè÷èâàåò êîëè÷åñòâî
çàäåéñòâîâàííûõ óçëîâ ñ èíòåíñèâíîñòüþ � (zi � 1 � zi ), åñëè êîëè÷åñòâî çàäåéñòâîâàííûõ
óçëîâ íà íåé ìåíüøå, ÷åì íà ïðåäûäóùåé ñòàíöèè. Ïðè ýòîì ãðóç îïîòîê ïðèíèìàåòñÿ
ñ ïðåäûäóùåé ñòàíöèè. Â ïðîòèâíîì ñëó÷àå ñòàíöèÿ ñ íîìåðîì i óìåíüøàåò êîëè÷åñòâî
çàäåéñòâîâàííûõ óçëîâ ñ òàêîé æå èíòåíñèâíîñòüþ è ãðóçîïîò îê îòïðàâëÿåòñÿ íà ïåðå-
ãîííûé ïóòü.

Ñîãëàñíî ïðàâèëó âçàèìîäåéñòâèÿ ñ ïîñëåäóþùåé ñòàíöèåé ñò àíöèÿ ñ íîìåðîì i óìåíü-
øàåò êîëè÷åñòâî çàäåéñòâîâàííûõ óçëîâ ñ èíòåíñèâíîñòüþ � (zi � zi +1 ), åñëè êîëè÷åñòâî
çàäåéñòâîâàííûõ óçëîâ íà íåé áîëüøå, ÷åì íà ñëåäóþùåé ñòàíö èè. Ïðè ýòîì ãðóçîïîòîê
îòïðàâëÿåòñÿ íà ñëåäóþùóþ ñòàíöèþ. Â ïðîòèâíîì ñëó÷àå ñòàí öèÿ ñ íîìåðîì i óâåëè÷è-
âàåò êîëè÷åñòâî çàäåéñòâîâàííûõ óçëîâ ñ òàêîé æå èíòåíñèâíîñòüþ è ãðóçîïîòîê ïðèíè-
ìàåòñÿ ñ ïåðåãîííîãî ïóòè.

Ïåðâàÿ òåõíîëîãèÿ íå ó÷èòûâàåò óñëîâèå îãðàíè÷åííîñòè ïðî ïóñêíîé ñïîñîáíîñòè
ñòàíöèé. Êðîìå òîãî, îíà íå ïîçâîëÿåò èñïîëüçîâàòü âåñü ïîò åíöèàë ñòàíöèé. Â ñâÿçè
ñ ýòèì, íàðÿäó ñ ïåðâîé òåõíîëîãèåé, èñïîëüçóåòñÿ è èíàÿ òåõ íîëîãèÿ.

Âòîðàÿ òåõíîëîãèÿ ïîçâîëÿåò êàê óâåëè÷èòü ÷èñëî çàäåéñòâîâàííûõ óçëîâ (åñëè îíî
ìåíüøå � ), òàê è óìåíüøàòü (åñëè îíî ïðåâûøàåò � ). Ïðè ýòîì ãðóç ïðèíèìàåòñÿ ñ ïåðå-
ãîííîãî ïóòè ëèáî îòïðàâëÿåòñÿ íà ïåðåãîííûé ïóòü. Ôóíêöèÿ ' (�), çàäàþùàÿ ñêîðîñòü
èçìåíåíèÿ ÷èñëà çàäåéñòâîâàííûõ óçëîâ â ðàìêàõ âòîðîé òåõí îëîãèè, èìååò âèä, èçîáðà-
æåííûé íà ðèñ. 1.

Òàêèì îáðàçîì, ñ ó÷åòîì ðàáîòû ïåðâîé è âòîðîé òåõíîëîãèé ñê îðîñòü èçìåíåíèÿ ÷èñëà
çàäåéñòâîâàííûõ óçëîâ äëÿ i -é ñòàíöèè áóäåò îïèñûâàòüñÿ äèôôåðåíöèàëüíûì óðàâíå-



Ë. À. Áåêëàðÿí, Í. Ê. Õà÷àòðÿí 1818

Ðèñ. 1 Ñêîðîñòü èçìåíåíèÿ ÷èñëà çàäåéñòâîâàííûõ óçëîâ (âòîðàÿ òå õíîëîãèÿ)

íèåì:

_zi (t) = � (zi � 1 � zi ) � � (zi � zi +1 ) + ' (zi ); i 2 Z; t 2 [0; + 1 ): (1)

Äëÿ ãðóçîïåðåâîçîê íåîáõîäèìî èìåòü äåéñòâåííóþ è ïðîñòóþ ñèñòåìó êîíòðîëÿ. Îíà
çàêëþ÷àåòñÿ â òîì, ÷òî îáúåìû îáðàáàòûâàåìûõ ãðóçîâ äëÿ ëþá îãî ïëàíîâîãî èíòåðâàëà
âðåìåíè íà âñåõ ñòàíöèÿõ äîëæíû ñîâïàäàòü ñ îïðåäåëåííûì ëà ãîì âðåìåíè, åäèíûì äëÿ
âñåõ ñòàíöèé. Òàêîå óñëîâèå ìîæíî îïèñàòü â ñëåäóþùåì âèäå: ñóùåñòâóåò ÷èñëî� > 0,
íå çàâèñÿùåå îò t è i , òàêîå, ÷òî ïðè âñåõ i 2 Z è t 2 [0; + 1 ) âûïîëíÿåòñÿ ðàâåíñòâî:

zi (t) = zi +1 (t + � ): (2)

Ðåøåíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (1), óäîâëåòâ îðÿþùèå óñëîâèþ (2), íà-
çûâàþòñÿ ðåøåíèÿìè òèïà áåãóùåé âîëíû. Êîíñòàíòó � , êîòîðàÿ ÿâëÿåòñÿ ñäâèãîì ìåæäó
ìîìåíòàìè çàìåðîâ è ñðàâíåíèÿ îáúåìîâ ãðóçîâ, áóäåì íàçûâà òü õàðàêòåðèñòèêîé ñèñòå-
ìû êîíòðîëÿ. Òàêèì îáðàçîì, äàííàÿ ìîäåëü, îïèñûâàþùàÿ ïðî öåññ ãðóçîïåðåâîçîê è èõ
ñèñòåìó êîíòðîëÿ, çàäàåòñÿ ñ÷åòíîé ñèñòåìîé äèôôåðåíöèàë üíûõ óðàâíåíèé è óñëîâèåì,
çàäàþùèì áåãóùóþ âîëíó:

_zi (t) = �z i � 1 � 2�z i + �z i +1 + ' (zi ); i 2 Z; t 2 [0; + 1 ); (3)

zi (t) = zi +1 (t + � ); i 2 Z; t 2 [0; + 1 ): (4)

Îïðåäåëåíèå 1 [10]. Ñåìåéñòâî àáñîëþòíî íåïðåðûâíûõ ôóíêöèé f zi (�)gi 2 Z, îïðåäå-
ëåííûõ íà [0; + 1 ), íàçûâàåòñÿ ðåøåíèåì ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (3), åñëè
ïðè ïî÷òè âñåõ t 2 [0; + 1 ) ôóíêöèè zi (�) óäîâëåòâîðÿþò ýòîé ñèñòåìå. �

Äëÿ ëþáîãî � 2 (0; 1) îïðåäåëèì áàíàõîâû ïðîñòðàíñòâà (ïðîñòðàíñòâà ôóíêöèé ñ â å-
ñàìè)

L 1
� C(k) (R) =

�
x(�) : x(�) 2 C(k)(R; R); max

06 r 6 k
sup
t2 R






 x(r ) (t)e� � j t j








R
< + 1

�
; k = 0 ; 1; : : : ; � = e� �

è íîðìîé
kxk(k)

� = max
06 r 6 k

sup
t2 R






 x(r ) (t)e� � j t j








R
;
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Ðèñ. 2 Ôóíêöèè � 1(� ) è � 2(� )

à òàêæå âåêòîðíîå ïðîñòðàíñòâî K 1 =
Q + 1

�1 Ri ; Ri = R; i 2 Z c ýëåìåíòàìè { =
= f x i g+ 1

�1 ; x i 2 R; i 2 Z, è ñî ñòàíäàðòíîé òîïîëîãèåé ïîëíîãî ïðÿìîãî ïðîèçâåäåíèÿ .
Â ïðîñòðàíñòâå K 1 îïðåäåëèì ñåìåéñòâî ãèëüáåðòîâûõ ïîäïðîñòðàíñòâ

K 1
2� =

(

{ : { 2 K 1;
+ 1X

i = �1

jx i j2R � 2ji j < + 1

)

; � 2 (0; 1);

c íîðìîé

k{ k2� =

"
+ 1X

i = �1

jx i j2R � 2ji j

#1=2

:

Îáîçíà÷èì
M (� ) = � max[2�; L 0]

è ðàññìîòðèì íåðàâåíñòâî îòíîñèòåëüíî äâóõ ïåðåìåííûõ � 2 (0; + 1 ) è � 2 (0; 1)

M (� )[1 + 2� � 1] < ln � � 1; � 2 (0; 1): (5)

Ìíîæåñòâî ðåøåíèé íåðàâåíñòâà (5) îïèñûâàåòñÿ ôóíêöèÿìè � 1(� ) è � 2(� ), èçîáðàæåí-
íûìè íà ðèñ. 2.

Òåîðåìà 1 [10]. Äëÿ ëþáûõ íà÷àëüíûõ äàííûõ a > 0, �i 2 Z, íà÷àëüíîãî ìîìåíòà
âðåìåíè �t 2 [0; + 1 ) è õàðàêòåðèñòèê � , óäîâëåòâîðÿþùèõ óñëîâèþ 0 < � < �� , ñóùå-
ñòâóåò ðåøåíèå f zi (�)gi 2 Z óðàâíåíèÿ (3) òèïà áåãóùåé âîëíû (óñëîâèå (4)) ñ õàðàêòåðè-
ñòèêîé � , óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ z�i (�t) = a. Áîëåå òîãî, â òàêîì ðåøåíèè
äëÿ âñÿêîãî i 2 Z ôóíêöèÿ zi (�) ïðèíàäëåæèò ïðîñòðàíñòâó L 1

�p � C(0) ([0; + 1 )) ïðè ëþáîì
� 2 (� 1(� ); � 2(� )) . Òàêîå ðåøåíèå ÿâëÿåòñÿ åäèíñòâåííûì è íåïðåðûâíî çàâèñèò îò íà-
÷àëüíîãî óñëîâèÿ a, êàæäàÿ êîîðäèíàòà zi (�); i 2 Z, íåïðåðûâíî çàâèñèò îò íà÷àëüíîãî
óñëîâèÿ a êàê ýëåìåíò ïðîñòðàíñòâà L 1

�p � C(0) ([0; + 1 )). �

Ñèñòåìà (3)�(4) èìååò äâà ñòàöèîíàðíûõ ðåøåíèÿ òèïà áåãóùå é âîëíû:
�z1 � f� � � ; 0; 0; 0; � � � g; �z2 � f� � � ; � ; � ; � ; � � � g. Î÷åâèäíî, ÷òî òàêèå ðåøåíèÿ ïðèíàäëå-
æàò ïðîñòðàíñòâó K 1

2� ïðè ëþáîì � 2 (0; 1):
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Ðàññìîòðèì óðàâíåíèå

�� 2 � (2� + � )� + � = 0; (6)

ãäå� = � ' 0(�) . Ðåøåíèÿìè óðàâíåíèÿ (6) ÿâëÿþòñÿ ~� , ~~� , ïðè÷åì 0 < ~� < 1, ~~� > 1.
Îïðåäåëåíèå 2 [10]. Ñòàöèîíàðíîå ðåøåíèå �z = f �zi gi 2 Z ñèñòåìû óðàâíåíèé (3) â ôàçî-

âîì ïðîñòðàíñòâå K 1
2� ; � 2 (0; 1), íàçûâàåòñÿ óñòîé÷èâûì ïî Ëÿïóíîâó, åñëè ñóùåñòâóþò


 > 0 è �t > 0 òàêèå, ÷òî äëÿ ïðîèçâîëüíîãî d 2 K 1
2� , óäîâëåòâîðÿþùåãî óñëîâèþ kd �

� �zk2� < 
 , ðåøåíèå z(t) óðàâíåíèÿ (3) ñ íà÷àëüíûì óñëîâèåì z(�t) = d ñóùåñòâóåò; äëÿ
âñÿêîãî " > 0 ñóùåñòâóåò0 < � 1 < 
 òàêîå, ÷òî ïðè kd � �zk2� < � 1 ðåøåíèå z(t) óðàâíå-
íèÿ (3) ñ íà÷àëüíûì óñëîâèåì z(�t) = d óäîâëåòâîðÿåò óñëîâèþ kz(t) � �zk2� < " äëÿ âñåõ
t > �t:

Óñòîé÷èâîå ïî Ëÿïóíîâó ñòàöèîíàðíîå ðåøåíèå �z = f �zi gi 2 Z ñèñòåìû óðàâíåíèé (3)
â ôàçîâîì ïðîñòðàíñòâå K 1

2� ; � 2 (0; 1), íàçûâàåòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûì, åñëè
lim

t ! + 1
kz(t) � �zk2� = 0: �

Òåîðåìà 2 [10]. Äëÿ ëþáûõ �; � > 0 è õàðàêòåðèñòèê � 2 (0; + 1 ) ñòàöèîíàðíîå
ðåøåíèå �z2 = f� � � ; � ; � ; � ; � � � g óðàâíåíèÿ (3) â ôàçîâîì ïðîñòðàíñòâå K 1

2� , � 2 (~�; 1),
ÿâëÿåòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûì, à ñòàöèîíàðíîå ðåøåí èå �z1 = f� � � ; 0; 0; 0; � � � g
â ôàçîâîì ïðîñòðàíñòâå K 1

2� , � 2 (0; 1), ÿâëÿåòñÿ íåóñòîé÷èâûì . �
Îáîçíà÷èì

� max = supf � : � 6 �� ; � 2(� ) > ~� g:

Íà èíòåðâàëå (0; � max ] îïðåäåëÿåòñÿ ôóíêöèÿ � (� ) = max( ~�; � 1(� )) , ãðàôè÷åñêè èçîá-
ðàæåííàÿ íà ðèñ. 3 (ïðè ~� < �� � íà ðèñ. 3, à è ïðè ~� > �� � íà ðèñ. 3, á).

(à) (á)

Ðèñ. 3 Ôóíêöèÿ � (� ): (à) ~� < � ; (á) ~� > �

Îïðåäåëåíèå 3 [10]. Ñòàöèîíàðíîå ðåøåíèå �z = f �zi gi 2 Z; �zi = �zi +1 ; i 2 Z, òèïà áå-
ãóùåé âîëíû ñèñòåìû óðàâíåíèé (3) â ôàçîâîì ïðîñòðàíñòâå K 1

2� , � 2 (0; 1), íàçûâàåòñÿ
óñòîé÷èâûì ïî Ëÿïóíîâó ñðåäè ðåøåíèé òèïà áåãóùåé âîëíû ñ õà ðàêòåðèñòèêîé� , åñëè:
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îíî óñòîé÷èâî ïî Ëÿïóíîâó; ñóùåñòâóþò 
 > 0 è �t > 0 òàêèå, ÷òî äëÿ ïðîèçâîëüíîãî ÷èñ-
ëà d0, óäîâëåòâîðÿþùåãî óñëîâèþ jd0 � �z0j < 
 , ðåøåíèå z(t) = f zn (t)gn2 Z ñèñòåìû (3)�(4)
ñ íà÷àëüíûì óñëîâèåì z0(�t) = d0 ñóùåñòâóåò; äëÿ âñÿêîãî" > 0 ñóùåñòâóåò0 < � 2 < 

òàêîå, ÷òî èç óñëîâèÿ jd0 � �z0j < � 2 ñëåäóåò, ÷òî ðåøåíèåz(t) ñèñòåìû (3)�(4) ñ íà÷àëüíûì
óñëîâèåì z0(�t) = d0 óäîâëåòâîðÿåò óñëîâèþ jjz(t) � �zjj 2� < " äëÿ âñåõt > �t: �

Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 3 [10]. Äëÿ ëþáûõ �; � > 0 è õàðàêòåðèñòèê � 2 (0; � max) ñòàöèîíàðíîå

ðåøåíèå �z2 = f� � � ; � ; � ; � ; � � � g ñèñòåìû óðàâíåíèé (3) â ôàçîâîì ïðîñòðàíñòâå K 1
2� ,

� 2 (� (� ); � 2(� )) ÿâëÿåòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûì ñðåäè ðåøåíèé òèïà áåã óùåé
âîëíû ñ õàðàêòåðèñòèêîé � . �

3 Ìîäåëü ãðóçîïåðåâîçîê ñ âûäåëåííîé íà÷àëüíîé ñòàíöèåé îò -
ïðàâëåíèÿ ãðóçîâ

Â ïðåäûäóùåì ðàçäåëå áûëà ðàññìîòðåíà ìîäåëü òðàíñíàöèîíà ëüíûõ òðàíñïîðòíûõ
ïåðåâîçîê, ãäå ïðåäïîëàãàëîñü, ÷òî ìíîæåñòâî ïðîìåæóòî÷í ûõ ñòàíöèé áåñêîíå÷íî êàê â
ïðàâóþ, òàê è â ëåâóþ ñòîðîíû. Â äàííîì ðàçäåëå ðàññìîòðèì ìî äåëü òðàíñïîðòíûõ ïå-
ðåâîçîê ñ âûäåëåííîé íà÷àëüíîé ñòàíöèåé îòïðàâëåíèÿ ãðóçî â. Èòàê, ðàññìîòðèì ìîäåëü
òðàíñïîðòíûõ ïåðåâîçîê ñ íà÷àëüíîé ñòàíöèåé îòïðàâëåíèÿ ã ðóçîâ i = 0 è áîëüøèì êîëè-
÷åñòâîì ïðîìåæóòî÷íûõ ñòàíöèé i = 1; 2; : : : Òàê æå, êàê è â ïåðâîé ìîäåëè, îðãàíèçàöèÿ
ãðóçîïîòîêà îñóùåñòâëÿåòñÿ ïîñðåäñòâîì äâóõ òåõíîëîãèé.

Ïåðâàÿ òåõíîëîãèÿ . Íà ñòàíöèÿõ ñ íîìåðàìè i = 1; 2; ::: äåéñòâóåò ïåðâàÿ òåõíîëî-
ãèÿ, îïèñàííàÿ â ïðåäûäóùåì ïàðàãðàôå. Íà íà÷àëüíîé ñòàíöè è i = 0 ïåðâàÿ òåõíîëîãèÿ
îïðåäåëÿåòñÿ ñ ïîìîùüþ ïðàâèëà âçàèìîäåéñòâèÿ ñ ïîñëåäóþù åé ñòàíöèåé è ïðàâèëà ïî-
äà÷è ãðóçîâ íà íåå, îïðåäåëÿåìàÿ ôóíêöèåé  (t), çàâèñÿùåé îò ïåðåìåííîé âðåìåíè t > 0.
Ïðåäïîëàãàåì, ÷òî ôóíêöèÿ  (�) ÿâëÿåòñÿ êóñî÷íî áåñêîíå÷íî äèôôåðåíöèðóåìîé. Òàê
êàê íà÷àëüíàÿ ñòàíöèÿ ÿâëÿåòñÿ óçëîâîé, òî åñòåñòâåííî ïðå äïîëîæèòü, ÷òî îíà îáëà-
äàåò áîëüøèìè ìîùíîñòÿìè è ïðè íåîáõîäèìîñòè íà íåé ìîæíî ðå çêî èçìåíÿòü ÷èñëî
çàäåéñòâîâàííûõ óçëîâ, ÷åãî íåëüçÿ ñäåëàòü íà ïðîìåæóòî÷í ûõ ñòàíöèÿõ.

Âòîðàÿ òåõíîëîãèÿ . Äëÿ ïðîèçâîëüíîé ñòàíöèè ñ íîìåðîì i = 1; 2; ::: âòîðàÿ òåõíî-
ëîãèÿ â òî÷íîñòè ïîâòîðÿåò âòîðóþ òåõíîëîãèþ, îïèñàííóþ â ï ðåäûäóùåì ðàçäåëå. Äëÿ
íà÷àëüíîé ñòàíöèè i = 0 âòîðàÿ òåõíîëîãèÿ èç ïðåäûäóùåãî ïàðàãðàôà èñïîëüçóåòñÿ
òîëüêî äëÿ ðàçãðóçêè, ïîýòîìó ñêîðîñòü èçìåíåíèÿ ÷èñëà çàä åéñòâîâàííûõ óçëîâ îáðà-
áîòêè íà íà÷àëüíîé ñòàíöèè â ðàìêàõ âòîðîé òåõíîëîãèè îïèñû âàåòñÿ ôóíêöèåé ' 0(t),
çàâèñÿùåé îò êîëè÷åñòâà çàäåéñòâîâàííûõ óçëîâ íà íà÷àëüíî é ñòàíöèè, è óäîâëåòâîðÿåò
ñëåäóþùèì óñëîâèÿì: íà ïîëóïðÿìîé (�1 ; �] òîæäåñòâåííî ðàâíà íóëþ, à íà ïîëóïðÿìîé
[� ; + 1 ) ÿâëÿåòñÿ óáûâàþùåé ôóíêöèåé. Ïðåäïîëàãàåì, ÷òî ôóíêöèè ' 0(�) è ' (�) (îïðåäå-
ëåííàÿ â ïðåäûäóùåì ïàðàãðàôå) ÿâëÿþòñÿ áåñêîíå÷íî äèôôåð åíöèðóåìûìè. Î÷åâèäíî,
÷òî ïðè îáúåìå ãðóçîâ íà 0-é ñòàíöèè, íå ïðåâûøàþùåì � , èñïîëüçóåòñÿ òîëüêî ïåðâàÿ
òåõíîëîãèÿ.

Òàêèì îáðàçîì, ñ ó÷åòîì ðàáîòû ïåðâîé è âòîðîé òåõíîëîãèé, à òàêæå ñèñòåìû êîíòðî-
ëÿ, ïðîöåññ ãðóçîïåðåâîçîê áóäåò îïèñûâàòüñÿ ñëåäóþùåé ñèñòåìîé äèôôåðåíöèàëüíûõ
óðàâíåíèé

_z0(t) =  (t) � �z 0 + �z 1 + ' 0(z0); t 2 [0; + 1 );

_zi (t) = �z i � 1 � 2�z i + �z i +1 + ' (zi ); i = 1; 2; : : : ; t 2 [0; + 1 );

zi (t) = zi +1 (t + � ); i = 0; 1; 2; :::; t 2 [0; + 1 ):

9
>=

>;
(7)
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Êëàññ ðåøåíèé ñèñòåìû (7) ÷ðåçâû÷àéíî óçîê, ïîýòîìó äëÿ îïè ñàíèÿ ðåàëèçóåìûõ ðå-
æèìîâ ãðóçîïåðåâîçîê èñïîëüçóåòñÿ áîëåå øèðîêèé êëàññ ðåø åíèé, êîòîðûå íàçûâàþòñÿ
êâàçèðåøåíèÿìè òèïà áåãóùåé âîëíû. Ýòè ðåøåíèÿ ÿâëÿþòñÿ êó ñî÷íî àáñîëþòíî íåïðå-
ðûâíûìè, à ðàçðûâû ðàñïîëîæåíû â òî÷êàõ, êðàòíûõ õàðàêòåðè ñòèêå ñèñòåìû êîíòðîëÿ
(ïàðàìåòð � ). Ïðèâåäåì òî÷íîå îïðåäåëåíèå.

Îïðåäåëåíèå 4 [10]. Ñåìåéñòâî êóñî÷íî àáñîëþòíî íåïðåðûâíûõ ôóíêöèé f zi (:)g+ 1
0 ,

îïðåäåëåííûõ íà [0; + 1 ), íàçûâàåòñÿ êâàçèðåøåíèåì òèïà áåãóùåé âîëíû ñ õàðàêòåðèñòè-
êîé � > 0 äëÿ ñèñòåìû (7), åñëè ïðè ïî÷òè âñåõ t 2 [0; + 1 ) ôóíêöèè zi (�) óäîâëåòâîðÿþò
ýòîé ñèñòåìå, à ðàçðûâû ðàñïîëîæåíû â òî÷êàõ, êðàòíûõ ÷èñëó � . �

Òåîðåìà 4 [10]. Äëÿ ëþáûõ íà÷àëüíûõ äàííûõ a > 0, �i 2 f 0; 1; : : :g, íà÷àëüíîãî ìî-
ìåíòà âðåìåíè �t 2 [0; + 1 ), õàðàêòåðèñòèê � , óäîâëåòâîðÿþùèõ óñëîâèþ 0 < � < �� (ñì.
ðèñ. 2) è ôóíêöèé  (�) 2 C1 ([0; � ]; R) íà ïîëóïðÿìîé (�; + 1 ) ñóùåñòâóåò åäèíñòâåííîå
êóñî÷íî íåïðåðûâíîå ïðîäîëæåíèå ôóíêöèè  (�) è ñîîòâåòñâóþùåå åìó êâàçèðåøåíèå
f zi (�)g

+ 1
0 òèïà áåãóùåé âîëíû ñ õàðàêòåðèñòèêîé � ñèñòåìû (7) â ôàçîâîì ïðîñòðàí-

ñòâå K 1
2� , � 2 (� 1(� ); � 2(� )) , óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ z�i (�t) = a. Òàêîå

êâàçèðåøåíèå ÿâëÿåòñÿ åäèíñòâåííûì è íåïðåðûâíî çàâèñèò î ò íà÷àëüíîãî óñëîâèÿ a
è ôóíêöèè  (�). �

Â ñîäåðæàòåëüíîì ïëàíå ýòî îçíà÷àåò, ÷òî íà âñåõ ñòàíöèÿõ â ì îìåíòû âðåìåíè, êðàò-
íûå õàðàêòåðèñòèêå ñèñòåìû êîíòðîëÿ, íåîáõîäèìî ðåçêî ìåí ÿòü ÷èñëî çàäåéñòâîâàííûõ
óçëîâ. Äàííàÿ ïðîöåäóðà òðåáóåò ïîäêëþ÷åíèÿ äîïîëíèòåëüí ûõ ìîùíîñòåé, êîòîðûå èìå-
þòñÿ òîëüêî íà óçëîâîé (íà÷àëüíîé) ñòàíöèè. Îêàçûâàåòñÿ, ÷ òî äîñòàòî÷íî ëèøü íà íà-
÷àëüíîé ñòàíöèè â íà÷àëüíûé ïåðèîä âðåìåíè ðåçêî èçìåíèòü ÷ èñëî çàäåéñòâîâàííûõ
óçëîâ (ñëåãêà èçìåíèòü ôóíêöèþ  (�) â íîðìå L1([0; � ]; R)), ÷òîáû îðãàíèçîâàòü êîíòðî-
ëèðóåìûé ãðóçîïîòîê ñ ïîìîùüþ îïðåäåëåííûõ âûøå òåõíîëîãè é (ïîëó÷èòü òàê íàçûâà-
åìîå " êâàçèðåøåíèå, ò. å. òàêîå êâàçèðåøåíèå, ó êîòîðîãî óêàçàíí ûå ðàçðûâû ìåíüøå ").

Îïðåäåëåíèå 5 [10]. Êâàçèðåøåíèå òèïà áåãóùåé âîëíû ñ õàðàêòåðèñòèêîé� íàçûâà-
åòñÿ"-êâàçèðåøåíèåì òèïà áåãóùåé âîëíû ñ õàðàêòåðèñòèêîé � èëè ("; � )-êâàçèðåøåíèåì,
åñëè âûïîëíÿþòñÿ íåðàâåíñòâà:

jz0(k� � 0) � z0(k� + 0) j < "; k = 1; 2; : : : �

Òåîðåìà 5 [10]. Äëÿ ëþáûõ íà÷àëüíûõ äàííûõ a > 0, �i 2 f 0; 1; : : :g, íà÷àëüíûõ
ìîìåíòîâ âðåìåíè �t 2 [0; + 1 ), õàðàêòåðèñòèê � , óäîâëåòâîðÿþùèõ óñëîâèþ 0 < � < �� ,
ïðîèçâîëüíîé ôóíêöèè  (�) 2 C1 ([0; � ]; R) è ïðîèçâîëüíîãî " > 0 ñóùåñòâóåò ôóíêöèÿ
 " (�) 2 C1 ([0; � ]; R), îòëè÷íàÿ îò  (�) â ìàëîé îêðåñòíîñòè òî÷êè 0 òàêàÿ, ÷òî ee
ïðîäîëæåíèå íà (�; + 1 ) è ñîîòâåòñòâóþùåå åìó êâàçèðåøåíèå f zi" (�)g+ 1

0 òèïà áåãóùåé
âîëíû ñ õàðàêòåðèñòèêîé � ñèñòåìû (7), óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ z�i" (�t) =
= a, ïðèíàäëåæèò ôàçîâîìó ïðîñòðàíñòâó K 1

2� ïðè ëþáîì � 2 (� 1(� ); � 2(� )) è ÿâëÿåòñÿ
("; � )-êâàçèðåøåíèåì. �

4 Ìîäåëü ãðóçîïåðåâîçîê ñ âûäåëåííûìè íà÷àëüíîé ñòàíöèåé î ò-
ïðàâëåíèÿ è êîíå÷íîé ñòàíöèåé ðàñïðåäåëåíèÿ ãðóçîâ

Ðàññìîòðèì ìîäåëü òðàíñïîðòíûõ ïåðåâîçîê ñ íà÷àëüíîé ñòàí öèåé îòïðàâëåíèÿ ãðóçîâ
i = 0, êîíå÷íûì ÷èñëîì ïðîìåæóòî÷íûõ ñòàíöèé i = 1; 2; : : : ; m è êîíå÷íîé ñòàíöèåé
ðàñïðåäåëåíèÿ ãðóçîâ i = m + 1. Òàê æå, êàê è â ïðåäûäóùèõ ìîäåëÿõ, îðãàíèçàöèÿ
ãðóçîïîòîêà îñóùåñòâëÿåòñÿ ïîñðåäñòâîì äâóõ òåõíîëîãèé.

Ïåðâàÿ òåõíîëîãèÿ . Íà ñòàíöèÿõ ñ íîìåðàìè i = 0; 1; 2; : : : ; m äåéñòâóåò òåõíîëîãèÿ,
îïèñàííàÿ ðàííåå. Òåõíîëîãèÿ ïîäà÷è ãðóçîâ íà íà÷àëüíóþ ñò àíöèþ îïèñûâàåòñÿ ôóíê-
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öèåé  1(t), t > 0. Íà êîíå÷íîé ñòàíöèè ïåðâàÿ òåõíîëîãèè îïðåäåëÿåòñÿ ñ ïîìî ùüþ ïðà-
âèëà âçàèìîäåéñòâèÿ ñ ïðåäûäóùåé ñòàíöèåé è ïðàâèëîì ðàñïð åäåëåíèÿ ãðóçîâ ñ íåå,
îïèñûâàåìàÿ ôóíêöèåé  2(t); t > 0. Ïðåäïîëàãàåì, ÷òî ôóíêöèÿ  1(�) ÿâëÿåòñÿ êóñî÷íî
áåñêîíå÷íî äèôôåðåíöèðóåìîé, à ôóíêöèÿ  2(�) � êóñî÷íî íåïðåðûâíîé.

Âòîðàÿ òåõíîëîãèÿ . Äëÿ íà÷àëüíîé è ïðîìåæóòî÷íûõ ñòàíöèé âòîðàÿ òåõíîëîãèÿ
â òî÷íîñòè ïîâòîðÿåò âòîðóþ òåõíîëîãèþ, îïèñàííóþ â ïðåäûä óùèõ ïàðàãðàôàõ. Âòî-
ðàÿ òåõíîëîãèÿ äëÿ êîíå÷íîé ñòàíöèè òàêàÿ æå, êàê äëÿ ïðîìåæ óòî÷íûõ ñòàíöèé.

Òàêèì îáðàçîì, ñ ó÷åòîì ðàáîòû ïåðâîé è âòîðîé òåõíîëîãèé, à òàêæå ñèñòåìû êîíòðî-
ëÿ ïðèåì è îòïðàâêà ãðóçîâ áóäóò îïèñûâàòüñÿ ñëåäóþùåé ñèñò åìîé äèôôåðåíöèàëüíûõ
óðàâíåíèé:

_z0(t) =  1(t) � �z 0 + �z 1 + ' 0(z0) ; t 2 [0; + 1 );

_zi (t) = �z i � 1 � 2�z i + �z i +1 + ' (zi ) ; i = 1; 2; : : : ; m ; t 2 [0; + 1 );

_zm+1 (t) = �z m � �z m+1 �  2(t) + ' (zm+1 ) ; t 2 [0; + 1 );

zi (t) = zi +1 (t + � ) ; i = 0; 1; 2; : : : ; m ; t 2 [0; + 1 ):

9
>>>=

>>>;

(8)

Êëàññ ðåøåíèé ñèñòåìû (8) òàêæå ÷ðåçâû÷àéíî óçîê è äëÿ îïèñà íèÿ ðåàëèçóåìûõ ðå-
æèìîâ ãðóçîïåðåâîçîê èñïîëüçóþòñÿ êâàçèðåøåíèÿ (èìåþòñÿ ðàçðûâû â òî÷êàõ, êðàòíûõ
õàðàêòåðèñòèêå ñèñòåìû êîíòðîëÿ) òèïà áåãóùåé âîëíû.

Òåîðåìà 6 [10].Äëÿ ëþáûõ íà÷àëüíûõ äàííûõ a > 0, �i 2 f 0; 1; : : : ; m+ 1g, íà÷àëüíîãî
ìîìåíòà âðåìåíè �t 2 [0; + 1 ), õàðàêòåðèñòèê � , óäîâëåòâîðÿþùèõ óñëîâèþ 0 < � < �� ,
(ñì. ðèñ. 2) è ôóíêöèé  1(�) 2 C1 ([0; � ]; R) è  2(�) 2 C([0; � ]; R) ñóùåñòâóþò åäèíñòâåí-
íûå êóñî÷íî íåïðåðûâíûå ïðîäîëæåíèÿ ôóíêöèé  1(�) è  2(�) è ñîîòâåòñòâóþùåå èì
êâàçèðåøåíèå f zi (�)g

m+1
0 òèïà áåãóùåé âîëíû ñ õàðàêòåðèñòèêîé � ñèñòåìû (8) â ôàçî-

âîì ïðîñòðàíñòâå K 1
2� , � 2 (� 1(� ); � 2(� )) , óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ z�i (�t) =

= a. Òàêîå êâàçèðåøåíèå ÿâëÿåòñÿ åäèíñòâåííûì è íåïðåðûâíî çà âèñèò îò íà÷àëüíîãî
óñëîâèÿ a è ôóíêöèé  1(�) è  2(�). �

Îêàçûâàåòñÿ, ÷òî òàê æå, êàê è äëÿ ïðåäûäóùåé ìîäåëè (ñ âûäåë åííîé íà÷àëüíîé ñòàí-
öèåé îòïðàâëåíèÿ ãðóçîâ), ñ ïîìîùüþ ðåçêîãî èçìåíåíèÿ ÷èñë à çàäåéñòâîâàííûõ óçëîâ
íà íà÷àëüíîé ñòàíöèè â íà÷àëüíûé ïåðèîä âðåìåíè ìîæíî îðãàí èçîâàòü êîíòðîëèðóåìûé
ãðóçîïîòîê (ïîëó÷èòü "-êâàçèðåøåíèå).

Òåîðåìà 7 [10]. Äëÿ ëþáûõ íà÷àëüíûõ äàííûõ a > 0, �i 2 f 0; 1; : : : ; m + 1g, íà÷àëüíûõ
ìîìåíòîâ âðåìåíè �t 2 [0; + 1 ), õàðàêòåðèñòèê � , óäîâëåòâîðÿþùèõ óñëîâèþ 0 < � < �� ,
ïðîèçâîëüíûõ ôóíêöèé  1(�) 2 C1 ([0; � ]; R) è  2(�) 2 C([0; � ]; R) è ïðîèçâîëüíîãî " > 0
ñóùåñòâóåò ôóíêöèÿ  1" (�) 2 C1 ([0; � ]; R), îòëè÷íàÿ îò  1(�) â ìàëîé îêðåñòíîñòè òî÷-
êè 0, òàêàÿ, ÷òî ïðîäîëæåíèÿ ôóíêöèé  1" (�) è  2(�) íà (�; + 1 ) è ñîîòâåòñâóþùåå èì
êâàçèðåøåíèåf zi" (�)gm+1

0 òèïà áåãóùåé âîëíû ñ õàðàêòåðèñòèêîé � ñèñòåìû (8) óäîâëå-
òâîðÿåò íà÷àëüíîìó óñëîâèþ z�i" (�t) = a, ïðèíàäëåæèò ôàçàâîìó ïðîñòðàíñòâó K 1

2� ïðè
ëþáîì � 2 (� 1(� ); � 2(� )) è ÿâëÿåòñÿ ("; � )-êâàçèðåøåíèåì. �

5 Ìîäåëü ãðóçîïåðåâîçîê ïî êðóãîâîé öåïî÷êå ñòàíöèé
Âåðíåìñÿ ê ïåðâîìó âàðèàíòó ìîäåëè. Íàïîìíèì, ÷òî ýòîò âàðè àíò ìîäåëè îïèñûâàåò

òðàíñíàöèîíàëüíûå òðàíñïîðòíûå ãðóçîïåðåâîçêè áåç âûäåë åííûõ íà÷àëüíîé ñòàíöèè îò-
ïðàâëåíèÿ è êîíå÷íîé ñòàíöèè ðàñïðåäåëåíèÿ ãðóçîâ. Ðàññìî òðèì ÷àñòíûé ñëó÷àé òàêîé
ìîäåëè, à èìåííî: ìîäåëü òðàíñïîðòíûõ ãðóçîïåðåâîçîê ïî êð óãîâîé öåïî÷êå, ñîñòîÿùåé
èç n ñòàíöèé. Äëÿ èññëåäîâàíèÿ äàííîé ìîäåëè íåîáõîäèìî èçó÷èò ü ðåøåíèÿ ñèñòåìû (3)�
(4), óäîâëåòâîðÿþùèå ñëåäóþùåìó äîïîëíèòåëüíîìó óñëîâèþ :

zi (t) = zi + n (t); i 2 Z; t 2 [0; + 1 ):
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Òàêèì îáðàçîì, äàííàÿ ìîäåëü îïèñûâàåòñÿ ñëåäóþùåé ñèñòåì îé:

_zi (t) = �z i � 1 � 2�z i + �z i +1 + ' (zi ); i 2 Z; t 2 [0; + 1 );

zi (t) = zi + n (t); i 2 Z; t 2 [0; + 1 );

zi (t) = zi +1 (t + � ); i 2 Z ; t 2 [0; + 1 ):

9
>=

>;
(9)

Ñïðàâåäëèâà ñëåäóþùàÿ ëåììà.
Ëåììà 1 [14].Åñëè f �zi (�)gi 2 Z ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (9), òî äëÿ ïðîèçâîëüíîãî

i 2 Z ôóíêöèÿ �zi (�) ïåðèîäè÷åñêàÿ ñ ïåðèîäîì �n . �
Î÷åâèäíî, ÷òî ðàçðåøèìîñòü ñèñòåìû (9) çàâèñèò îò ðàçðåøèì îñòè ñëåäóþùåé êîíå÷-

íîìåðíîé ñèñòåìû:

_z1(t) = �z n � 2�z 1 + �z 2 + ' (z1); t 2 [0; + 1 );

_zi (t) = �z i � 1 � 2�z i + �z i +1 + ' (zi ); i = 2; : : : ; n � 1; t 2 [0; + 1 );

_zn (t) = �z n� 1 � 2�z n + �z 1 + ' (zn ) ; t 2 [0; + 1 );

9
>=

>;
(10)

zi (t) = zi +1 (t + � ); i = 1; : : : ; n � 1; t 2 [0; + 1 ) ;

zn (t) = z1(t + � ) ; t 2 [0; + 1 ) :

)

(11)

Èòàê, ñîãëàñíî ëåììå 1, åñëè ñèñòåìà (10)�(11) èìååò ðåøåíè å, òî îíî áóäåò ïåðè-
îäè÷åñêèì ñ ïåðèîäîì �n . Îäíèì èç òàêèõ ðåøåíèé ÿâëÿåòñÿ ñòàöèîíàðíîå ðåøåíèå
(� ; � ; : : : ; �) . Äëÿ âûÿâëåíèÿ äðóãèõ ðåøåíèé (åñëè îíè ñóùåñòâóþò) èçó÷èì âñå ðåøåíèÿ
ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (10) (ò. å. íå òîëüêî ðå øåíèÿ òèïà áåãóùåé âîëíû,
óäîâëåòâîðÿþùèå óñëîâèÿì (11)).

Òåîðåìà 8 [14]. Äëÿ ïðîèçâîëüíûõ � > 0 è � > 0 âñÿêîå ðåøåíèå ñèñòåìû äèôôåðåí-
öèàëüíûõ óðàâíåíèé (10) ñ êîîðäèíàòàìè íà÷àëüíîãî çíà÷åíèÿ, á�îëüøèìè 0, îãðàíè÷å íî.
Áîëåå òîãî, êàæäàÿ êîîðäèíàòà ðåøåíèÿ ñíèçó îãðàíè÷åíà íóë åì, à ñâåðõó àñèìïòîòè-
÷åñêè îãðàíè÷åíà çíà÷åíèåì � . �

Òåîðåìà 9 [14]. Ñòàöèîíàðíîå ðåøåíèå (� ; � ; : : : ; �) ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé (10) ëîêàëüíî óñòîé÷èâî ïî Ëÿïóíîâó ïî ïåðâîìó ïðèáëèæåíèþ . �

Äëÿ îïðåäåëåíèÿ îáëàñòè óñòîé÷èâîñòè óêàçàííîãî ðåøåíèÿ ñ èñòåìà äèôôåðåíöèàëü-
íûõ óðàâíåíèé (10) áûëà ðåøåíà ÷èñëåííî ñ ïîìîùüþ ìåòîäà Ðóí ãå�Êóòòà 4-ãî ïîðÿäêà.
Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ ñôîðìóëèðóåì â âèäå ñë åäóþùåãî óòâåðæäåíèÿ.

Óòâåðæäåíèå 1 [14]. Äëÿ ëþáûõ � > 0 è � > 0 îáëàñòüþ óñòîé÷èâîñòè ñòàöèîíàð-
íîãî ðåøåíèÿ (� ; � ; : : : ; �) ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (10) ÿâëÿåòñÿ ïîëî-
æèòåëüíûé îðòàíò, ò. å. âñÿêîå ðåøåíèå ñèñòåìû äèôôåðåíöèà ëüíûõ óðàâíåíèé (10)
ñ ïîëîæèòåëüíûìè êîîðäèíàòàìè íà÷àëüíîãî çíà÷åíèÿ ñõîäèò ñÿ ê ñòàöèîíàðíîìó ðå-
øåíèþ (� ; � ; : : : ; �) . �

Èç òåîðåìû 8 è óòâåðæäåíèÿ 1 ñëåäóåò, ÷òî âñÿêîå ðåøåíèå ñèñòåìû äèôôåðåíöèàëü-
íûõ óðàâíåíèé (10) ñ ïîëîæèòåëüíûìè êîîðäèíàòàìè íà÷àëüíî ãî çíà÷åíèÿ îãðàíè÷åíî
è, áîëåå òîãî, ñõîäèòñÿ ê ñòàöèîíàðíîìó ðåøåíèþ (� ; � ; : : : ; �) . Ñëåäîâàòåëüíî, äðóãèõ
ïåðèîäè÷åñêèõ ðåøåíèé, êðîìå ñòàöèîíàðíîãî ðåøåíèÿ (� ; � ; : : : ; �) , ñèñòåìà äèôôåðåí-
öèàëüíûõ óðàâíåíèé (10) ñ ïîëîæèòåëüíûìè êîîðäèíàòàìè íà÷ àëüíîãî çíà÷åíèÿ íå èìååò.
Ýòî, â ñâîþ î÷åðåäü, îçíà÷àåò, ÷òî ñèñòåìà (10)�(11) ñ ïîëîæ èòåëüíûìè êîîðäèíàòàìè íà-
÷àëüíîãî çíà÷åíèÿ, êðîìå ñòàöèîíàðíîãî ðåøåíèÿ (� ; � ; : : : ; �) , íå èìååò äðóãèõ ðåøåíèé.
Òàêèì îáðàçîì, èñõîäíàÿ ñèñòåìà (9) ñ ïîëîæèòåëüíûìè êîîðä èíàòàìè íà÷àëüíîãî çíà-
÷åíèÿ èìååò åäèíñòâåííîå ðåøåíèå òèïà áåãóùåé âîëíû, à èìåí íî: ñòàöèîíàðíîå ðåøåíèå
(� ; � ; : : : ; �) .
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Êàê ïðàâèëî, ñóùåñòâóþùèå íà ñåãîäíÿøíèé äåíü àëãîðèòìû îï èñàíèÿ è èäåíòèôè-
êàöèè îáúåêòîâ íàöåëåíû íà ðåøåíèå çàäà÷ ðàñïîçíàâàíèÿ îïð åäåëåííîãî òèïà îáúåê-
òîâ â çàäàííûõ óñëîâèÿõ. Îäíàêî ïîèñê óíèâåðñàëüíîãî èëè áî ëåå îáîáùåííîãî ïîäõîäà
ê ðåøåíèþ äàííîé çàäà÷è îñòàåòñÿ èíòåðåñíîé ïðîáëåìîé ñ òî÷ êè çðåíèÿ àêàäåìè÷åñêèõ
èññëåäîâàíèé è ïåðñïåêòèâíûì ñ òî÷êè çðåíèÿ ïðàêòè÷åñêîé ð åàëèçàöèè. Ïðåäëàãàåìûé
ïîäõîä ïîçâîëÿåò ïðîèçâîäèòü èäåíòèôèêàöèþ èçîáðàæåíèé î áúåêòîâ ïî øèðîêîìó ñïåê-
òðó ïðèçíàêîâ. Ìåòîä ïðåäñòàâëåí â âèäå îáùåãî îïèñàíèÿ àëã îðèòìà è ðåçóëüòàòîâ ýêñïå-
ðèìåíòàëüíîé ïðîâåðêè åãî ýôôåêòèâíîñòè. Îñíîâíàÿ çàäà÷à ðàçðàáîòêè ìåòîäà � áûñò-
ðàÿ è êà÷åñòâåííàÿ îáðàáîòêà ãðàôè÷åñêèõ äàííûõ â âèäå äèíà ìè÷åñêèõ èçîáðàæåíèé èëè
âèäåîïîòîêîâ. Äîñòóïíûå äëÿ ñðàâíåíèÿ ìåòîäû èñïîëüçóþòñ ÿ ïðåèìóùåñòâåííî äëÿ ïî-
èñêà îáúåêòîâ â ñòàòè÷åñêèõ èçîáðàæåíèÿõ, â òî âðåìÿ êàê àâòîðñêèé ìåòîä â ïåðâóþ
î÷åðåäü íàöåëåí íà ðàáîòó ñ âèäåîïîòîêàìè. Îáùåäîñòóïíûõ â èäåîìàòåðèàëîâ è äàííûõ
ïî èõ îáðàáîòêå àíàëîãè÷íûìè ìåòîäàìè äëÿ ñðàâíèòåëüíîãî à íàëèçà íà ìîìåíò íàïè-
ñàíèÿ ñòàòüè íå íàéäåíî. Ðàññìàòðèâàåìûé ìåòîä ïðåäëàãàåò íîâûé ñïîñîá ïîëó÷åíèÿ
íàáîðà êëþ÷åâûõ ïðèçíàêîâ îáðàçà è ôóíêöèþ äëÿ èõ ñðàâíåíèÿ . Îí îñíîâûâàåòñÿ íà
ïðèìåíåíèè êîìáèíàöèè êëàññè÷åñêèõ ìåòîäîâ ïðÿìîãî ïðåîá ðàçîâàíèÿ Ðàäîíà ê ìàòðè-
öå èçîáðàæåíèÿ, îäíîìåðíîãî ïðåîáðàçîâàíèÿ Ôóðüå ê ïîëó÷å ííûì èíòåãðàëüíûì ïðîåê-
öèÿì è ñòàòèñòè÷åñêîãî àíàëèçà èíòåãðàëüíûõ êîýôôèöèåíòî â Ôóðüå, ðàññìàòðèâàåìûõ
â êà÷åñòâå îñíîâíûõ äåñêðèïòîðîâ îáúåêòîâ èçîáðàæåíèÿ.

Êëþ÷åâûå ñëîâà : êîìïüþòåðíîå çðåíèå; ìàøèííîå çðåíèå; àíàëèç èçîáðàæåíèÿ ; ïî-
èñê çàäàííîãî îáúåêòà; ìîíèòîðèíã âèäåî
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The use of Radon and Fourier transformations of raster
images for description and tracking of prede�ned objects
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As a rule, currently existing algorithms for describing and objects identi�cation are aimed
at solving the problem of de�nite types of objects in desiredcondition. However, search for all-
in-one or more general approach to it is still quite interesting in the context of academic
researches and from the perspective of implementation. Proposed approach allows the object
identi�cation on a wide range of characteristics. The method is presented in the form of a gen-
eral algorithm description and results of the experimentaltest of its e�ciency. The main task
of method development is fast and quality processing of graphical data as dynamic images
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or video streams. Available for comparison methods are mainly used for object search in freeze-
frame images while the presented method is primarily aimed at working with video stream.
There are no generally available videos or data on their processing with similar methods
for comparative study as of this paper. Considered method allows one a new way of getting
a key features set of the images and a function for their comparison. It is based on a combination
of classical methods of direct Radon conversion of image matrix, one-dimensional Fourier con-
version to the corresponding projections, and statisticalanalysis of integral Fourier coe�cients,
considered as objects features of images.
Keywords : computer vision; machine vision; image analysis; object detection; video monitor-
ing
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1 Ââåäåíèå
Íà ñåãîäíÿøíèé äåíü àáñîëþòíîå áîëüøèíñòâî ìåòîäîâ è òåõíè ÷åñêèõ ñðåäñòâ îáðà-

áîòêè èçîáðàæåíèé ïðåäíàçíà÷åíû äëÿ ðåøåíèÿ óçêîãî êëàññà ïðèêëàäíûõ çàäà÷ è îò-
íîñèòåëüíî íàäåæíî ñïðàâëÿþòñÿ ñ íèìè â ðàìêàõ ñâîåãî êëàññ à, îäíàêî â óñëîâèÿõ ñðå-
äû ñ îðãàíèçîâàííûìè ïîìåõàìè íàäåæíîñòü ñóùåñòâóþùèõ ìåò îäîâ ðåçêî ñíèæàåòñÿ.
Ïðè ýòîì âðåìåíí �ûå çàòðàòû íà îáðàáîòêó è ïðèíÿòèå ðåøåíèÿ ïðàêòè÷åñêè âñåãäà çíà-
÷èòåëüíî ïðåâûøàþò òðåáóåìûå â ðàìêàõ ïîñòàâëåííîé çàäà÷è .

Ñòàíäàðòíàÿ ñõåìà îáðàáîòêè èíôîðìàöèè ïðè ðåøåíèè çàäà÷è ðàñïîçíàâàíèÿ ïðåä-
ñòàâëåíà íà ðèñ. 1.

Ðèñ. 1 Ñòàíäàðòíàÿ ñõåìà îáðàáîòêè èíôîðìàöèè ïðè ðåøåíèè çàäà÷è ðàñïîçíàâàíèÿ

Íà äàííûé ìîìåíò äëÿ ýòàïîâ ñåãìåíòàöèè è ôîðìèðîâàíèÿ ïðèç íàêîâ íå ñóùåñòâóåò
ñòðîãîãî òåîðåòè÷åñêîãî ðåøåíèÿ, òàê êàê â óñëîâèÿõ íàëè÷èÿ ïîìåõ ýòè çàäà÷è ÿâëÿþò-
ñÿ íåêîððåêòíûìè. È ïîýòîìó êà÷åñòâåííîå ðåøåíèå çàäà÷è ðà ñïîçíàâàíèÿ èçîáðàæåíèé
íà óêàçàííûõ ýòàïàõ íå ïðåäñòàâëÿåòñÿ âîçìîæíûì, îñîáåííî â ðåæèìå ðåàëüíîãî ìàñ-
øòàáà âðåìåíè [1].
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ßðêèì ïðèìåðîì ýòîé ñèòóàöèè ÿâëÿåòñÿ îòñóòñòâèå íàäåæíûõ àëãîðèòìîâ äëÿ ðåøå-
íèÿ ïðàêòè÷åñêèõ çàäà÷, òàêèõ êàê:

� èäåíòèôèêàöèÿ ëè÷íîñòè ïî ôîòîãðàôèè;
� àíàëèç âèäåîïîòîêîâ â ñèñòåìàõ ìîíèòîðèíãà äëÿ òàìîæíè, î õðàíû è ò. ï.;
� àíàëèç ðóêîïèñíûõ òåêñòîâ è (äàæå) òåêñòîâ ñ ãîñòèðîâàííû ìè øðèôòàìè.

Ðàññìîòðèì àâòîðñêèé ìåòîä, ðåàëèçóþùèé íîâûé ïîäõîä ê çàä à÷å ðàñïîçíàâàíèÿ îá-
ðàçîâ. Íîâèçíà çàêëþ÷àåòñÿ â ïðÿìîì ïîëó÷åíèè êëþ÷åâûõ ïàð àìåòðîâ èññëåäóåìîãî
èçîáðàæåíèÿ ÷åðåç ïîñëåäîâàòåëüíîå ïðèìåíåíèå ïðåîáðàçî âàíèÿ Ðàäîíà è ïðåîáðàçîâà-
íèÿ Ôóðüå.

2 Ïðåäëàãàåìûé ìåòîä

2.1 Ìàòåìàòè÷åñêèé àïïàðàò
Â îñíîâå ìåòîäà ëåæàò èçâåñòíûå ïðåîáðàçîâàíèÿ Ðàäîíà è Ôóð üå.
Ðàññìîòðèì ïðåîáðàçîâàíèå Ðàäîíà ôóíêöèè äâóõ ïåðåìåííûõ , òàê êàê èìåííî

ýòîò ñëó÷àé èñïîëüçóåòñÿ â ïðåäëàãàåìîì àëãîðèòìå ðàñïîçí àâàíèÿ.
Ïóñòü f (x; y) � ôóíêöèÿ äâóõ äåéñòâèòåëüíûõ ïåðåìåííûõ, îïðåäåëåííàÿ íà âñåé ïëîñ-

êîñòè è äîñòàòî÷íî áûñòðî óáûâàþùàÿ íà áåñêîíå÷íîñòè (òàê, ÷òîáû ñîîòâåòñòâóþùèå
íåñîáñòâåííûå èíòåãðàëû ñõîäèëèñü). Òîãäà ïðåîáðàçîâàíè åì Ðàäîíà ôóíêöèè f (x; y) íà-
çûâàåòñÿ ôóíêöèÿ

R(s; � ) =

1Z

�1

f (scos� � z sin �; s sin � + z cos� ) dz :

Ãåîìåòðè÷åñêèé ñìûñë ïðåîáðàçîâàíèÿ Ðàäîíà � ýòî èíòåãðàë îò ôóíêöèè âäîëü ïðÿ-
ìîé, ïåðïåíäèêóëÿðíîé âåêòîðó n = (cos �; sin � ) è ïðîõîäÿùåé íà ðàññòîÿíèè s (èçìå-
ðåííîì âäîëü âåêòîðà n , ñ ñîîòâåòñòâóþùèì çíàêîì) îò íà÷àëà êîîðäèíàò (ðèñ. 2) [2] .

Íàïîìíèì, ÷òî òðèãîíîìåòðè÷åñêèì ðÿäîì Ôóðüå ôóíêöèè f 2 L2 ñ ïåðèîäîì T íà-
çûâàþò ôóíêöèîíàëüíûé ðÿä âèäà

f (x) =
a0

2
+

1X

k=1

�
ak cos

k2�x
T

+ bk sin
k2�x

T

�
:

Ñèíóñû è êîñèíóñû ðÿäîâ Ôóðüå ìîæíî ðàññìàòðèâàòü êàê ìàòåì àòè÷åñêèå ðåçîíà-
òîðû, îáëàäàþùèå âîçìîæíîñòüþ îáíàðóæèâàòü ïðèñóòñòâèå î ïðåäåëåííûõ ÷àñòîò â ñèã-
íàëå è ïðè íàëè÷èè òàêîâûõ � ïîëó÷àòü êîëè÷åñòâåííóþ îöåíêó èõ èíäèâèäóàëüíîãî
âêëàäà â îáùèé ñìåøàííûé ñèãíàë. Ñóììû ñ÷èòàþòñÿ, êàê èíòåã ðàëû îò f (x) coskx dx
è f (x) sinkx dx â ãðàíèöàõ ïåðèîäà T.

Äåëåíèå èíòåãðàëîâ íà T äàåò íîðìàëèçîâàííûå ðåçîíàíñíûå îòêëèêè, òàê íàçûâàåìûå
Ôóðüå êîýôôèöèåíòû � äâà îòêëèêà ak è bk äëÿ êàæäîãî ðåçîíàíñíîãî òåñòà ñ ÷àñòîòîé k:

ak =
1
T

T0+ TZ

x= T0

f (x) cos
�

kx
2�
T

�
dx ; bk =

1
T

T0+ TZ

x= T0

f (x) sin
�

kx
2�
T

�
dx :

Ðàñ÷åò çíà÷åíèéak è bk èç äèñêðåòíîãî ïîòîêà äàííûõ ñëåäóåò ïðàâèëàì [3]:
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Ðèñ. 2 Äâóìåðíîå ïðåîáðàçîâàíèå Ðàäîíà. Â äàííîì ñëó÷àå R(s; � ) åñòü èíòåãðàë îòf (x; y) âäîëü
ïðÿìîé AA 0

Äàí ñèãíàë f (x) â ôîðìå ìàññèâà äëèíîé N ; N ïðåäñòàâëÿåò ïåðèîä T, è êàæäûé
ðåçîíàòîð çàïèñûâàåòñÿ â âèäå ìàññèâà äëèíîé N . Ñóììû îò 0 äî (N � 1) çàìåíÿþò
èíòåãðàëû îò T0 äî (T0 + T):

ak =
1
N

N � 1X

x=0

f (x) cos
�

kx
2�
N

�
; bk =

1
N

N � 1X

x=0

f (x) sin
�

kx
2�
N

�
:

2.2 Îáùèé àëãîðèòì
Äëÿ íà÷àëà ðàññìîòðèì îáùèé àëãîðèòì, ëåæàùèé â îñíîâå äàíí îãî ìåòîäà. Åãî ìîæ-

íî óñëîâíî ðàçáèòü íà ÷åòûðå ýòàïà:
1) ñáîð âõîäíûõ äàííûõ. Íà âõîä ïîäàåòñÿ èçîáðàæåíèå-èñòî÷ íèê, â íåì çàäàåòñÿ èñêî-

ìàÿ îáëàñòü, òàêèì îáðàçîì ïîëó÷àåòñÿ èçîáðàæåíèå-îáðàçå ö. Òàêæå íà âõîä ïîäàåòñÿ
èçîáðàæåíèå, â êîòîðîì áóäåò îñóùåñòâëåí ïîèñê äàííîãî îáð àçöà � èçîáðàæåíèå-òåñò.
Çàäàþòñÿ çíà÷åíèÿ ñëåäóþùèõ ïàðàìåòðîâ:
a) êîëè÷åñòâî èíòåãðàëüíûõ ïðîåêöèé Ðàäîíà (ÈÏÐ);
á) øèðèíà ñïåêòðà Ôóðüå-ðåçîíàòîðîâ äëÿ êàæäîé ÈÏÐ;
â) êîëè÷åñòâî ïåðâûõ âû÷èñëÿåìûõ Ôóðüå-êîýôôèöèåíòîâ (ÔÊ) èçîáðàæåíèé-òåñòà

è èçîáðàæåíèé-îáðàçöà (ìîæíî âîñïðèíèìàòü ýòîò ïàðàìåòð ê àê êîëè÷åñòâî ó÷è-
òûâàåìûõ ïðè ñðàâíåíèè ÔÊ, îäíàêî ôàêòè÷åñêè íåíóæíûå ÔÊ íå âû÷èñëÿþòñÿ
ñ öåëüþ ýêîíîìèè ðåñóðñîâ êîìïüþòåðà);

ã) äîïóñòèìîå îòêëîíåíèå êàæäîãî ÔÊ òåñòèðóåìîãî èçîáðàæå íèÿ îò ñîîòâåòñòâó-
þùåãî ÔÊ îáðàçöà;

ä) äîïóñòèìîå êîëè÷åñòâî ñóùåñòâåííî îòëè÷àþùèõñÿ ÔÊ â ïîë íîì íàáîðå äàííûõ
äëÿ êàæäîãî òåñòèðóåìîãî èçîáðàæåíèÿ îò ñîîòâåòñòâóþùèõ Ô Ê îáðàçöà;

2) ïîñòðîåíèå ñõåìû äëÿ âû÷èñëåíèÿ ÈÏÐ è ìàññèâà ìàòðèö Ôóðü å-ðåçîíàòîðîâ ñîãëàñíî
çàäàííûì íà ïåðâîì ýòàïå ïàðàìåòðàì (ðàçìåðàì îáëàñòè îáðà çöà è çíà÷åíèé ïàðà-
ìåòðîâ à è á). Ýòè ñõåìà è ìàññèâ ìàòðèö áóäóò îäèíàêîâûìè äëÿ âñåõ ñîðàçìåðíûõ
èçîáðàæåíèé è âïîñëåäñòâèè áóäóò ïðèìåíÿòüñÿ ïðè âû÷èñëåí èè êîíêðåòíûõ çíà÷åíèé
äëÿ êàæäîãî îáðàáàòûâàåìîãî èçîáðàæåíèÿ;
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3) îáðàáîòêà äàííûõ. Ñ ïîìîùüþ ïîñòðîåííîé ñõåìû ïîëó÷àþòñ ÿ ÈÏÐ äëÿ èçîáðàæåíèÿ-
îáðàçöà, çàòåì ñ èñïîëüçîâàíèåì ìàññèâà ìàòðèö ðåçîíàòîðî â (è ñ ó÷åòîì ïàðàìåòðà â)
âû÷èñëÿþòñÿ ÔÊ äëÿ êàæäîé ÈÏÐ. Òàêèì îáðàçîì, ïîëó÷àåì ìàññ èâ ìàññèâîâ ÔÊ
äëÿ èçîáðàæåíèÿ-îáðàçöà. Ïîäîáíûé íàáîð äàííûõ äëÿ êàæäîã î èçîáðàæåíèÿ áóäåì
íàçûâàòü ïðîåêöèîííûìè Ôóðüå-äàííûìè (ÏÔÄ).
Çàòåì îñóùåñòâëÿåòñÿ ïðîõîä ïî âñåìó èçîáðàæåíèþ-òåñòó ñî ñìåùåíèåì â îäèí
ïèêñåëü (ñïîñîáû îáõîäà èçîáðàæåíèÿ-òåñòà ìîãóò âàðüèðîâ àòüñÿ â çàâèñèìîñòè îò
êîíêðåòíîé çàäà÷è). Âûäåëÿÿ òàêèì îáðàçîì âñå îáëàñòè ñîîò âåòñòâóþùåãî (èçîáðà-
æåíèþ-îáðàçöó) ðàçìåðà, âû÷èñëÿþòñÿ ÏÔÄ äëÿ êàæäîé îáëàñò è. Ïîñðåäñòâîì ñïå-
öèàëüíîãî àëãîðèòìà (èñïîëüçóþùåãî ïàðàìåòðû ã è ä) îíè ñðà âíèâàþòñÿ ñ ÏÔÄ
èçîáðàæåíèÿ-îáðàçöà, è åñëè òåñòèðóåìàÿ îáëàñòü ñ÷èòàåòñÿ äîñòàòî÷íî ïîõîæåé íà
èçîáðàæåíèå-îáðàçåö, òî ïàðàìåòðû ýòîé îáëàñòè äîïèñûâàþ òñÿ â ñïåöèàëüíûé ìàñ-
ñèâ ðåçóëüòàòîâ;

4) âûâîä ðåçóëüòàòîâ. Â ñîîòâåòñòâóþùåé âêëàäêå ãðàôè÷åñêîãî èíòåðôåéñà ïðîãðàììû
âûâîäèòñÿ èçîáðàæåíèå, â êîòîðîì íà áåëîì ôîíå ïîìåùåí íàèá îëåå áëèçêèé ê èçîá-
ðàæåíèþ-îáðàçöó ôðàãìåíò èç èçîáðàæåíèÿ-òåñòà.

Òàêèì îáðàçîì, ñ ïîìîùüþ ýòîãî àëãîðèòìà ìîæíî ñóäèòü î ñõîæ åñòè äâóõ èçîáðàæå-
íèé èëè, íàïðèìåð, èñêàòü íåêîòîðûé îáúåêò â áîëüøîì èçîáðà æåíèè èëè âèäåîïîòîêå.
Ìîæíî ðåãóëèðîâàòü ¾ãðóáîñòü¿ ðàáîòû àëãîðèòìà, èçìåíÿÿ â õîäíûå ïàðàìåòðû è, ñëå-
äîâàòåëüíî, äåòàëüíîñòü ó÷èòûâàåìûõ ñâîéñòâ èñêîìîãî îáú åêòà.

Âû÷èñëåííûé ðåçóëüòàò ðàáîòû îïèñàííîãî àëãîðèòìà ïðàêòè ÷åñêè àíàëîãè÷åí ðå-
çóëüòàòó äâóìåðíîãî ïðåîáðàçîâàíèÿ Ôóðüå, òàê êàê ïîñëåäî âàòåëüíîå ïðèìåíåíèå ïðå-
îáðàçîâàíèÿ Ðàäîíà è îäíîìåðíîãî ïðåîáðàçîâàíèÿ Ôóðüå ýêâ èâàëåíòíû [4]. Îäíàêî îïè-
ñàííûé ìåòîä òðåáóåò äëÿ îáðàáîòêè ìàòðèöû èçîáðàæåíèÿ ïðè ìåðíî â 2 ðàçà ìåíüøå
âû÷èñëåíèé, ÷åì äâóìåðíîå ïðåîáðàçîâàíèå Ôóðüå [5].

2.3 Ïîëó÷åíèå èíòåãðàëüíûõ ïðîåêöèé èçîáðàæåíèÿ

Â îïèñàíèè îáùåãî àëãîðèòìà ãîâîðèëîñü, ÷òî äëÿ ïîñòðîåíèÿ ÈÏÐ èñïîëüçóåòñÿ ñõå-
ìà, ñ ïîìîùüþ êîòîðîé áóäóò âû÷èñëÿòüñÿ êîíêðåòíûå çíà÷åíè ÿ â ÈÏÐ âñåõ ñîðàçìåðíûõ
èçîáðàæåíèé. Ïîäðîáíî ðàññìîòðèì àëãîðèòì ïîñòðîåíèÿ ýòî é ñõåìû. Äëÿ ýòîãî íåîáõî-
äèìû ëèøü òðè ïàðàìåòðà: øèðèíà è âûñîòà èçîáðàæåíèÿ è êîëè÷ åñòâî âûñòðàèâàåìûõ
ïðîåêöèé.

Äëÿ ïîñòðîåíèÿ âñåõ ÈÏÐ äîñòàòî÷íî ðàâíîìåðíî ïðîéòè ïî âñå ì (ñîãëàñíî ââåäåííî-
ìó ïàðàìåòðó) óãëàì â äèàïàçîíå [� �; � ) [4]. Ñ ýòîé öåëüþ âû÷èñëÿåòñÿ âåëè÷èíà øàãà óã-
ëà ïî ôîðìóëå: dAngle = �= projAmt , ãäå projAmt � êîëè÷åñòâî âûñòðàåâàåìûõ ïðîåêöèé.
Çàòåì äëÿ êàæäîãî íîìåðà ïðîåêöèè âû÷èñëÿåòñÿ çíà÷åíèå ñîî òâåòñòâóþùåãî åìó óãëà
(currAngle = dAngle � projNumb � �= 2, ãäå projNumb � íîìåð òåêóùåé ïðîåêöèè) è âûçû-
âàåòñÿ ôóíêöèÿ, ñòðîÿùàÿ ñõåìó ïðîåêöèè äëÿ òåêóùåãî óãëà.

Ýòà ôóíêöèÿ ïîëó÷àåò íà âõîä øèðèíó è âûñîòó ìàòðèöû èçîáðàæ åíèÿ è óãîë íàïðàâ-
ëåíèÿ ïîñòðîåíèÿ ïðîåêöèè. Â îñíîâå ìåõàíèçìà ¾ñáîðà¿ òî÷å ê ìàòðèöû â ñîîòâåòñòâó-
þùèé ýëåìåíò (ÿâëÿþùèéñÿ ìàññèâîì) ñõåìû ïðîåêöèè èçîáðàæ åíèÿ ëåæèò ïðèíöèï ëè-
íåéíîé èíòåðïîëÿöèè â âèäå ìîäèôèöèðîâàííîãî àëãîðèòìà Áð åçåíõåìà: â ýëåìåíò ñõåìû
ïðîåêöèè äîáàâëÿþòñÿ êîîðäèíàòû ýëåìåíòîâ ìàòðèöû èçîáðà æåíèÿ, áëèæå âñåãî èíòåð-
ïîëèðóþùèå ëîìàíîé ïðÿìóþ, ïðîõîäÿùóþ ÷åðåç ýëåìåíòû ýòîé ìàòðèöû. Ðàññìîòðèì
ïîäðîáíî ìåõàíèçì ïîñòðîåíèÿ òàêîé ñõåìû.

Íàïîìíèì, ÷òî âñå âîçìîæíûå çíà÷åíèÿ òåêóùåãî óãëà (currAn gle) ìîãóò áûòü òîëüêî
â äèàïàçîíå [� �; � ). Ðàçîáüåì ýòîò äèàïàçîí íà ÷åòûðå ñåêòîðà: [� �= 2; � �= 4), [� �= 4; 0),
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Ðèñ. 3 Ëèíèè íàïðàâëåíèé ïîñòðîåíèÿ ïðîåêöèè

Ðèñ. 4 Âû÷èñëåíèå äîáàâî÷íîé øèðèíû è âåëè÷èíû øàãà ïî x

[0; �= 4), [�= 4; �= 2). Íå óìàëÿÿ îáùíîñòè, ìîæíî ðàññìîòðåòü àëãîðèòì ïîñòðîåíè ÿ ñõåìû
ïðîåêöèè äëÿ óãëà èç ïåðâîãî ñåêòîðà ( [� �= 2; � �= 4)). Áóäåì ïðîõîäèòü ïî âñåì çíà÷å-
íèÿì i , äëÿ êîòîðûõ âäîëü ëèíèè íàïðàâëåíèÿ ïîñòðîåíèÿ ïðîåêöèè á óäóò ñîäåðæàòüñÿ
ýëåìåíòû ìàòðèöû èçîáðàæåíèÿ (ðèñ. 3).

Äëÿ ýòîãî ñíà÷àëà âû÷èñëèì äîáàâî÷íóþ øèðèíó l = h=tg(� ), ãäåh � âûñîòà ìàòðè-
öû; � � óãîë, çàäàþùèé íàïðàâëåíèå ïîñòðîåíèÿ ïðîåêöèè (îí æå = currAngle). Çàòåì
âû÷èñëèì âåëè÷èíó øàãà ïî x: dx = l=w, ãäåw � øèðèíà ìàòðèöû (ðèñ. 4).

Äëÿ êàæäîãî çíà÷åíèÿ i (ñ øàãîì 1) èç äîñòðîåííîãî îòðåçêà [0; w + l], ïåðåáèðàÿ
âñå çíà÷åíèÿ y èç îòðåçêà [0; h], áóäåì âû÷èñëÿòü x-êîîðäèíàòó ýëåìåíòà ìàòðèöû, ëå-
æàùåãî íà ñîîòâåòñòâóþùåé ëèíèè íàïðàâëåíèÿ ïðîåêöèè, ïî ô îðìóëå x = i + bydxc
(ãäåbac � ¾ïîë¿ ÷èñëà a). Çàòåì ïðîèçâîäèòñÿ ïðîâåðêà âûõîäà ïîëó÷èâøåéñÿ êîîðäè íà-
òû çà ãðàíèöû ìàòðèöû ( 0 6 y 6 h; 0 6 x 6 w), è, åñëè ýòà ïðîâåðêà ïðîéäåíà óñïåøíî,
ïîëó÷èâøàÿñÿ êîîðäèíàòà äîïèñûâàåòñÿ â i -é ýëåìåíò ïðîåêöèè (ÿâëÿþùèéñÿ ìàññèâîì).
Ýòîò ïðîöåññ îòðàæåí íà ðèñ. 5.

Îáùóþ ôîðìóëó äëÿ ñåêòîðà [� �= 2; � �= 4) ìîæíî çàïèñàòü òàê:

P(i ) = f (x; y) : 8y 2 Z \ [0; h] ; x = i + by dxc; 0 6 x 6 wg:

Äëÿ äðóãèõ ñåêòîðîâ ïðèíöèï ïîñòðîåíèÿ ñõåìû ïðîåêöèè áóäå ò òîò æå, ñ òî÷íîñòüþ
äî çíàêîâ è îáîçíà÷åíèé x è y.

Òàêèì îáðàçîì, êîîðäèíàòàì ìàòðèöû èçîáðàæåíèÿ ñòàâÿòñÿ â ñîîòâåòñòâèå íîìåðà
ýëåìåíòîâ ïðîåêöèè. Ýòî ñîîòâåòñòâèå è ïîçâîëÿåò ïîñòðîèò ü ñõåìó ïðîåêöèè èçîáðàæå-
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Ðèñ. 5 Ìåõàíèçì îòîáðàæåíèÿ ýëåìåíòà ìàòðèöû â ñîîòâåòñòâóþùóþ ÿ ÷åéêó ïðîåêöèè

íèÿ. Îòìåòèì, ÷òî íàïðàâëåíèå îáõîäà ýëåìåíòîâ ïðîåêöèè âñ åãäà áóäåò ïðîèçâîäèòüñÿ
ñëåâà íàïðàâî.

Ïîñëå òîãî êàê îïèñàííàÿ ôóíêöèÿ ïîñòðîåíèÿ ñõåìû ïðîåêöèè âûïîëíèòñÿ äëÿ êàæ-
äîãî íåîáõîäèìîãî óãëà, ñõåìà áóäåò äîñòðîåíà è çàïèñàíà â ï àìÿòü êîìïüþòåðà.
Â äàëüíåéøåì ïðîãðàììà áóäåò èñïîëüçîâàòü ýòó ñõåìó äëÿ âû÷ èñëåíèÿ ÈÏÐ ëþáî-
ãî èçîáðàæåíèÿ ïîäõîäÿùåãî ðàçìåðà: ñíà÷àëà îäèí ðàç äëÿ èç îáðàæåíèÿ-îáðàçöà, ïî-
òîì, â ñðåäíåì ñëó÷àå, çíà÷èòåëüíî áîëüøåå êîëè÷åñòâî ðàç ä ëÿ êàæäîé îáëàñòè-òåñòà
èç èçîáðàæåíèÿ-òåñòà, ïðè÷åì âû÷èñëÿòüñÿ ìàññèâû ÈÏÐ áóäó ò çà îäèí ¾ïðîõîä¿ ïî ìàò-
ðèöå îáðàáàòûâàåìîãî èçîáðàæåíèÿ. Çàìåòèì òàêæå, ÷òî íà ïð àêòèêå ýëåìåíòàìè êàæ-
äîé ÈÏÐ áóäóò ÿâëÿòüñÿ òðåõêîìïîíåíòíûå òî÷êè (RGB) è ñóììè ðîâàíèå âäîëü ëèíèè
íàïðàâëåíèÿ óãëà ïîñòðîåíèÿ ïðîåêöèè òàêæå áóäåò ïðîèçâîä èòüñÿ ïîêîìïîíåíòíî.

Íåîáõîäèìîñòü èñïîëüçîâàíèÿ îïèñàííîé ñõåìû îáóñëîâëåíà òåì ôàêòîì, ÷òî âûáîð-
êà èç ïàìÿòè ïî îäíîìåðíîìó èíäåêñó âûïîëíÿåòñÿ áûñòðåå, ÷å ì öåëî÷èñëåííûé ðàñ÷åò
ìåòîäîì Áðåçåíõåìà. Áëàãîäàðÿ èñïîëüçîâàíèþ ñõåìû, ïðîèç âîäèòåëüíîñòü íà ýòîì ýòàïå
âû÷èñëåíèé óâåëè÷èëàñü ïðàêòè÷åñêè âäâîå äëÿ ñëó÷àÿ80 � 80 = 6400 îáëàñòåé-òåñòîâ
ðàçìåðîì 20� 20 = 400 ïèêñåëåé è ïðèìåðíî â ïîëòîðà ðàçà äëÿ ñëó÷àÿ 260� 260 = 67600
îáëàñòåé-òåñòîâ ðàçìåðîì 40� 40 = 1600ïèêñåëåé.

2.4 Ïîëó÷åíèå Ôóðüå-êîýôôèöèåíòîâ äëÿ èíòåãðàëüíûõ ïðîåê öèé
Ðàññìîòðèì àëãîðèòì ïîñòðîåíèÿ ìàññèâà ìàòðèö Ôóðüå-ðåçî íàòîðîâ äëÿ ñîðàçìåð-

íûõ èçîáðàæåíèé. Äëÿ ýòîãî íåîáõîäèìî çíàòü íå òîëüêî ðàçìå ðû èçîáðàæåíèÿ è çíà÷åíèå
ïàðàìåòðà êîìïðåññèè ïðè Ôóðüå-òðàíñôîðìàöèè, íî è äëèíû â ñåõ ÈÏÐ îáðàáàòûâàåìîãî
èçîáðàæåíèÿ, çíà÷åíèå êîòîðûõ ìîæíî ïîëó÷èòü èç ñõåìû äëÿ â û÷èñëåíèÿ ÈÏÐ. Ïîýòîìó
ïîñòðîåíèå ìàññèâà ìàòðèö Ôóðüå-ðåçîíàòîðîâ íà÷èíàåòñÿ ñ ðàçó ïî çàâåðøåíèè ïîñòðî-
åíèÿ ýòîé ñõåìû.

Äëèíà ìàññèâà ìàòðèö Ôóðüå-ðåçîíàòîðîâ áóäåò ñîîòâåòñòâî âàòü êîëè÷åñòâó ïðåîá-
ðàçóåìûõ ïîñëåäîâàòåëüíîñòåé, à ðàçìåðû êàæäîé ìàòðèöû ðå çîíàòîðîâ áóäóò çàâèñåòü
îò äëèíû ïîñëåäîâàòåëüíîñòè è îò øèðèíû ñïåêòðà Ôóðüå-ðåçî íàòîðîâ. Îäíî èçìåðåíèå
ìàòðèöû � ýòî äëèíà ïîñëåäîâàòåëüíîñòè (projection i .length). Êîëè÷åñòâî ðåçîíàòîðîâ �
äðóãîå èçìåðåíèå ìàòðèöû � áóäåò ðàâíî ¾ïîòîëêó¿ îò äëèíû ïî ñëåäîâàòåëüíîñòè, óìíî-
æåííîé íà êîýôôèöèåíò øèðèíû ñïåêòðà:

resonatorsAmti = dprojectioni :length � spectrumWidthe:
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Òàê æå, êàê è â ñëó÷àå ñî ñõåìîé äëÿ ïîñòðîåíèÿ ÈÏÐ, ìàññèâ ìàò ðèö Ôóðüå-ðåçîíàòîðîâ
çàïèñûâàåòñÿ â ïàìÿòü êîìïüþòåðà è áóäåò èñïîëüçîâàòüñÿ â ä àëüíåéøåì.

Êàê ãîâîðèëîñü ðàíåå, ïðîöåññ ïîëó÷åíèÿ ÏÔÄ ïðîèñõîäèò â äâ à ýòàïà. Ñíà÷àëà ñ èñ-
ïîëüçîâàíèåì ñõåìû äëÿ ïîñòðîåíèÿ ÈÏÐ ïîëó÷àþò ìàññèâ ïðîå êöèé, ïîñëå ÷åãî ñ ïî-
ìîùüþ ìàññèâà ìàòðèö Ôóðüå-ðåçîíàòîðîâ âû÷èñëÿþòñÿ ìàññè âû ÔÊ äëÿ êàæäîé èç òà-
êèõ ïðîåêöèé, òàêèì îáðàçîì ïîëó÷àþò ÏÔÄ.

Íà âòîðîì ýòàïå äîïîëíèòåëüíî èñïîëüçóåòñÿ ïàðàìåòð, çàäà þùèé êîëè÷åñòâî âû÷èñ-
ëÿåìûõ ïåðâûõ ÔÊ äëÿ êàæäîé ÈÏÐ èçîáðàæåíèÿ (considetation Percent). Îñìûñëåííîå
èçìåíåíèå ýòîãî ïàðàìåòðà òàê æå, êàê è â ñëó÷àå ïàðàìåòðà êî ìïðåññèè, ìîæåò ñïîñîá-
ñòâîâàòü ðåøåíèþ ïðîáëåìû øóìîïîäàâëåíèÿ â çàäà÷å ðàñïîçí àâàíèÿ îáðàçîâ. Âëèÿíèå
ýòîãî ïàðàìåòðà, ïî ñóòè, ñîñòîèò â òîì, ÷òî ïðè ïðåîáðàçîâà íèè ïîñëåäîâàòåëüíîñòè â ÔÊ
íå ñîõðàíÿþòñÿ ïîñëåäíèå êîýôôèöèåíòû, à âåäü èìåííî â ïîñë åäíèõ ÔÊ, îòâå÷àþùèõ
ñàìûì âûñîêèì ÷àñòîòàì, êàê ïðàâèëî, ñîäåðæàòñÿ øóìû [6].

Òàêèì îáðàçîì, ïðè âû÷èñëåíèè ÏÔÄ èç ìàññèâà ÈÏÐ èçîáðàæåíè ÿ äîñòèãàåòñÿ ýô-
ôåêò íèçêî÷àñòîòíîé Ôóðüå-ôèëüòðàöèè, øèðîêî ïðèìåíÿåìû é â çàäà÷àõ ðàäèîôèçèêè
è òåîðèè îáðàáîòêè ñèãíàëîâ [6]. Èëè æå, åñëè äëÿ àíàëèçà èñïîëüçîâàòü ñàìûå ïåðâûå
ÔÊ (ò. å. çíà÷èòåëüíî óìåíüøèòü çíà÷åíèå ïàðàìåòðà âû÷èñëÿ åìûõ ïåðâûõ ÔÊ), ìîæíî
ñóäèòü î íåêîòîðûõ áàçîâûõ ñâîéñòâàõ èçîáðàæåíèÿ.

2.5 Ñðàâíåíèå Ôóðüå-êîýôôèöèåíòîâ äëÿ èíòåãðàëüíûõ ïðîåê öèé äâóõ èçîá-
ðàæåíèé

Áëàãîäàðÿ èñïîëüçîâàíèþ îïèñàííûõ âûøå àëãîðèòìîâ ïîëó÷à þòñÿ ÏÔÄ äëÿ èçîáðà-
æåíèÿ-îáðàçöà, çàòåì, ¾ïðîõîäÿ¿ ïî âñåìó èçîáðàæåíèþ-òåñ òó, âûäåëÿþòñÿ ñîðàçìåðíûå
èçîáðàæåíèþ-îáðàçöó îáëàñòè è âû÷èñëÿþòñÿ ÏÔÄ äëÿ êàæäîé ò àêîé îáëàñòè, ïîñëå ÷åãî
ïðîèçâîäèòñÿ ñðàâíåíèå ÏÔÄ èçîáðàæåíèÿ-îáðàçöà è îáëàñòè -òåñòà.

Íàïîìíèì, ÷òî ïðåäñòàâëÿþò ñîáîé ÏÔÄ. Ýòî ìàññèâ, â êîòîðîì äëÿ êàæäîé ÈÏÐ
èçîáðàæåíèÿ õðàíèòñÿ íåêîòîðûé ìàññèâ ÔÊ, ïîñòðîåííûé ñ ó÷ åòîì çàäàííûõ ïàðàìåò-
ðîâ.

Èäåÿ ìåòîäà ñðàâíåíèÿ ÏÔÄ äâóõ èçîáðàæåíèé ñîñòîèò â òîì, ÷ò îáû ïîäñ÷èòàòü ñðåä-
íåå êîëè÷åñòâî ñóùåñòâåííî îòêëîíåííûõ ÔÊ èç ÏÔÄ òåñòèðóåì îãî èçîáðàæåíèÿ îò ÔÊ
èç ÏÔÄ èçîáðàæåíèÿ-îáðàçöà è çàòåì, â çàâèñèìîñòè îò ýòîé âå ëè÷èíû, ïðèíèìàòü ðåøå-
íèå îá óðîâíå ñõîæåñòè ñðàâíèâàåìûõ èçîáðàæåíèé.

Ýòîò ìåòîä èñïîëüçóåò äâà ïîñëåäíèõ ïàðàìåòðà (¾ã¿ è ¾ä¿) èç ñïèñêà, óïîìèíàâøå-
ãîñÿ âûøå.

Ïåðâûé èç íèõ � äîïóñòèìûé ïðîöåíò îòêëîíåíèÿ êàæäîãî ÔÊ òåñ òèðóåìîãî èçîáðà-
æåíèÿ îò ñîîòâåòñòâóþùåãî ÔÊ îáðàçöà, ò. å. åñëè ôàêòè÷åñêàÿ âåëè÷èíà îòêëîíåíèÿ ÔÊ
òåñòèðóåìîãî èçîáðàæåíèÿ îêàæåòñÿ áîëüøå çíà÷åíèÿ ýòîãî ï àðàìåòðà, òî ýòîò ÔÊ áóäåò
ñ÷èòàòüñÿ ñóùåñòâåííî îòëè÷àþùèìñÿ îò ñîîòâåòñòâóþùåãî Ô Ê îáðàçöà.

Ôàêòè÷åñêèé ïðîöåíò îòêëîíåíèÿ îäíîãî ÔÊ âû÷èñëÿåòñÿ êàê î òíîøåíèå çíà÷åíèÿ
ðàçíèöû ÔÊ òåñòèðóåìîãî èçîáðàæåíèÿ îò ñîîòâåòñòâóþùåãî Ô Ê îáðàçöà ê çíà÷åíèþ
ýòîãî ÔÊ îáðàçöà:

aDivc =
jsamplei :ax :c � testi :ax :cj

jsamplei :ax :cj
; bDivc =

jsamplei :bx :c � testi :bx :cj
jsamplei :bx :cj

:

Çäåñü è äàëååi � èíäåêñ íîìåðà ïðîåêöèè, x � èíäåêñ íîìåðà ýëåìåíòà â ìàññèâå ÔÊ,
ñîîòâåòñòâóþùåì îäíîé ïðîåêöèè (ÈÏÐ ïîñëå ïðåîáðàçîâàíèÿ Ôóðüå), àc ïðèíèìàåò çíà-
÷åíèÿ èç f R; G; Bg â çàâèñèìîñòè îò öâåòà êîìïîíåíòû, äëÿ êîòîðîé âû÷èñëÿåòñÿ îòêëî-
íåíèå.
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Çàòåì âû÷èñëÿåòñÿ ñðåäíåå àðèôìåòè÷åñêîå äëÿ âñåõ îòêëîíåíèé ÔÊ êàæäîé êîìïî-
íåíòû öâåòà (RGB) è òèïà ÔÊ ( a è b). Óêàæåì îáùóþ ôîðìóëó äëÿ ïîäñ÷åòà ôàêòè÷åñêîãî
îòêëîíåíèÿ îäíîãî ýëåìåíòà ÏÔÄ:

eleDivi x =
1
6

X

c= f R;G;B g

(aDivc + bDiv c);

ãäå aDivc è bDivc âû÷èñëåíû ïî ôîðìóëàì, óêàçàííûì âûøå, äëÿ ñîîòâåòñòâóþùè õ çíà-
÷åíèé i è x.

Äàëåå ïðîèçâîäèòñÿ ïîäñ÷åò êîëè÷åñòâà ñóùåñòâåííî îòêëîí åííûõ ÔÊ â êàæäîé ÈÏÐ
(strongDivAmt i ) â çàâèñèìîñòè îò ââåäåííîãî ïàðàìåòðà äîïóñòèìîãî ïðîöåí òà îòêëî-
íåíèÿ. Ïîñëå ýòîãî âû÷èñëÿåòñÿ äîëÿ ñóùåñòâåííî îòêëîíåíí ûõ ýëåìåíòîâ ìàññèâà ÔÊ
îò èõ îáùåãî êîëè÷åñòâà:

strongDivAmtAvg i =
strongDivAmt i

samplei :length
;

è çàòåì ñ÷èòàåòñÿ äîëÿ ñóùåñòâåííî îòêëîíåííûõ ÔÊ âî âñåõ ÏÔ Ä äëÿ ñðàâíèâàåìîãî
èçîáðàæåíèÿ:

strongDivAmtAvgSummary =
1

projAmt

projAmt � 1X

i =0

strongDivAmtAvg i :

Ýòî çíà÷åíèå áóäåì íàçûâàòü îòêëîíåíèåì (îò îáðàçöà) ÏÔÄ äë ÿ èçîáðàæåíèÿ.
Ïîñëå ïîëó÷åíèÿ ýòîãî çíà÷åíèÿ íóæíî ïðèíÿòü ðåøåíèå î òîì, ñ÷èòàòü ëè òåñòèðó-

åìîå èçîáðàæåíèå äîñòàòî÷íî ïîõîæèì íà îáðàçåö. È â ýòîò ìîì åíò èãðàåò ðîëü âòîðîé
èç óïðàâëÿþùèõ ïàðàìåòðîâ ìåòîäà ñðàâíåíèÿ � äîïóñòèìîå êî ëè÷åñòâî ñóùåñòâåííî îò-
ëè÷àþùèõñÿ ÔÊ â ÏÔÄ äëÿ èçîáðàæåíèÿ. Ñ íèì ñðàâíèâàåòñÿ ïîëó ÷åííîå äëÿ êàæäîãî
èçîáðàæåíèÿ îòêëîíåíèå ÏÔÄ, è åñëè îíî ìåíüøå çàäàííîãî ïàð àìåòðà, òî òåñòèðóåìîå
èçîáðàæåíèå ñ÷èòàåòñÿ äîñòàòî÷íî ïîõîæèì íà èçîáðàæåíèå- îáðàçåö è èíôîðìàöèÿ î íåì
äîáàâëÿåòñÿ â ñïåöèàëüíûé ìàññèâ ðåçóëüòàòîâ ïîèñêà. Â ýòóèíôîðìàöèþ âõîäÿò êîîð-
äèíàòû íàéäåííîãî ïîõîæåãî èçîáðàæåíèÿ è çíà÷åíèå îòêëîíå íèÿ åãî ÏÔÄ.

Ïî çàâåðøåíèè ïðîöåññà ïîèñêà ñõîæèõ èçîáðàæåíèé ìàññèâ ðå çóëüòàòîâ ñîðòèðóåòñÿ
ïî íåóáûâàíèþ çíà÷åíèÿ îòêëîíåíèÿ ÏÔÄ. Çà ñ÷åò ýòîãî íàèáîë åå ïîõîæàÿ íà îáðàçåö îá-
ëàñòü îêàçûâàåòñÿ íà ïåðâîé ïîçèöèè â ìàññèâå ðåçóëüòàòîâ.Èñïîëüçóÿ èíôîðìàöèþ î ïî-
ëîæåíèè ýòîé îáëàñòè, ïðîãðàììà âûâîäèò ñîîòâåòñòâóþùóþ ÷ àñòü èçîáðàæåíèÿ-òåñòà
â êà÷åñòâå ðåçóëüòàòà ïîèñêà îáðàçà èç èçîáðàæåíèÿ-èñòî÷íèêà.

Ñóììàðíóþ àñèìïòîòè÷åñêóþ âû÷èñëèòåëüíóþ ñëîæíîñòü àëãî ðèòìà ìîæíî âûðàçèòü
ôîðìóëîé:

f (n; m; x; y; p; s; c) = �

0

@(m � x) (n � y)
�
x2 + y2

�
�

p + 12
�
x2 + y2

� s c
p

� p=4X

k=0

tg
�

k
�
p

�
1

A ;

ãäå n; m � ðàçìåðû èçîáðàæåíèÿ-òåñòà; x; y � ðàçìåðû èçîáðàæåíèÿ-îáðàçöà; p � êî-
ëè÷åñòâî ÈÏÐ (projAmt); s � øèðèíà ñïåêòðà Ôóðüå-ðåçîíàòîðîâ (spectrumWidth); c �
êîëè÷åñòâî ïåðâûõ âû÷èñëÿåìûõ ÔÊ (considerationPercent) .

3 Ðåçóëüòàòû
Ðàññìîòðèì ðåçóëüòàòû, ïîëó÷åííûå ñ ïîìîùüþ ïðîãðàììíîãî ïðîòîòèïà, ðåàëèçó-

þùåãî îïèñàííûé ìåòîä ðàñïîçíàâàíèÿ îáðàçîâ. Êàê îòìå÷àëî ñü ðàíåå, î÷åíü áîëüøîå
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çíà÷åíèå èìåþò ïàðàìåòðû, çàäàâàåìûå ïåðåä çàïóñêîì ïîèñê à. Èìåííî îò íèõ çàâèñèò
êà÷åñòâåííàÿ ýôôåêòèâíîñòü ðàáîòû àëãîðèòìà. Îïòèìàëüíû é âûáîð íàáîðà ïàðàìåòðîâ
çàâèñèò îò êîíêðåòíîé çàäà÷è. Íèæå ïðèâåäåíû ïðèìåðû òàêèõ çàäà÷.

Äëÿ îöåíîê îøèáîê áóäåò äîïîëíèòåëüíî èñïîëüçîâàòüñÿ ìîäè ôèêàöèÿ ïðîãðàììíîãî
ïðîòîòèïà, â êà÷åñòâå ðåçóëüòàòà îòîáðàæàþùàÿ íå òîëüêî íà èáîëåå ïîõîæåå íà îáðà-
çåö èçîáðàæåíèå, íî è âñå èçîáðàæåíèÿ, ñî÷òåííûå ñõîæèìè (ñ îäåðæàùèåñÿ â ìàññèâå
ñ íàéäåííûìè îáëàñòÿìè). Íà îñíîâå ïîëó÷åííûõ ðåçóëüòàòîâ áóäóò äåëàòüñÿ âûâîäû
î òîì, êàêèå çíà÷åíèÿ óïðàâëÿþùèõ ïàðàìåòðîâ ñëåäóåò óñòàí àâëèâàòü â çàâèñèìîñòè
îò êîíêðåòíîãî èçîáðàæåíèÿ, âûáðàííîãî â êà÷åñòâå îáðàçöà .

3.1 Ïðîñòûå îáðàçû

Äëÿ íà÷àëà èññëåäóåì âîçìîæíîñòè àëãîðèòìà ê ðàñïîçíàâàíè þ ïðîñòåéøèõ ãåîìåò-
ðè÷åñêèõ ôîðì (ðèñ. 6) è èçó÷èì îñîáåííîñòè ðåøåíèÿ ýòîé çàä à÷è.

Ðèñ. 6 Ïðîñòåéøèå ãåîìåòðè÷åñêèå ôîðìû

Â êà÷åñòâå èçîáðàæåíèÿ-òåñòà áóäåò èñïîëüçîâàòüñÿ òî æå èçîáðàæåíèå ñ äîáàâëåííû-
ìè øóìàìè (ðèñ. 7).

Ðèñ. 7 Çàøóìëåííîå èçîáðàæåíèå ïðîñòåéøèõ ãåîìåòðè÷åñêèõ ôîðì

Íà÷íåì, íàïðèìåð, ñ ïîèñêà êâàäðàòà. Îáðàçöîì âûáðàí ñåðûé êâàäðàò (áåç áåëîé
ãðàíèöû). Â ïîäïèñÿõ ê ðèñóíêàì ñ ðåçóëüòàòàìè ïîèñêîâ áóäó ò óêàçûâàòüñÿ èñïîëüçî-
âàííûå óïðàâëÿþùèå ïàðàìåòðû â ïîñëåäîâàòåëüíîñòè, èçëîæ åííîé â îïèñàíèè îáùåãî
àëãîðèòìà.

Êàê è îæèäàëîñü, â ìàññèâ ðåçóëüòàòîâ ïîïàë ñàì êâàäðàò è ïðÿ ìîóãîëüíèê (ðèñ. 8).
Ïðîèçîøëî ýòî ïîòîìó, ÷òî ïðÿìîóãîëüíèê ñîäåðæèò â ñåáå èñê îìûé îáðàç (êâàäðàò),
è, ñîîòâåòñòâåííî, îí óñïåøíî ðàñïîçíàåòñÿ è ïîïàäàåò â ìàñ ñèâ ðåçóëüòàòîâ. Ïðè÷åì
ýòîò ýôôåêò íå ÿâëÿåòñÿ îøèáêîé âòîðîãî ðîäà.

Òåïåðü áóäåì èñêàòü øåñòåðåíêó. Ïîñêîëüêó åå ôîðìà äîñòàòî ÷íî íåîáû÷íà,
òî ïðè ïðàâèëüíîì âûáîðå óïðàâëÿþùèõ ïàðàìåòðîâ ïîèñêà íàé äåòñÿ òîëüêî îíà ñàìà
(ðèñ. 9).

Îäíàêî çàìåòèì, ÷òî, êàê ãîâîðèëîñü ðàíåå, ïðè íåâåðíîì çàä àíèè ïàðàìåòðîâ ìîãóò
âîçíèêàòü îøèáêè. Òàê, â òîì ñëó÷àå, åñëè òðåáîâàòü ñëèøêîì ñòðîãîãî ñõîäñòâà, íå áóäåò
íàéäåíî âîîáùå íè îäíîãî ñîâïàäåíèÿ (íà âûõîäå áóäåò ïîëó÷å íî ïóñòîå èçîáðàæåíèå �
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Ðèñ. 8 Ðåçóëüòàò ïîèñêà êâàäðàòà (4, 20, 70, 50, 40)

Ðèñ. 9 Ðåçóëüòàò ïîèñêà øåñòåðåíêè (4, 20, 70, 30, 40)

Ðèñ. 10 Îøèáêè âòîðîãî ðîäà ïðè ïîèñêå øåñòåðåíêè (4, 20, 70, 60, 45)

áåëûé ôîí) � îøèáêà ïåðâîãî ðîäà. Â òî æå âðåìÿ, åñëè ïîçâîëèò ü ñ÷èòàòü óñïåøíûì
ðàñïîçíàâàíèåì ñëèøêîì ñëàáîå ñîâïàäåíèå, òî â ðåçóëüòàò â îéäóò îáëàñòè, íå èìåþùèå
ïðàêòè÷åñêè íè÷åãî îáùåãî ñ îáðàçöîì (ðèñ. 10) � îøèáêà âòîð îãî ðîäà.



Å. À. Íîâèêîâ, Ì. À. Ïàäàëêî 1838

Ðàíåå îòìå÷àëîñü, ÷òî óïðàâëÿþùèå ïàðàìåòðû ñëåäóåò ïîäáè ðàòü èñõîäÿ èç æåëàåìîé
¾ãðóáîñòè¿ ïîèñêà. Ïðèâåäåì íåêîòîðûå ôîðìóëû, ïîçâîëÿþù èå âûáðàòü çíà÷åíèÿ ýòèõ
ïàðàìåòðîâ â óñëîâèÿõ êîíêðåòíîé çàäà÷è.

Â çàâèñèìîñòè îò ïàðàìåòðà øèðèíû ñïåêòðà ïðè ïåðåõîäå îò ÈÏ Ð ê åå ÔÊ ìîæíî ìå-
íÿòü êîëè÷åñòâî Ôóðüå-ðåçîíàòîðîâ, èñïîëüçóåìûõ ïðè ïðåî áðàçîâàíèè. Èõ ÷èñëî ìîæíî
ïîëó÷èòü ïî ôîðìóëå spectrumWidth � projection:length. Ïàðàìåòð âû÷èñëÿåìûõ ïåðâûõ
ÔÊ äëÿ ÈÏÐ ñëåäóåò óìíîæèòü íà ýòî ÷èñëî, òîãäà ïîëó÷èì êîëè÷ åñòâî ÔÊ äëÿ êàæ-
äîé ÈÏÐ â ÏÔÄ èçîáðàæåíèÿ: considerationPercent� spectrumWidth � projection:length.

Îáùàÿ ôîðìóëà äëÿ ìèíèìàëüíîãî ðàçìåðà ó÷èòûâàåìîãî ýëåìå íòà èçîáðàæåíèÿ áó-
äåò âûãëÿäåòü òàê:min f img:height; img:widthg=(considerationPercent� spectrumWidth).

3.2 Äîðîæíûå çíàêè

Òåïåðü îòîéäåì îò òåñòîâûõ èçîáðàæåíèé è ïîêàæåì ýôôåêòèâí îñòü ðàáîòû àëãîðèò-
ìà ïðè ðåøåíèè ðåàëüíûõ çàäà÷.

Íàïðèìåð, ñóùåñòâóåò çàäà÷à ðàñïîçíàâàíèÿ äîðîæíûõ çíàêî â, êà÷åñòâåííîãî ðåøå-
íèÿ êîòîðîé íà äàííûé ìîìåíò íå ñóùåñòâóåò. Îïèñàííûé àëãîð èòì ìîæåò ñòàòü òàêèì
ðåøåíèåì. Âîçüìåì â êà÷åñòâå îáðàçöà èçîáðàæåíèå çíàêà ¾ïå øåõîäíûé ïåðåõîä¿, ÷åòêîå
è ðîâíîå (ðèñ. 11).

Ðèñ. 11 Èçîáðàæåíèå çíàêà ¾ïåøåõîäíûé ïåðåõîä¿

Â êà÷åñòâå èçîáðàæåíèÿ òåñòà âîçüìåì ôîòîãðàôèþ ñ ðåàëüíûì äîðîæíûì çíà-
êîì (ðèñ. 12).

Ðèñ. 12 Ðåàëüíûé äîðîæíûé çíàê

Âûäåëèì â ýòîì èçîáðàæåíèè ñàì êâàäðàò çíàêà (ðèñ. 13) (íàïð èìåð, ñ ïîìîùüþ ïðè-
ìèòèâîâ Õààðà [7]) è ïîïðîáóåì ðàñïîçíàòü â íåì îáðàçåö.

Ïðè òî÷íîì âûáîðå óïðàâëÿþùèõ ïàðàìåòðîâ ïîèñêà óäàåòñÿ ðà ñïîçíàòü íà ôîòîãðà-
ôèè ¾îáðàçöîâûé¿ äîðîæíûé çíàê (ðèñ. 14).
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Ðèñ. 13 Âûäåëåííûé èç ôîòîãðàôèè êâàäðàò çíàêà

Ðèñ. 14 Ðåçóëüòàò ðàñïîçíàâàíèÿ çíàêà (10, 7, 75, 70, 70)

Îòìåòèì, ÷òî â ðåçóëüòàòàõ îòîáðàæàþòñÿ âñå íàéäåííûå ñîâï àäåíèÿ, è îíè ÿâëÿþòñÿ
î÷åíü òî÷íûìè. Ýòî çíà÷èò, ÷òî óäàëîñü èçáåæàòü îøèáîê âòîð îãî ðîäà. Òàêæå óäàëîñü
èçáåæàòü è îøèáîê ïåðâîãî ðîäà: ìîæíî âèäåòü, ÷òî çíàê ðàñïî çíàí âåðíî, íåñìîòðÿ
íà äåôåêò ïðè ïå÷àòè ñàìîãî çíàêà (ãîðèçîíòàëüíàÿ áåëàÿ ëèí èÿ â öåíòðå) è íàäïèñü
âíèçó çíàêà, èñêàæàþùóþ åãî ÷àñòü.

3.3 Îòñëåæèâàíèå ãëàç (àéòðåêèíã)

Äðóãàÿ ïðàêòè÷åñêàÿ çàäà÷à, íóæäàþùàÿñÿ â ðåøåíèè, � êà÷åñòâåííîå ðàñïîçíàâà-
íèå çðà÷êà ÷åëîâåêà. Ñóùåñòâóþùèå ìåòîäû íå äàþò âûñîêîé òî ÷íîñòè, è â ðåçóëüòàòå
ïðè ïîïûòêå îòñëåæèâàòü äâèæåíèÿ çðà÷êà â âèäåîïîòîêå ïðîè ñõîäèò ¾äðîæàíèå¿ ðàñ-
ïîçíàííîãî çðà÷êà, äàæå åñëè â ðåàëüíîñòè çðà÷îê íåïîäâèæå í. Ðàññìàòðèâàåìûé â äàí-
íîé ñòàòüå àëãîðèòì ðàñïîçíàâàíèÿ ìîæåò ðåøèòü ýòó ïðîáëåì ó. Ïðîäåìîíñòðèðóåì ýòî
íà ïðèìåðå. Åäèíîæäû óêàçàâ â êà÷åñòâå îáðàçöà çðà÷îê ñ ÷àñòüþ ðàäóæíîé îáîëî÷êè
(ðèñ. 15), ìîæíî îòñëåæèâàòü åãî ïîëîæåíèå â êàäðå.

Ðèñ. 15 Èçîáðàæåíèå çðà÷êà ãëàçà ÷åëîâåêà è ÷àñòè ðàäóæíîé îáîëî÷êè

Òåïåðü ïîïðîáóåì íàéòè çðà÷êè â äâóõ ðàçíûõ êàäðàõ âèäåî (ðè ñ. 16).
Âûäåëèì â ýòèõ êàäðàõ îáëàñòè ãëàç (ðèñ. 17).
Ïîñëå ýòîãî çàïóñòèì ïîèñê çðà÷êîâ â ïîëó÷åííûõ èçîáðàæåíè ÿõ. Î÷åâèäíî, ÷òî ïðî-

ãðàììà ñïðàâëÿåòñÿ ñ ýòîé çàäà÷åé, ïðè÷åì ñ ìèíèìàëüíûìè îø èáêàìè âòîðîãî ðîäà,
êîòîðûå, â ñâîþ î÷åðåäü, ìîæíî óñòðàíèòü âûáîðîì íàèáîëåå á ëèçêîé ê îáðàçöó îáëàñòè
â ðàéîíå êàæäîãî ãëàçà. Ñíèìêè ýêðàíà ñ ðåçóëüòàòàìè ïðåäñò àâëåíû íà ðèñ. 18 è 19.
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Ðèñ. 16 Äâà ðàçëè÷íûõ êàäðà èç âèäåîçàïèñè ñ ëèöîì ÷åëîâåêà

Ðèñ. 17 Âûäåëåííûå èç êàäðîâ ôðàãìåíòû ñ èçîáðàæåíèÿìè ãëàç ÷åëîâåê à

Ðèñ. 18 Ðåçóëüòàò ïîèñêà çðà÷êîâ â ôðàãìåíòå èç ïåðâîãî êàäðà (10, 4 8, 14, 28, 28)

Ðèñ. 19 Ðåçóëüòàò ïîèñêà çðà÷êîâ â ôðàãìåíòå èç âòîðîãî êàäðà (10, 4 8, 14, 28, 28)
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3.4 Ïåðñïåêòèâû

Çà ñ÷åò óíèâåðñàëüíîñòè ïîäõîäà ïðè àíàëèçå èçîáðàæåíèÿ ðà ññìîòðåííûé ìåòîä ìî-
æåò ïðèìåíÿòüñÿ â øèðîêîì ñïåêòðå çàäà÷, âîçíèêàþùèõ â îáëà ñòè îáðàáîòêè äàííûõ.

Â ñîâðåìåííîì ìèðå â óñëîâèÿõ ïîñòîÿííî ðàñòóùåãî îáúåìà ïå ðåäàâàåìûõ ïî ðàç-
ëè÷íûì êàíàëàì äàííûõ çàäà÷à èõ îáðàáîòêè ñòàíîâèòñÿ îäíîé èç íàèáîëåå àêòóàëü-
íûõ [8]. Îïèñàííûé ìåòîä ïîçâîëÿåò ïðèáëèçèòüñÿ ê ðåøåíèþ ý òîé çàäà÷è â ñëó÷àå, êîãäà
â êà÷åñòâå ïåðåäàâàåìûõ äàííûõ ñëóæèò èíôîðìàöèÿ î ñâîéñòâ àõ èçîáðàæåíèÿ è åãî ñî-
äåðæàíèè. Àíàëèçèðóÿ ÏÔÄ íåêîòîðîãî èçîáðàæåíèÿ, ìîæíî ïî ëó÷èòü ýòó èíôîðìàöèþ,
ïðè÷åì îáúåì äàííûõ, çàíèìàåìûõ ÏÔÄ, çíà÷èòåëüíî ìåíüøå, ÷ åì îáúåì ñèëüíî ñæàòîãî
(äàæå ñ ïîòåðåé äàííûõ) èçîáðàæåíèÿ.

Äðóãàÿ ñôåðà ïðèìåíåíèÿ ìåòîäà � êîíòðîëü êà÷åñòâà ãðàôè÷å ñêèõ äàííûõ. Êàê óïî-
ìèíàëîñü ðàíåå, èñïîëüçóåìûé àëãîðèòì ñïîñîáåí áîðîòüñÿ ñ øóìàìè è ïîìåõàìè â èçîá-
ðàæåíèÿõ. Ýòîò ìåõàíèçì òàêæå ïîçâîëÿåò àíàëèçèðîâàòü êîë è÷åñòâî è èíòåíñèâíîñòü
øóìîâ è ïîìåõ, ïîçâîëÿÿ òåì ñàìûì äåëàòü âûâîäû î êà÷åñòâå èç îáðàæåíèé èëè âèäåî-
ïîòîêîâ.

Åùå îäíà çàäà÷à îáðàáîòêè äàííûõ, îäíà èç ñàìûõ ñëîæíûõ è âìå ñòå ñ òåì àêòóàëü-
íûõ, � çàäà÷à ðàñïîçíàâàíèÿ. Îíà îòíîñèòñÿ ê îáëàñòè ¾ìàøèí íîãî çðåíèÿ¿ (Computer
Vision, èëè CV). Íà ñåãîäíÿøíèé äåíü ñóùåñòâóåò ìíîæåñòâî ð àçëè÷íûõ ìåòîäîâ àíàëèçà
îáúåêòîâ â èçîáðàæåíèè, îäíàêî âñå îíè ÿâëÿþòñÿ ñèëüíî ñïåö èôè÷åñêèìè è ïðèñïîñîá-
ëåíû äëÿ ðåøåíèÿ çàäà÷ â óçêèõ îáëàñòÿõ [9]. Ïðåäñòàâëåííûé ìåòîä îòëè÷àåò óíèâåð-
ñàëüíîñòü, ò. å. îí ìîæåò ïðèìåíÿòüñÿ äëÿ ðåøåíèÿ çàäà÷ ðàñï îçíàâàíèÿ ëþáûõ îáúåêòîâ
ñ ëþáîé çàðàíåå âûáðàííîé ãëóáèíîé òî÷íîñòè. Òàêæå ýòîò ìåò îä ìîæåò ïðèìåíÿòüñÿ ïðè
îòñëåæèâàíèè ïîëîæåíèÿ îáúåêòîâ â êàäðå, ò. å. â çàäà÷å âåäåíèÿ ðàñïîçíàííîãî îáúåêòà
â âèäåîïîòîêå. Òàêàÿ íåîáõîäèìîñòü âîçíèêàåò, íàïðèìåð, â ñèñòåìàõ àâòîìàòè÷åñêîãî ìî-
íèòîðèíãà âèäåîíàáëþäåíèÿ, ìîíèòîðèíãà êîíòåíòà òåëåâèç èîííûõ êàíàëîâ, îòñëåæèâà-
íèÿ äâèæåíèé ÷åëîâåêà. Â ÷àñòíîñòè, ìåòîä ïîçâîëÿåò ñ âûñîê îé òî÷íîñòüþ îòñëåæèâàòü
äâèæåíèÿ çðà÷êîâ ÷åëîâåêà, ÷òî íàõîäèò ïðèìåíåíèå â êîìïüþ òåðíîé îêóëîãðàôèè.

Äëÿ ïîâûøåíèÿ òîëåðàíòíîñòè àëãîðèòìà ê ïîâîðîòàì ñðàâíèâ àåìûõ ìàòðèö èçîáðà-
æåíèé îòíîñèòåëüíî äðóã äðóãà íåîáõîäèìî èñïîëüçîâàòü äîï îëíèòåëüíûé ìåõàíèçì îïðå-
äåëåíèÿ íà÷àëüíîé ïðîåêöèè äëÿ ñðàâíåíèÿ. Ïðè ýòîì äîñòàòî ÷íî èñïîëüçîâàòü òîëüêî
ïåðâûå íåñêîëüêî ÔÊ äëÿ ïîäðÿä èäóùèõ ïðîåêöèé. Ýòî ïîçâîëè ò äîáèòüñÿ ðàñïîçíàâà-
íèÿ èñêîìîãî îáúåêòà ñ ïðîèçâîëüíûì óãëîì ïîâîðîòà ïðè íåçí à÷èòåëüíîì óâåëè÷åíèè
âû÷èñëèòåëüíîé íàãðóçêè.

×òîáû ñïðàâèòüñÿ ñ çàäà÷åé ðàñïîçíàâàíèÿ, êîãäà ðàçðåøåíè å èçîáðàæåíèÿ èñêîìîãî
îáúåêòà îòëè÷àåòñÿ îò ðàçðåøåíèÿ èçîáðàæåíèÿ-îáðàçöà, äîñòàòî÷íî äîáèòüñÿ ñèíõðî-
íèçàöèè êîëè÷åñòâà ðåçóëüòèðóþùèõ ÔÊ â ÏÔÄ òåñòèðóåìîãî èç îáðàæåíèÿ è êîëè÷å-
ñòâà ÔÊ â ÏÔÄ èçîáðàæåíèÿ-îáðàçöà. Äëÿ ýòîãî íåîáõîäèìî óìí îæèòü çíà÷åíèå èñõîäíîé
øèðèíû ñïåêòðà íà êîýôôèöèåíò k = sizesample=sizetest îòíîøåíèÿ ðàçìåðà èçîáðàæåíèÿ-
îáðàçöà ê ðàçìåðó îáëàñòè-òåñòàspectrumWidthtest = k�spectrumWidthsample è ïðîèçâîäèòü
ïðåîáðàçîâàíèå Ôóðüå âäîëü ïðîåêöèè èçîáðàæåíèÿ-òåñòà ñ ø àãîì, êðàòíûì òîìó æå êî-
ýôôèöèåíòó k. Ñîâïàäåíèå çíà÷åíèé ÔÊ äëÿ îäíîãî îáúåêòà íà èçîáðàæåíèÿõ ðàçíûõ
ðàçìåðîâ íàãëÿäíî âèäíî íà ãðàôèêàõ, èçîáðàæåííûõ íà ðèñ. 2 0.

Â ïåðñïåêòèâå ñ èñïîëüçîâàíèåì ìåõàíèçìîâ ¾ìàøèííîãî îáó÷ åíèÿ¿ (Machine
Learning, èëè ML) îïèñàííûé ìåòîä ìîæåò ïðèìåíÿòüñÿ äëÿ ñîç äàíèÿ ñèñòåìû èíòåëëåê-
òóàëüíîãî àíàëèçà ãðàôè÷åñêèõ äàííûõ. Ïðè ýòîì ìàñøòàáû çà äåéñòâîâàííûõ âû÷èñëè-
òåëüíûõ ìîùíîñòåé è îáúåìû ïåðåäàâàåìûõ äàííûõ áóäóò íåñðà âíèìî ìåíüøå, ÷åì ó ïî-
äîáíûõ ñèñòåì, îñíîâàííûõ íà èñêóññòâåííûõ íåéðîííûõ ñåòÿ õ.
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Ðèñ. 20 Ãðàôèêè çíà÷åíèé ÔÊ äëÿ èçîáðàæåíèé ðàçíûõ ðàçìåðîâ

4 Çàêëþ÷åíèå
Ïðåäñòàâëåííûé â äàííîé ñòàòüå ìåòîä, îñíîâàííûé íà êîìáèí àöèè êëàññè÷åñêèõ ïðå-

îáðàçîâàíèé Ðàäîíà è Ôóðüå, à òàêæå ñòàòèñòè÷åñêîì àíàëèçå, ðåàëèçîâàí â âèäå ðàáî÷åãî
àëãîðèòìà, óñïåøíî ðåøàþùåãî ïîñòàâëåííóþ çàäà÷ó ìîíèòîð èíãà âèäåîïîòîêà è àíàëè-
çà èçîáðàæåíèé. Ìåòîä óæå âíåäðåí äëÿ ðåøåíèÿ íåêîòîðûõ çàä à÷, â ÷àñòíîñòè â ñèñòåìå
êîìïüþòåðíîé îêóëîãðàôèè, èñïîëüçóåìîé äëÿ äèàãíîñòèêè í åéðîïàòîëîãèé ÷åðåç îòñëå-
æèâàíèå äâèæåíèé ãëàç (àéòðåêèíã).

Ïîëó÷åíû äàííûå î ñèëüíûõ è ñëàáûõ ñòîðîíàõ àëãîðèòìà è âîçì îæíûõ ìåòîäàõ îï-
òèìèçàöèè èñïîëíÿåìîãî êîäà ïðîãðàììíîãî ïðîòîòèïà.

Ñ ó÷åòîì ñâîéñòâ äàííûõ, ïîëó÷åííûõ ïðè ïðèìåíåíèè ìåòîäà ê êîíêðåòíîìó èçîáðà-
æåíèþ, áûëè ñäåëàíû âûâîäû î âîçìîæíûõ îáëàñòÿõ ïðèìåíåíèÿ àëãîðèòìà è ïåðñïåê-
òèâàõ åãî èñïîëüçîâàíèÿ.
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Êîìáèíèðîâàííàÿ íåëèíåéíàÿ ôèëüòðàöèÿ öèôðîâûõ
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ÔÃÁÎÓ ÂÎ ¾Âÿòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò¿, ã. Êèðîâ

Ñèíòåçèðîâàí àëãîðèòì íåëèíåéíîé ôèëüòðàöèè ìíîãîðàçðÿä íûõ öèôðîâûõ èçîáðà-
æåíèé (ÖÈ), ïåðåäàâàåìûõ ìíîãîïîçèöèîííûìè ôàçîìàíèïóëè ðîâàííûìè (ÔÌ) èìïóëüñ-
íûìè ñèãíàëàìè, ÷òî ïîçâîëÿåò ñîêðàòèòü âðåìÿ ïåðåäà÷è ÖÈ. Ñèíòåçèðîâàííûé àë-
ãîðèòì ðåàëèçóåò ïðîñòðàíñòâåííóþ è ìåæðàçðÿäíóþ ñòàòèñò è÷åñêóþ èçáûòî÷íîñòü
ìíîãîðàçðÿäíûõ ÖÈ äëÿ êîìïåíñàöèè ïîòåðü ïîìåõîóñòîé÷èâî ñòè ïðè ïåðåõîäå îò
äâóõïîçèöèîííûõ ÔÌ ñèãíàëîâ ê ìíîãîïîçèöèîííûì ÔÌ ñèãíàëà ì. Â êîìáèíàöèè ñ ìå-
äèàííîé ôèëüòðàöèåé àëãîðèòì íåëèíåéíîé ôèëüòðàöèè ìíîãî ðàçðÿäíûõ ÖÈ ìîæåò ïî-
äàâëÿòü íå òîëüêî áåëûé ãàóññîâñêèé øóì (ÁÃØ), íî è èìïóëüñíû å ïîìåõè, áîðüáà ñ êî-
òîðûìè ìåäèàííîé ôèëüòðàöèåé ïðè íàëè÷èè ÁÃØ íåýôôåêòèâíà.

Êëþ÷åâûå ñëîâà : öèôðîâîå èçîáðàæåíèå; íåëèíåéíàÿ ôèëüòðàöèÿ; öåïü Ìàðêîâ à
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The requirement for transfer of a large volume of information, such as a multibit digital images
(DI), more quickly is an actual task and demands perfecting of radiocommunication means.
One of the ways of reduction of a DI transfer time is transition to a multiphase frequency
modulation (FM) signals. However, their application is lim ited because of a noise stability loss
at each division of a phase in comparison with binary FM signals. At the transfer of DI by
the eight-phase FM signals, the time is reduced by four times, but with partial compensation
of a noise stability loss. The algorithm of restoration of a multibit DI distorted by white
Gaussian noise (WGN) is developed. The statistical redundance of the DI is e�ciently used
for compensation of a noise stability loss at the transfer ofdigital images by multiphase FM
signals. For example, the time of the DI transfer by four-phase signals was reduced twice
without noise stability loss in comparison with the DI trans fer by the binary FM signals. The
combined algorithm of �ltration of multidigit DI is constru cted. It consists of two algorithms:
a nonlinear �ltration of DI distorted by WGN and the median �l ter for restoration of DI
distorted by salt{pepper impulse noise. Due to separation of impulse noise and WGN, the
impulse noise is e�ciently suppressed by the median �lter. The results of such combination
allow to reduce transfer time of a multibit DI and to strive su ccessfully against WGN and
impulse noise.
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1 Ââåäåíèå
Ïðè ïðÿìîé ïåðåäà÷å ìíîãîðàçðÿäíûõ ÖÈ ïî êàíàëó ñâÿçè ñ ïîìå õàìè, íàïðèìåð,

ÁÃØ è èìïóëüñíûìè ïîìåõàìè òèïà ¾ïåðåö-ñîëü¿, òðåáóþòñÿ áî ëüøèå âðåìåíí �ûå è ýíåð-
ãåòè÷åñêèå ðåñóðñû. Ñîêðàòèòü ïåðâîå è âòîðîå ìîæíî, åñëè äëÿ ïåðåäà÷è ÖÈ èñïîëü-
çîâàòü ìíîãîôàçíûå ÔÌ (ÌÔÌ) ñèãíàëû, à ïîòåðè ïîìåõîóñòîé÷ èâîñòè, âîçíèêàþùèå
ïðè ýòîì, ñêîìïåíñèðîâàòü ïîëíîñòüþ èëè ÷àñòè÷íî ðåàëèçàö èåé ñòàòèñòè÷åñêîé èçáû-
òî÷íîñòè ÖÈ.

Äëÿ ðåøåíèÿ ýòîé çàäà÷è íåîáõîäèìî ñèíòåçèðîâàòü àëãîðèòì íåëèíåéíîé ôèëüòðà-
öèè ÖÈ â ïðèñóòñòâèè ÁÃØ ñ èìïóëüñíûìè ïîìåõàìè, êîòîðûå ìîã óò áûòü ïîäàâëå-
íû, íàïðèìåð, ìåäèàííûì ôèëüòðîì, ïîäêëþ÷åííûì ê âûõîäó ñè íòåçèðîâàííîãî íåëè-
íåéíîãî ôèëüòðà, ò. å. íåîáõîäèìî ðàçðàáîòàòü àëãîðèòì êîì áèíèðîâàííîé íåëèíåéíîé
ôèëüòðàöèè ÖÈ ïðè íàëè÷èè ÁÃØ è èìïóëüñíûõ ïîìåõ, â êîòîðîì í åèçâåñòíûì ÿâëÿåò-
ñÿ àëãîðèòì íåëèíåéíîé ôèëüòðàöèè ÖÈ, ïåðåäàâàåìîãî ÌÔÌ èì ïóëüñíûìè ñèãíàëàìè,
îñíîâíûì ïîêàçàòåëåì êîòîðîãî ÿâëÿåòñÿ ýôôåêòèâíàÿ ðåàëè çàöèÿ ñòàòèñòè÷åñêîé èçáû-
òî÷íîñòè, äëÿ ïîâûøåíèÿ ïîìåõîóñòîé÷èâîñòè ïðèåìà ÖÈ.

Áóäåì ïîëàãàòü, ÷òî g-ðàçðÿäíîå (g > 8) ÖÈ ÿâëÿåòñÿ ìàðêîâñêèì ñëó÷àéíûì ïîëåì
(ÌÑÏ) ñ 2g äèñêðåòíûìè ñîñòîÿíèÿìè (ãðàäàöèÿìè ÿðêîñòè). Äëÿ ñèíòåç à àëãîðèòìà
ôèëüòðàöèè ÖÈ íåîáõîäèìî ïîñòðîèòü ìàòåìàòè÷åñêóþ ìîäåëü (ÌÌ) ìíîãîðàçðÿäíî-
ãî ÖÈ.

2 Ïîñòàíîâêà çàäà÷è
Íåîáõîäèìî ðàçðàáîòàòü àëãîðèòì íåëèíåéíîé ôèëüòðàöèè ÖÈ , ýôôåêòèâíî èñïîëü-

çóþùèé ñòàòèñòè÷åñêóþ èçáûòî÷íîñòü ÖÈ äëÿ ïîâûøåíèÿ êà÷åñ òâà âîññòàíîâëåíèÿ ÖÈ,
èñêàæåííûõ ÁÃØ n(t) ñ íóëåâûì ñðåäíèì è äèñïåðñèåé � 2

n .

3 Ìàòåìàòè÷åñêàÿ ìîäåëü ìíîãîðàçðÿäíîãî öèôðîâîãî èçîáðà -
æåíèÿ

Áóäåì ïîëàãàòü, ÷òî g-ðàçðÿäíîå ÖÈ ñîñòîèò èç g ðàçðÿäíûõ äâîè÷íûõ èçîáðàæåíèé
(ÐÄÈ), êàæäîå èç êîòîðûõ ÌÑÏ � äâóìåðíàÿ öåïü Ìàðêîâà ñ äâóìÿ ðàâíîâåðîÿòíûìè
(p1 = p2) ñîñòîÿíèÿìè (ðèñ. 1).

Äëÿ ðåøåíèÿ çàäà÷è ñîêðàùåíèÿ âðåìåíè ïåðåäà÷è ìíîãîðàçðÿ äíûõ ÖÈ îáúåäèíèì
â g-ðàçðÿäíîì ÖÈ ñîñåäíèå ÐÄÈ â ðàâíûå ãðóïïû. Íàïðèìåð, â 16-ð àçðÿäíîì ÖÈ ìîæíî
îáðàçîâàòü ãðóïïû ïî 2 (ðèñ. 2, à) èëè 4 ñîñåäíèõ ÐÄÈ. Íà ðèñ. 2, á ïðåäñòàâëåíà ãðóïïà
èç äâóõ ñòàðøèõ ÐÄÈ 16-ðàçðÿäíîãî ÖÈ, â êàæäîì ñòîëáöå êîòîð îé äâà áèíàðíûõ ïèêñåëÿ
ìîãóò ïðèíèìàòü ÷åòûðå ðàâíîâåðîÿòíûõ (p1 = p2 = p3 = p4) ñîñòîÿíèÿ. Â ðåçóëüòàòå îáú-
åäèíåíèÿ äâóõ ÐÄÈ ïîëó÷àåì ãðóïïîâîå ðàçðÿäíîå ÖÈ (ÃÐÖÈ) ñ ÷ åòûðüìÿ ãðàäàöèÿìè
ÿðêîñòè.

Ïåðåäà÷ó ÃÐÖÈ ìîæíî îñóùåñòâëÿòü ÷åòûðåõôàçíûìè èìïóëüñí ûìè ñèãíàëàìè. Ñõå-
ìà îáðàçîâàíèÿ ÃÐÖÈ è ïåðåõîä îò äâîè÷íîé ôàçîâîé ìàíèïóëÿö èè ê êâàäðàòóðíîé ïî-
êàçàí íà ðèñ. 3. Ïðèìåíåíèå ÌÔÌ ñèãíàëîâ äëÿ ïåðåäà÷è ÃÐÖÈ âì åñòî ÐÄÈ ïîçâîëÿåò
ñîêðàòèòü âðåìÿ ïåðåäà÷è ÖÈ â ÷èñëî ðàç, ðàâíîå ÷èñëó ÐÄÈ â ÃÐÖÈ, ïîñêîëüêó çà îäíó
åäèíèöó âðåìåíè ïî ðàäèîêàíàëó ïåðåäàåòñÿ íå îäèí áèò èíôîð ìàöèè, êàê ïðè äâîè÷íîé
ôàçîâîé ìàíèïóëÿöèè, à íåñêîëüêî, íàïðèìåð äâà â ñëó÷àå îáú åäèíåíèÿ äâóõ ÐÄÈ.

Åñëè ÐÄÈ � äâóìåðíàÿ öåïü Ìàðêîâà ñ äâóìÿ ñîñòîÿíèÿìè [1], òî áóäåì ïîëàãàòü
ÃÐÖÈ äâóìåðíîé öåïüþ Ìàðêîâà ñ âåêòîðîì âåðîÿòíîñòåé èç N íà÷àëüíûõ ñîñòîÿíèé

P =



 p1; p2; : : : ; pn




 T

(1)
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Ðèñ. 1 Ïðåäñòàâëåíèå ÖÈ íàáîðîì íåçàâèñèìûõ ÐÄÈ

(à) Ðàçðÿäíîå äâîè÷íîå èçîáðàæåíèå � 15 è 16 ðàç-
ðÿäîâ

(á) Ãðóïïîâîå ðàçðÿäíîå ÖÈ, ïîëó÷åííîå îáúåäèíå-
íèåì ÐÄÈ

Ðèñ. 2 Ïîïàðíîå îáúåäèíåíèå ðàçðÿäíûõ ïëîñêîñòåé

è ìàòðèöàìè âåðîÿòíîñòåé ïåðåõîäà (ÌÂÏ) èç i -ãî ñîñòîÿíèÿ â j -å çà îäèí øàã:
1� = k1� ij kN � N ; 2� = k2� ij kN � N ; i 6= j: (2)

Ýëåìåíòû ÌÂÏ (2) óäîâëåòâîðÿþò óñëîâèþ íîðìèðîâêè
NX

j =1

q� ij = 1; i = 1; N; q = 1; 2;

è ñòàöèîíàðíîñòè

pi =
NX

j =1

pj � ij ; i = 1; N:

Íà ðèñ. 4, à ïðèâåäåíà ìîäåëü ÃÐÖÈ [2], óäîâëåòâîðÿþùàÿ àïðèîðíî çàäàí íûì: âåê-
òîðó (1) è ÌÂÏ (2). Ðåàëèçàöèÿ ìîäåëè è åå àäåêâàòíîñòü ðåàëü íûì ÖÈ ïîäðîáíî èñ-
ñëåäîâàíà â ðàáîòàõ [1, 3]. Ðàçìåð îêðåñòíîñòè ýëåìåíòà M ij ìîæíî âçÿòü ïðîèçâîëüíûì,
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Ðèñ. 3 Ïåðåõîä îò äâîè÷íîé ê êâàäðàòóðíîé ôàçîâîé ìàíèïóëÿöèè

(à) (á)

Ðèñ. 4 Ìàòåìàòè÷åñêàÿ ìîäåëü ÖÈ ( à) è îêðåñòíîñòü ýëåìåíòà èçîáðàæåíèÿ ( á)

íî åå óâåëè÷åíèå ïðèâîäèò ê ñëîæíûì äâóìåðíûì öåïÿì Ìàðêîâà [2] è ïðàêòè÷åñêè ìà-
ëî óëó÷øàåò êà÷åñòâî èñêàæåííîãî øóìîì ÖÈ [4], ïîýòîìó âûáè ðàåì îêðåñòíîñòü âèäà
ðèñ. 4,á.

Ïðåäïîëîæèì, ÷òî â 16-ðàçðÿäíîì ÖÈ ÃÐÖÈ ñîñòîèò èç äâóõ ÐÄÈ è êàæäûé ôèëüò-
ðóåìûé ýëåìåíò M i;j ÃÐÖÈ (ñì. ðèñ. 4, à) çàâèñèò òîëüêî îò ñîñåäíèõ ðàíåå èçâåñòíûõ
ýëåìåíòîâ ÃÐÖÈ, îáðàçóþùèõ îêðåñòíîñòü � i;j ýëåìåíòà � 4, ãäå ïðèíÿòû îáîçíà÷åíèÿ:
� 1 = M i;j � 1, � 2 = M i � 1;j , � 3 = M i � 1;j � 1 [2].
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Äëÿ ÃÐÖÈ èç äâóõ ÐÄÈ âåðîÿòíîñòè ïåðåõîäà îò êîìáèíàöèé ñîñò îÿíèé ýëåìåíòîâ
îêðåñòíîñòè � i;j ê ýëåìåíòó � 4 (ñì. ðèñ. 4, á) îáðàçóþò ÌÂÏ âèäà:

� =


















� iii � ij i � iki � ili � j ii � j j i � jki � j li � � � � lii � lj i � lki � lli

� iij � ij j � ikj � ilj � j ij � j j j � jkj � j lj � � � � lij � lj j � lkj � llj

� iik � ijk � ikk � ilk � j ik � j jk � jkk � j lk � � � � lik � ljk � lkk � llk

� iil � ij l � ikl � ill � j il � j j l � jkl � j ll � � � � lil � lj l � lkl � lll


















: (3)

Ýëåìåíòû ïåðâîãî ñòîëáöà ÌÂÏ � (3) ñâÿçàíû ñ ýëåìåíòàìè ìàòðèö (2) ñëåäóþùèìè
ñîîòíîøåíèÿìè (îñòàëüíûå âû÷èñëÿþòñÿ àíàëîãè÷íî):

� iii =
1� ii

2� ii
3� ii

; � iij =
1� ij

2� ij
3� ii

; � iik =
1� ik

2� ik
3� ii

; � iil =
1� il

2� il
3� ii

;

� ij i =
1� ii

2� j i
3� ij

; � ij j =
1� ij

2� j j
3� ij

; � ijk =
1� ik

2� jk
3� ij

; � ij l =
1� il

2� j l
3� ij

;

ãäå3� ii � ýëåìåíòû äîïîëíèòåëüíîé ìàòðèöû 3� = 1� � 2� T , ñâÿçûâàþùåé � 3 ñ � 4.

4 Ñèíòåç àëãîðèòìà íåëèíåéíîé ôèëüòðàöèè ìíîãîðàçðÿäíûõ
öèôðîâûõ èçîáðàæåíèé

Ïóñòü ÃÐÖÈ ìíîãîðàçðÿäíîãî ÖÈ ïåðåäàþòñÿ ïî êàíàëó ñâÿçè ÷å òûðåõôàçíûìè ÔÌ
ñèãíàëàìè ïðè íàëè÷èè ÁÃØ n(t) ñ íóëåâûì ñðåäíèì è äèñïåðñèåé � 2

n .
Èñïîëüçóÿ òåîðèþ ôèëüòðàöèè óñëîâíûõ ìàðêîâñêèõ ïðîöåññî â ñ äèñêðåòíûìè àðãó-

ìåíòàìè [5], ñèíòåçèðóåì àëãîðèòìû íåëèíåéíîé ôèëüòðàöèè ìíîãîðàçðÿäíûõ ÖÈ, ïðåä-
ñòàâëåííûõ ÃÐÖÈ.

Îïóñêàÿ ïðîöåäóðó ñèíòåçà àëãîðèòìà íåëèíåéíîé ôèëüòðàöè è ÃÐÖÈ, êîòîðàÿ àíàëî-
ãè÷íà ïðîöåäóðå ñèíòåçà àëãîðèòìîâ íåëèíåéíîé ôèëüòðàöèè ÐÄÈ [1, 3], çàïèøåì ñèñòåìó
ðåêóððåíòíûõ óðàâíåíèé íåëèíåéíîé ôèëüòðàöèè ÃÐÖÈ, ïðåäñ òàâëÿþùåãî äâóìåðíóþ
öåïü Ìàðêîâà ñ ÷åòûðüìÿ ñîñòîÿíèÿìè â âèäå [4, 7]:

u1 (� 4) = [ f (M1 (� 4)) � f (M4 (� 4))] + u1 (� 1) + z1
�
u (� 1) ; 1� ij

�
+

+ u1 (� 2) + z1
�
u (� 2) ; 2� ij

�
� u1 (� 3) � z1

�
u (� 3) ; 3� ij

�
;

u2 (� 4) = [ f (M2 (� 4)) � f (M4 (� 4))] + u2 (� 1) + z2
�
u (� 1) ; 1� ij

�
+

+ u2 (� 2) + z2
�
u (� 2) ; 2� ij

�
� u2 (� 3) � z2

�
u (� 3) ; 3� ij

�
;

u3 (� 4) = [ f (M3 (� 4)) � f (M4 (� 4))] + u3 (� 1) + z3
�
u (� 1) ; 1� ij

�
+

+ u3 (� 2) + z3
�
u (� 2) ; 2� ij

�
� u3 (� 3) � z3

�
u (� 3) ; 3� ij

�
;

ãäåuj (� 4) = ln [ pj (� 4)=p4 (� 4)] � àïîñòåðèîðíàÿ âåðîÿòíîñòü äèñêðåòíîãî ïàðàìåòðà ÌÔÌ
èìïóëüñíûõ ñèãíàëîâ, àäåêâàòíûõ ñîñòîÿíèÿì ýëåìåíòîâ ÃÐÖ È;

�
f (M i (� 4)) � f (M4 (� 4))

�
,

i = 1; 3, �� ðàçíîñòü ëîãàðèôìîâ ôóíêöèè ïðàâäîïîäîáèÿ ñîñòîÿíèé ä èñêðåòíîãî ïàðàìåò-
ðà ÌÔÌ èìïóëüñíûõ ñèãíàëîâ (ýëåìåíòîâ ÃÐÖÈ); zj (�) � íåëèíåéíàÿ ôóíêöèÿ âèäà:

zj
�
u (� l ) ;l � ij

�
= ln

" P 3
i =1 ;i6= j

�
exp (ui (� l ) � uj (� l )) l � ij + exp ( � uj (� l )) l � ij + � j j

	

P 3
i =1 f exp (uj (� l )) l � i 4g + � 44

#

�
j = 1; 3; l = 1; 3

�
: (4)
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Âñÿ àïðèîðíàÿ èíôîðìàöèÿ î ñòàòèñòè÷åñêîé çàâèñèìîñòè ñîñ òîÿíèé ýëåìåíòîâ ÃÐÖÈ
ñîñðåäîòî÷åíà â ñëàãàåìûõ âèäà (4), ãäå l � ij ;

�
i; j = 1; 4; l = 1; 3

�
� ýëåìåíòû ìàòðèö 1� ,

2� è 3� .
Â êà÷åñòâå êðèòåðèÿ ðàçëè÷åíèÿ ñîñòîÿíèé ýëåìåíòîâ ÃÐÖÈ ïð èíÿò êðèòåðèé ìàêñè-

ìóìà ëîãàðèôìà îòíîøåíèÿ àïîñòåðèîðíûõ âåðîÿòíîñòåé uj (� 4)
�
j = 1; 3

�
, â ñîîòâåòñòâèè

ñ êîòîðûì, åñëè
uj (� 4) > u i (� 4) ; i; j = 1; 3; i 6= j ;

òî ïðèíèìàåòñÿ ðåøåíèå î ñîñòîÿíèè ýëåìåíòà èçîáðàæåíèÿ � 4 = M j , åñëè âñå çíà÷åíèÿ
uj (� 4) < 0

�
j = 1; 3

�
, òî ïðèíèìàåòñÿ ðåøåíèå î ñîñòîÿíèè ýëåìåíòà èçîáðàæåíèÿ � 4 = M4.

5 Êîìáèíèðîâàííûé àëãîðèòì ôèëüòðàöèè ìíîãîðàçðÿäíûõ öèô -
ðîâûõ èçîáðàæåíèé

Äëÿ áîðüáû ñ èìïóëüñíûìè ïîìåõàìè ÷àñòî ïðèìåíÿþò ìåäèàííó þ ôèëüòðàöèþ, êî-
òîðàÿ ïðè íàëè÷èè ÁÃØ íåýôôåêòèâíà, à ïàðàìåòðè÷åñêàÿ íåëè íåéíàÿ ôèëüòðàöèÿ íå
ïîäàâëÿåò èìïóëüñíûå ïîìåõè, à, íàïðîòèâ, âûäåëÿåò èõ èç ÁÃ Ø êàê ìåëêèå îáúåêòû
â ìíîãîðàçðÿäíûõ ÖÈ. Ïîýòîìó öåëåñîîáðàçíûì ÿâëÿåòñÿ ðàçä åëåíèå ôóíêöèé, âûïîë-
íÿåìûõ è òîé, è äðóãîé íåëèíåéíûìè ôèëüòðàöèÿìè, ò. å. âíà÷à ëå ôèëüòðóåì ÖÈ, ñîñòî-
ÿùåå èç ÃÐÖÈ, ïðè íàëè÷èè ÁÃØ, à çàòåì ê âûäåëåííûì èç øóìà èìï óëüñíûì ïîìåõàì
ïðèìåíÿåì ìåäèàííóþ ôèëüòðàöèþ. Ïðè ýòîì àëãîðèòì ôèëüòðà öèè ïðèîáðåòàåò êîìáè-
íèðîâàííûé õàðàêòåð, îáåñïå÷èâàÿ ýôôåêòèâíîå ïîäàâëåíèå îáåèõ ïîìåõ.

Â ñîâîêóïíîñòè ñ ìåäèàííûì ôèëüòðîì ðàçðàáîòàííûé íåëèíåé íûé ôèëüòð îáðàçó-
åò êîìáèíèðîâàííûé íåëèíåéíûé ôèëüòð (ðèñ. 5), êîòîðûé ïîç âîëÿåò óñïåøíî áîðîòüñÿ
ñ ÁÃØ è èìïóëüñíûìè ïîìåõàìè [7].

Ðèñ. 5 Ñõåìà êîìáèíèðîâàííîãî íåëèíåéíîãî ôèëüòðà

6 Ðåçóëüòàòû èññëåäîâàíèÿ
Àíàëèç ðåçóëüòàòîâ íåëèíåéíîé ôèëüòðàöèè ïîêàçûâàåò, ÷òî ñíèæåíèå ïîìåõîóñòîé-

÷èâîñòè ïðèåìà ÖÈ, âûçâàííîå ïåðåõîäîì ê ÌÔÌ èìïóëüñíûì ñèã íàëàì, óäàåòñÿ ïîë-
íîñòüþ ñêîìïåíñèðîâàòü ïðèìåíåíèåì ðàçðàáîòàííîãî àëãîð èòìà çà ñ÷åò èñïîëüçîâàíèÿ
ñòàòèñòè÷åñêîé èçáûòî÷íîñòè, ñîäåðæàùåéñÿ â öèôðîâûõ èçîáðàæåíèÿõ.

Íèæå ïðèâåäåí ïðèìåð ðàáîòû êîìáèíèðîâàííîãî íåëèíåéíîãî ôèëüòðà. Íà ðèñ. 6
ïðåäñòàâëåíî èñõîäíîå òåñòîâîå 16-ðàçðÿäíîå ÖÈ. Íà ðèñ. 7, à ïðåäñòàâëåí ôðàãìåíò òåñ-
òîâîãî èçîáðàæåíèÿ, ïåðåäàâàåìîãî ÷åòûðåõôàçíûìè ñèãíàë àìè è èñêàæåííîãî ÁÃØ ïðè
îòíîøåíèè ñèãíàë/øóì ïî ìîùíîñòè � 2 = � 6 äÁ.

Íà ðèñ. 7, â ïîêàçàí ôðàãìåíò ÖÈ ïðè ïåðåäà÷å ÷åòûðåõôàçíûìè ñèãíàëàìè íà âû-
õîäå íåëèíåéíîãî ôèëüòðà, à íà ðèñ. 7, ä � íà âûõîäå êîìáèíèðîâàííîãî ôèëüòðà. Íà
ðèñ. 7,á, 7,ã è 7,å ïðèâåäåíû ðåçóëüòàòû íåëèíåéíîé è êîìáèíèðîâàííîé ôèëüòð àöèè
ÖÈ, ïåðåäàâàåìîãî áèíàðíûìè ñèãíàëàìè. Äëÿ îöåíêè êà÷åñòâ à ôèëüòðàöèè áûëè âû÷èñ-
ëåíû çíà÷åíèÿ ñðåäíåêâàäðàòè÷åñêîé îøèáêè (ÑÊÎ) ÖÈ íà âõîä å è âûõîäå íåëèíåéíîãî
è êîìáèíèðîâàííîãî ôèëüòðîâ. Â ðåçóëüòàòå ôèëüòðàöèè ÖÈ, ï åðåäàâàåìîãî áèíàðíûìè
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ñèãíàëàìè, çíà÷åíèå ÑÊÎ óìåíüøèëîñü â 7�8 ðàç, ïðè ôèëüòðàö èè ÖÈ, ïåðåäàâàåìîãî
÷åòûðåõôàçíûìè ñèãíàëàìè, � â 12 ðàç.

7 Çàêëþ÷åíèå
Ïåðåõîä îò ÖÈ ê ÃÐÖÈ, ïåðåäàâàåìûõ ÷åòûðåõêðàòíûìè ÔÌ ñèãíà ëàìè, ïîçâîëèë ñî-

êðàòèòü âðåìÿ ïåðåäà÷è 16-ðàçðÿäíîãî ÖÈ â 2 ðàçà è ïîëíîñòüþ ñêîìïåíñèðîâàòü çà ñ÷åò
ðåàëèçàöèè ñòàòèñòè÷åñêîé èçáûòî÷íîñòè ÃÐÖÈ á�îëüøóþ ÷àñòü ïîòåðü â ïîìåõîóñòîé-
÷èâîñòè, âûçâàííûõ ïåðåõîäîì îò äâóõêðàòíûõ ÔÌ ñèãíàëîâ äë ÿ ïåðåäà÷è ÐÄÈ â ÖÏÈ
ê ÷åòûðåõêðàòíûì ÔÌ ñèãíàëàì äëÿ ïåðåäà÷è ÖÈ èç ÃÐÖÈ.
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ñèãíàëàìè, ÑÊÎ = 0;39� 108
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Ðàçðàáîòàíà íîâàÿ ñòàòè÷åñêàÿ ñõåìà ðàñïàðàëëåëèâàíèÿ àñèìïòîòè÷åñêè îïòè-
ìàëüíûõ àëãîðèòìîâ äëÿ çàäà÷è äóàëèçàöèè. Äàííàÿ çàäà÷à îò íîñèòñÿ ê ÷èñëó òðóä-
íîðåøàåìûõ ïåðå÷èñëèòåëüíûõ çàäà÷. Ïðåäëàãàåìàÿ ñõåìà îñ íîâàíà íà ïðåäâàðèòåëüíîé
ñòàòèñòè÷åñêîé îáðàáîòêå âõîäíûõ äàííûõ ñ öåëüþ óñòàíîâëå íèÿ âèäà ðàñïðåäåëåíèÿ ñëó-
÷àéíîé âåëè÷èíû, îïðåäåëÿþùåé îáúåìû ïîäçàäà÷. Ñòàòüÿ ÿâë ÿåòñÿ ðàçâèòèåì ðàííåé
ðàáîòû àâòîðîâ, â êîòîðîé ïðè ïîëó÷åíèè óêàçàííûõ îöåíîê èñ ïîëüçîâàëàñü ìåíåå ýô-
ôåêòèâíàÿ ìåòîäèêà, ó÷èòûâàþùàÿ òîëüêî ðàçìåð çàäà÷è. Âûÿâ ëåíû óñëîâèÿ, ïðè êîòî-
ðûõ îáåñïå÷èâàþòñÿ äîñòàòî÷íî ðàâíîìåðíàÿ çàãðóçêà ïðîöå ññîðîâ è óñêîðåíèå, áëèçêîå
ê ìàêñèìàëüíîìó.

Êëþ÷åâûå ñëîâà : ïåðå÷èñëèòåëüíàÿ çàäà÷à; äóàëèçàöèÿ; íåïðèâîäèìîå ïîêðû òèå áóëå-
âîé ìàòðèöû; òðàíñâåðñàëü ãèïåðãðàôà; àñèìïòîòè÷åñêè îïò èìàëüíûé àëãîðèòì; ïà-
ðàëëåëüíûå âû÷èñëåíèÿ; áàëàíñèðîâêà íàãðóçêè; ñèëüíàÿ ìà ñøòàáèðóåìîñòü
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1 Ââåäåíèå
Îäíîé èç ôóíäàìåíòàëüíûõ çàäà÷ äèñêðåòíîé ìàòåìàòèêè ÿâëÿ åòñÿ äóàëèçàöèÿ. Íèæå

ïðèâåäåíà åå ìàòðè÷íàÿ ôîðìóëèðîâêà.
Äàíà áóëåâà ìàòðèöà L ðàçìåðà m� n. Íàáîð H , ñîñòîÿùèé èç ðàçëè÷íûõ ñòîëáöîâ

ìàòðèöû L, íàçûâàåòñÿ íåïðèâîäèìûì ïîêðûòèåì, åñëè îí óäîâëåòâîðÿå ò äâóì óñëîâèÿì:
(1) â ïîäìàòðèöå LH ìàòðèöû L, îáðàçîâàííîé ñòîëáöàìè íàáîðà H , íå ñîäåðæèòñÿ ñòðî-
êè âèäà (0; 0; : : : ; 0); (2) ïîäìàòðèöà LH ñîäåðæèò êàæäóþ èç ñòðîê âèäà(1; 0; 0; : : : ; 0),
(0; 1; 0; : : : ; 0), . . . , (0; 0; 0; : : : ; 1). Åñëè íàáîð ñòîëáöîâ H óäîâëåòâîðÿåò óñëîâèþ (1), òî îí
íàçûâàåòñÿ ïîêðûòèåì. Åñëè íàáîð ñòîëáöîâ H óäîâëåòâîðÿåò óñëîâèþ (2), òî îí íàçû-
âàåòñÿ ñîâìåñòèìûì. Òðåáóåòñÿ ïîñòðîèòü ìíîæåñòâî P(L) âñåõ íåïðèâîäèìûõ ïîêðûòèé
ìàòðèöû L.

Äóàëèçàöèÿ èìååò è äðóãèå ýêâèâàëåíòíûå ôîðìóëèðîâêè. Ïðè âåäåì îñíîâíûå èç íèõ.

1. Äàíà êîíúþíêòèâíàÿ íîðìàëüíàÿ ôîðìà, ðåàëèçóþùàÿ ìîíîò îííóþ áóëåâó ôóíê-
öèþ F . Òðåáóåòñÿ ïîñòðîèòü ñîêðàùåííóþ äèçúþíêòèâíóþ íîðìàëüí óþ ôîðìó ôóíê-
öèè F .

2. Äàí ãèïåðãðàô G. Òðåáóåòñÿ ïåðå÷èñëèòü âñå ìèíèìàëüíûå òðàíñâåðñàëè ãèïåðãðà-
ôà G (äâîéñòâåííîé çàäà÷åé ÿâëÿåòñÿ çàäà÷à ïåðå÷èñëåíèÿ âñåõ ìèíèìàëüíûõ âåð-
øèííûõ ïîêðûòèé ãèïåðãðàôà G).

Äóàëèçàöèÿ âîçíèêàåò âî ìíîãèõ îáëàñòÿõ äèñêðåòíîé ìàòåìà òèêè (êîìáèíàòîðèêå,
òåîðèè ãèïåðãðàôîâ, öåëî÷èñëåííîì ïðîãðàììèðîâàíèè), â ò åîðèè èãð, â òåîðèè áàç äàí-
íûõ, â òåîðèè ìàøèííîãî îáó÷åíèÿ è ò. ä.

Àñèìïòîòè÷åñêèå îöåíêè òèïè÷íûõ çíà÷åíèé ÷èñëà ðåøåíèé äó àëèçàöèè [1] ïîêàçûâà-
þò, ÷òî, êàê ïðàâèëî, ýòî ÷èñëî ðàñòåò ýêñïîíåíöèàëüíî ñ ðîñ òîì ðàçìåðà âõîäíûõ äàííûõ.
Ïîýòîìó äóàëèçàöèÿ îòíîñèòñÿ ê ÷èñëó òðóäíîðåøàåìûõ ïåðå÷ èñëèòåëüíûõ çàäà÷. Ñóùå-
ñòâóåò íåñêîëüêî ïîäõîäîâ ê îöåíêå ýôôåêòèâíîñòè àëãîðèòì îâ äëÿ ïåðå÷èñëèòåëüíûõ
çàäà÷ [1�3].

Ãîâîðÿò, ÷òî àëãîðèòì ðàáîòàåò ñ (êâàçè)ïîëèíîìèàëüíîé çà äåðæêîé, åñëè íà êàæäîì
øàãå ñòðîèòñÿ ðîâíî îäíî ðåøåíèå è ñëîæíîñòü øàãà îãðàíè÷èâ àåòñÿ (êâàçè)ïîëèíîìîì
îò ðàçìåðà âõîäíûõ äàííûõ (äëÿ äóàëèçàöèè â ìàòðè÷íîé ôîðìó ëèðîâêå � ýòî ðàçìåð
ìàòðèöû L). Àëãîðèòìû äóàëèçàöèè ñ (êâàçè)ïîëèíîìèàëüíîé çàäåðæêî é óäàëîñü ïîñòðî-
èòü òîëüêî äëÿ íåêîòîðûõ ÷àñòíûõ ñëó÷àåâ (íàïðèìåð, êîãäà â êàæäîé ñòðîêå èñõîäíîé
ìàòðèöû íå áîëåå äâóõ åäèíèö [3]). Òàêèì îáðàçîì, ñòàòóñ äóà ëèçàöèè â ïëàíå ïîëèíîìè-
àëüíîé ðàçðåøèìîñòè íåèçâåñòåí.

Â [1, 4] ïðåäëîæåí ïîäõîä ê ïîñòðîåíèþ àñèìïòîòè÷åñêè îïòèì àëüíûõ àëãîðèòìîâ äó-
àëèçàöèè. Â äàëüíåéøåì ýòîò ïîäõîä ïîëó÷èë ðàçâèòèå â [5�8] . Íà êàæäîì øàãå àñèìï-
òîòè÷åñêè îïòèìàëüíîãî àëãîðèòìà ñòðîèòñÿ íàáîð ñòîëáöîâ ìàòðèöû, óäîâëåòâîðÿþùèé
óñëîâèþ ñîâìåñòèìîñòè (2). Â îòëè÷èå îò àëãîðèòìà äóàëèçàö èè ñ ïîëèíîìèàëüíîé çà-
äåðæêîé àñèìïòîòè÷åñêè îïòèìàëüíûé àëãîðèòì ìîæåò äåëàòü ïîëèíîìèàëüíûå ¾ëèø-
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íèå¿ øàãè, ïðè÷åì äîëÿ òàêèõ øàãîâ ñòðåìèòñÿ ê íóëþ äëÿ ïî÷òè âñåõ ìàòðèö L ðàçìå-
ðà m� n ïðè m; n ! 1 . Íà ¾ëèøíåì¿ øàãå ëèáî ñòðîèòñÿ íàáîð ñòîëáöîâ ìàòðèöû, íå
ÿâëÿþùèéñÿ ïîêðûòèåì, ëèáî ñòðîèòñÿ íàáîð ñòîëáöîâ, íàéäå ííûé ðàíåå. Ïðîâåðêà íà
ïîâòîðÿåìîñòü ïîñòðîåííîãî íàáîðà ñòîëáöîâ îñóùåñòâëÿåò ñÿ çà ïîëèíîìèàëüíîå âðåìÿ
îò ðàçìåðîâ ìàòðèöû.

Àñèìïòîòè÷åñêè îïòèìàëüíûå àëãîðèòìû ÿâëÿþòñÿ ëèäåðàìè ï î ñêîðîñòè ñ÷åòà ñðåäè
äðóãèõ èçâåñòíûõ àëãîðèòìîâ äóàëèçàöèè. Â [9, 10] ïîêàçàíî , ÷òî íàèáîëåå áûñòðî ñðåäè
àñèìïòîòè÷åñêè îïòèìàëüíûõ àëãîðèòìîâ ðàáîòàþò àëãîðèòì û RUNC-M è PUNC [10], íå
äåëàþùèå ¾ïîâòîðíûõ¿ øàãîâ.

Â ñèëó òîãî ÷òî ÷èñëî ðåøåíèé äóàëèçàöèè, êàê ïðàâèëî, ðàñòåò ýêñïîíåíöèàëüíî
ñ ðîñòîì ðàçìåðîâ âõîäíûõ äàííûõ, àêòóàëüíûì ÿâëÿåòñÿ èñïî ëüçîâàíèå ïàðàëëåëüíûõ
âû÷èñëåíèé. Ñóùåñòâóþò ïðîñòûå è î÷åâèäíûå ñõåìû ðàñïàðàë ëåëèâàíèÿ àñèìïòîòè÷åñêè
îïòèìàëüíûõ àëãîðèòìîâ äóàëèçàöèè, îñíîâíûì íåäîñòàòêîì êîòîðûõ ÿâëÿåòñÿ íåðàâ-
íîìåðíàÿ çàãðóçêà ïðîöåññîðîâ, ÷òî ïðèâîäèò è ê íåäîñòàòî÷ íîìó óñêîðåíèþ âðåìåíè
ðàáîòû ïàðàëëåëüíîãî àëãîðèòìà ïî ñðàâíåíèþ ñ åãî ïîñëåäîâ àòåëüíîé âåðñèåé. Ñõåìà
ðàñïàðàëëåëèâàíèÿ îïðåäåëÿåòñÿ ñïîñîáîì âûáîðà âû÷èñëèò åëüíûõ ïîäçàäà÷ è ñïîñîáîì
ðàñïðåäåëåíèÿ ýòèõ ïîäçàäà÷ ìåæäó ïðîöåññîðàìè.

Ñëåäóåò îòìåòèòü, ÷òî çà ðóáåæîì ïðè ñîçäàíèè ïàðàëëåëüíûõ àëãîðèòìîâ äóàëèçàöèè
ïåðâîñòåïåííîå âíèìàíèå óäåëÿåòñÿ òåîðåòè÷åñêèì îöåíêàì èõ ñëîæíîñòè â çàâèñèìîñòè
îò ÷èñëà èñïîëüçóåìûõ ïðîöåññîðîâ [11, 12], ïðè÷åì, êàê ïðà âèëî, ñòðîÿòñÿ àëãîðèòìû,
îðèåíòèðîâàííûå íà ÷àñòíûå ñëó÷àè, íàïðèìåð, êîãäà ÷èñëî å äèíèö â êàæäîé ñòðîêå èñ-
õîäíîé ìàòðèöû îãðàíè÷åíî íåêîòîðîé íåáîëüøîé êîíñòàíòîé .

Â [13] ïðåäëîæåí ïîäõîä ê ïîñòðîåíèþ ýôôåêòèâíûõ â ïðàêòè÷å ñêîì ïëàíå ïàðàë-
ëåëüíûõ àñèìïòîòè÷åñêè îïòèìàëüíûõ àëãîðèòìîâ äóàëèçàöè è. Îïèøåì ðàçðàáîòàííóþ
â [13] Â-ñõåìó ðàñïàðàëëåëèâàíèÿ.

Ïóñòü H � íåïðèâîäèìîå ïîêðûòèå ìàòðèöû L, ñîñòîÿùåå èç ñòîëáöîâ ñ íîìå-
ðàìè j 1; : : : ; j r , ãäå j 1 < � � � < j r . Òîãäà H íàçîâåì j 1-íåïðèâîäèìûì ïîêðûòèåì.
Ïîäçàäà÷à ñ íîìåðîì j; j 2 f 1; : : : ; ng; ñîñòîèò â ïîñòðîåíèè ìíîæåñòâà Pj (L) âñåõ
j -íåïðèâîäèìûõ ïîêðûòèé ìàòðèöû L. Îáúåìû ïîäçàäà÷ îïðåäåëÿþòñÿ âåëè÷èíàìè
� j (L) = jPj (L)j

�
jP(L)j; j 2 f 1; : : : ; ng.

Â-ñõåìà èìååò ñòàòè÷åñêèé õàðàêòåð: ðàñïðåäåëåíèå ïîäçàäà÷ ïðîèñõîäèò ïî çàðàíåå
ñîñòàâëåííîìó ¾ðàñïèñàíèþ¿. Ñòàòèñòè÷åñêàÿ îáðàáîòêà ýêñïåðèìåíòîâ ïîêàçûâàåò, ÷òî
ñëó÷àéíàÿ âåëè÷èíà, èñïîëüçóþùàÿñÿ äëÿ îöåíêè � j (L); j 2 f 1; : : : ; ng, ïîä÷èíÿåòñÿ áå-
òà-áèíîìèàëüíîìó çàêîíó, ïàðàìåòðû êîòîðîãî âû÷èñëÿþòñÿ ïðè ïîìîùè ìåòîäà ìàêñè-
ìàëüíîãî ïðàâäîïîäîáèÿ ïî âûáîðêå èç ñëó÷àéíûõ ìàòðèö ðàçì åðàm� n. Äëÿ ñîñòàâëåíèÿ
¾ðàñïèñàíèÿ¿ ðåøàåòñÿ çàäà÷à îïòèìèçàöèè óðîâíÿ çàãðóçêèïðîöåññîðîâ.

Â-ñõåìà äåìîíñòðèðóåò, êàê ïðàâèëî, äîñòàòî÷íî ðàâíîìåðí óþ çàãðóçêó ïðîöåññîðîâ
è âûñîêîå óñêîðåíèå âðåìåíè ðàáîòû ïðè óâåëè÷åíèè ÷èñëà ïðî öåññîðîâ. Îäíàêî âû÷èñëå-
íèå îöåíîê äëÿ � j (L) â ýòîé ñõåìå òðåáóåò ìíîãîêðàòíîãî ðåøåíèÿ çàäà÷è äóàëèçàö èè äëÿ
ñëó÷àéíûõ ìàòðèö, èìåþùèõ îäèíàêîâûé ðàçìåð ñ ìàòðèöåé L, è ýòè îöåíêè íåäîñòàòî÷íî
òî÷íû.

Îñíîâíûì ðåçóëüòàòîì äàííîé ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà S- ñõåìû ðàñïàðàëëåëè-
âàíèÿ àñèìïòîòè÷åñêè îïòèìàëüíûõ àëãîðèòìîâ äóàëèçàöèè. Ýòà ñõåìà îòëè÷àåòñÿ îò
Â-ñõåìû ìåòîäîì ïîëó÷åíèÿ îöåíîê äëÿ � j (L); j 2 f 1; : : : ; ng, êîòîðûé ÿâëÿåòñÿ ìåíåå òðó-
äîåìêèì è ó÷èòûâàåò íå òîëüêî ðàçìåðû ìàòðèöû. Ìåòîä îñíîâà í íà îáðàáîòêå ñëó÷àéíûõ
ïîäìàòðèö äàííîé ìàòðèöû, ïîäìàòðèöû èìåþò ðàçìåð r � n, ãäår ÿâëÿåòñÿ ïàðàìåòðîì
è íå ïðåâîñõîäèò m. Âûÿâëåíî, ÷òî ïðè ïàðàìåòðå r , ðàâíîì m=2, ïîëó÷åííûå îöåíêè
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ÿâëÿþòñÿ äîñòàòî÷íî òî÷íûìè ñ òî÷êè çðåíèÿ êðèòåðèÿ Õè-êâà äðàò. Ðàáîòà S-ñõåìû ïðî-
äåìîíñòðèðîâàíà íà ïðèìåðå àëãîðèòìà RUNC-M [10], êîòîðûé ÿâëÿåòñÿ ìîäèôèêàöèåé
àñèìïòîòè÷åñêè îïòèìàëüíîãî àëãîðèòìà ÎÏÒ [8].

Ïðè òåñòèðîâàíèè S-ñõåìû èññëåäóåòñÿ åå ñèëüíàÿ ìàñøòàáèðóåìîñòü (çàâèñèìîñòü
îñíîâíûõ ïîêàçàòåëåé ðàáîòû ïàðàëëåëüíîãî àëãîðèòìà îò ÷è ñëà ïðîöåññîðîâ ïðè ôèê-
ñèðîâàííîì ðàçìåðå çàäà÷è). Ïîêàçàíî, ÷òî S-ñõåìà äåìîíñò ðèðóåò òàêèå æå ïîêàçàòå-
ëè ñèëüíîé ìàñøòàáèðóåìîñòè, êàê B-ñõåìà, è â òî æå âðåìÿ ïîç âîëÿåò îáðàáàòûâàòü
ìàòðèöû åùå á�îëüøèõ ðàçìåðîâ çà ñ÷åò áîëåå áûñòðîãî âû÷èñë åíèÿ îöåíîê äëÿ îáúåìîâ
ïîäçàäà÷.

2 Îïèñàíèå àñèìïòîòè÷åñêè îïòèìàëüíîãî àëãîðèòìà äóàëèçà öèè
RUNC-M

Â äàííîì ðàçäåëå ïðèâîäèòñÿ îïèñàíèå àñèìïòîòè÷åñêè îïòèì àëüíîãî àëãîðèòìà äó-
àëèçàöèè RUNC-M [10]. Ïîäðîáíî îïèñàíà ñòðóêòóðà äåðåâà ðå øåíèé, êîòîðîå ñòðîèò
äàííûé àëãîðèòì.

Îáîçíà÷èì ÷åðåç Mmn ìíîæåñòâî áóëåâûõ ìàòðèö ðàçìåðà m� n, à ÷åðåçJu ìíîæå-
ñòâî f 1; 2; : : : ; ug. Ïóñòü L = ( aij ) 2 Mmn . Â äàííîì ðàçäåëå áóäåì îòîæäåñòâëÿòü íàáîð
ñòîëáöîâ (ñòðîê) ìàòðèöû L ñ íàáîðîì èõ íîìåðîâ.

Áóäåì ãîâîðèòü, ÷òî ñòîëáåö j (ñòîëáåö ñ íîìåðîì j ) ïîêðûâàåò ñòðîêó i (ñòðîêó ñ íî-
ìåðîì i ) ìàòðèöû L, åñëèaij = 1.

Ñòðîêà i ìàòðèöû L ÿâëÿåòñÿ îïîðíîé äëÿ ïàðû (H; j ); j 2 H , åñëè aij = 1 è aij =
= 0 8u 2 H n f j g. Ìíîæåñòâî âñåõ îïîðíûõ ñòðîê äëÿ (H; j ) îáîçíà÷èì ÷åðåç S(H; j ).
Î÷åâèäíî, íàáîð H ÿâëÿåòñÿ ñîâìåñòèìûì òîãäà è òîëüêî òîãäà, êîãäà S(H; j ) 6= ? 8j 2 H .

Ãîâîðÿò, ÷òî ñòîëáåö j ìàòðèöû L ñîâìåñòèì ñ ñîâìåñòèìûì íàáîðîì H , åñëè íàáîð
H [ f j g ñîâìåñòèìûé. Î÷åâèäíî, ñòîëáåö j íå ñîâìåñòèì ñ ñîâìåñòèìûì íàáîðîì H òîãäà
è òîëüêî òîãäà, êîãäà 9u 2 H òàêîé, ÷òî ñòîëáåö j ïîêðûâàåò âñå ñòðîêè èç S(H; u).

Àñèìïòîòè÷åñêè îïòèìàëüíûé àëãîðèòì äóàëèçàöèè RUNC-M ïå ðå÷èñëÿåò ñ ïîëèíî-
ìèàëüíîé çàäåðæêîé O(qmn); q = min f m; ng, íåêîòîðîå ïîäìíîæåñòâî ñîâìåñòèìûõ íàáî-
ðîâ ñòîëáöîâ ìàòðèöû L, ñîäåðæàùåå ìíîæåñòâî P(L). Àëãîðèòì ñòðîèò äåðåâî ðåøåíèé,
ñîâåðøàÿ åãî îáõîä â ãëóáèíó. Ïîñòðîåíèå îäíîé âèñÿ÷åé âåðø èíû � ýòî øàã àëãîðèòìà.

Âåðøèíà (H; R; C ) äåðåâà ðåøåíèé îïèñûâàåòñÿ ñîâìåñòèìûì íàáîðîì ñòîëáöîâ H ,
íàáîðîì ñòðîê R è íàáîðîì ñòîëáöîâ C. Â âèñÿ÷åé âåðøèíå èìååò ìåñòî îäèí èç äâóõ
ñëó÷àåâ: (1)R = ? ; (2) R 6= ? ; C = ? . Â ïåðâîì ñëó÷àå H � íåïðèâîäèìîå ïîêðûòèå.
Âî âòîðîì ñëó÷àå âèñÿ÷àÿ âåðøèíà ñîîòâåòñòâóåò ¾ëèøíåìó¿ ø àãó. Êîðíþ äåðåâà ñîîò-
âåòñòâóåò(H = ? ; R = Jm ; C = Jn ). Ïóñòü ïîñòðîåíà âíóòðåííÿÿ (íå âèñÿ÷àÿ) âåðøèíà
(H; R; C ), òîãäà ïåðåõîä ê ñëåäóþùåé ïîñòðîåííîé âåðøèíå áóäåò îñóùå ñòâëÿòüñÿ ïóòåì
äîáàâëåíèÿ ê H ñòîëáöà èçC è óäàëåíèÿ íåêîòîðûõ ñòðîê è ñòîëáöîâ èç R è C ñîîòâåò-
ñòâåííî.

Ïóñòü ïîñòðîåíà âíóòðåííÿÿ âåðøèíà (H0; R0; C0). Òîãäà ïðè ïîñòðîåíèè ñëåäóþùåé
âåðøèíû ê H0 äîáàâëÿåòñÿ ïåðâûé ïî ïîðÿäêó ñòîëáåö èç Cmin

0 = f j 2 C0jaij = 1g, ãäå
i 2 R0 � íîìåð ñòðîêè ñ íàèìåíüøåé ñóììîé

P
j 2 C0

aij (åñëè òàêèõ ñòðîê íåñêîëüêî, òî
âûáèðàåòñÿ ñòðîêà ñ íàèìåíüøèì íîìåðîì ñðåäè íèõ).

Äëÿ òîãî ÷òîáû ñõåìû ðàñïàðàëëåëèâàíèÿ, îïèñàííûå äàëåå, á ûëè ïðèìåíèìû ê àëãî-
ðèòìó RUNC-M, òðåáóåòñÿ åãî íåìíîãî ìîäèôèöèðîâàòü: íà ïåð âîì ÿðóñå äåðåâà ðåøåíèé,
èëè êîãäà ãëóáèíà ðåêóðñèè ðàâíà íóëþ, âìåñòî ìíîæåñòâà Cmin

0 áåðåòñÿ ìíîæåñòâî C0 =
= Jn .
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Àëãîðèòì 1 BuildSubtreeRUNCM

Âõîä: L; H 0; R0; C0;
Âûõîä: ? ;

1: Cmin
0 = f j 2 C0jaij = 1g, ãäåi 2 R0 � íîìåð ñòðîêè ñ íàèìåíüøåé ñóììîé

P
j 2 C0

aij

2: äëÿ âñåõ j 2 Cmin
0

3: R  R0

4: C0  C0 n f j g
5: C  C0

6: H  H0 [ f j g
7: Óäàëèòü èçR ñòðîêè, ïîêðûòûå ñòîëáöîì j
8: åñëè R = ? òî
9: Ñîõðàíèòü íàáîð H , êîòîðûé ÿâëÿåòñÿ íåïðèâîäèìûì ïîêðûòèåì

10: èíà÷å
11: Óäàëèòü èçC íå ñîâìåñòèìûå ñ íàáîðîì H ñòîëáöû
12: BuildSubtreeRUNCM(L; H; R; C )

Îïèøåì ðåêóðñèâíóþ ïðîöåäóðó BuildSubtreeRUNCM (L; H; R; C ) (cì. Àëãîðèòì 1) ïî-
ñòðîåíèÿ ïîääåðåâà ðåøåíèé. Äëÿ çàïóñêà àëãîðèòìà ýòó ôóíê öèþ ñëåäóåò âûçûâàòü ñ ïà-
ðàìåòðàìè H = ? ; R = Jm ; C = Jn . Îòìåòèì, ÷òî âñå àðãóìåíòû ïðîöåäóðû ïåðåäàþòñÿ
ïî çíà÷åíèþ èëè êîïèðóþòñÿ.

Íàñòîÿùàÿ ðåàëèçàöèÿ àëãîðèòìà RUNC-M íàïèñàíà íà ÿçûêå C++ ñ èíòåíñèâíûì
èñïîëüçîâàíèåì ïîáèòîâûõ îïåðàöèé. Êðîìå òîãî, äëÿ íåêîòî ðûõ ÷àñòåé àëãîðèòìà èñ-
ïîëüçóåòñÿ äèíàìè÷åñêèé âûáîð ôóíêöèé äëÿ ìèíèìèçàöèè ÷èñ ëà îïåðàöèé (íàïðèìåð,
ýòîò ïðèåì èñïîëüçóåòñÿ ïðè óäàëåíèè íåñîâìåñòèìûõ ñòðîê) .

3 Îöåíêè äëÿ îáúåìîâ ïîäçàäà÷, èñïîëüçóåìûå â S-ñõåìå
Â äàííîì ðàçäåëå îïèñàíû ñïîñîáû îöåíêè îáúåìîâ ïîäçàäà÷ èë è âåëè÷èí � j (L) =

= jPj (L)j
�

jP(L)j; j 2 Jn , èñïîëüçóåìûå ñîîòâåòñòâåííî â Â-ñõåìå [13] è S-ñõåìå.
Â Â-ñõåìå íà ïðîñòðàíñòâå ðàâíîâåðîÿòíûõ ýëåìåíòàðíûõ ñîá ûòèé 
 = f (L; H ) j L 2

2 Mmn ; H 2 P(L)g ââîäèòñÿ ñëó÷àéíàÿ âåëè÷èíà� (L; H ), ðàâíàÿ j , åñëèH 2 Pj (L); j 2 Jn .
Ïðè ïîìîùè êðèòåðèÿ Õè-êâàäðàò ïðîâåðÿåòñÿ ãèïîòåçà î âèäå ðàñïðåäåëåíèÿ H0 : f (j ) =
=  �� (j ), ãäåf (j ) � âåðîÿòíîñòü ñîáûòèÿ � (L; H ) = j , à  �� (j ) � ôóíêöèÿ âåðîÿòíîñòè áå-
òà-áèíîìèàëüíîãî ðàñïðåäåëåíèÿ ñ ïàðàìåòðàìè � è � , êîòîðûå îöåíèâàþòñÿ ïðè ïîìîùè
ìåòîäà ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ. Â-ñõåìà èñïîëüçóåò â åëè÷èíû  �� (j ) â êà÷åñòâå
ïðèáëèæåííîãî çíà÷åíèÿ èñêîìîé âåëè÷èíû � j (L); j 2 Jn . Ýòà ñõåìà îáëàäàåò äâóìÿ îñíîâ-
íûìè íåäîñòàòêàìè: îöåíêà äëÿ � j (L) îäíà è òà æå äëÿ âñåõ ìàòðèö äàííîãî ðàçìåðà, è äëÿ
åå âû÷èñëåíèÿ òðåáóåòñÿ ìíîãîêðàòíî ðåøèòü çàäà÷ó äóàëèçàöèè äëÿ ñëó÷àéíûõ ìàòðèö
èç Mmn .

Òåïåðü îïèøåì S-ñõåìó.
Ïóñòü L 2 Mmn è r 6 m. ×åðåç W r

m îáîçíà÷èì ìíîæåñòâî âñåõ ïîäìíîæåñòâ ìîù-
íîñòè r ìíîæåñòâà Jm . Ïóñòü w 2 W r

m , òîãäà ÷åðåçLw îáîçíà÷èì ïîäìàòðèöó ìàòðèöû L,
ñîñòàâëåííóþ èç ñòðîê ìàòðèöû L ñ íîìåðàìè èç w.

Ïóñòü 
 r = f (Lw ; H ) j w 2 W r
m ; H 2 P(L)g � ïðîñòðàíñòâî ðàâíîâåðîÿòíûõ ýëåìåí-

òàðíûõ ñîáûòèé. Íà óêàçàííîì ïðîñòðàíñòâå îïðåäåëèì ñëó÷à éíóþ âåëè÷èíó � r (Lw; H ),
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Òàáëèöà 1 Çíà÷åíèÿ ïàð (Zr (x ); 
 �
r (x )) äëÿ êðèòåðèÿ Õè-êâàäðàò

r n m� n 30� 120 40� 120 50� 100 70� 70

10 (159; < 10� 4) (167; < 10� 4) (235; < 10� 4) (382; < 10� 4)
13 (99; < 10� 4) (132; < 10� 4) (157; < 10� 4) (234; < 10� 4)
15 (77; 0;0134) (112; < 10� 4) (117; < 10� 4) (187; < 10� 4)
18 (74; 0;028) (90; 0;0002) (96; < 10� 4) (147; < 10� 4)
20 (60; 0;0815) (63; 0;0546) (89; < 10� 4) (131; < 10� 4)
25 (54; 0;315) (60; 0;0876) (50; 0;1382) (85; < 10� 4)
30 � � � (68; 0;0001)
35 � � � (54; 0;0478)

êîòîðàÿ ðàâíà j; j 2 Jn ; åñëè H 2 Pj (L). ×åðåç f r (j ) îáîçíà÷èì âåðîÿòíîñòü ñîáûòèÿ
� r (Lw ; H ) = j .

Ïðåäëàãàåòñÿ èñïîëüçîâàòü âåëè÷èíó f r (j ) â êà÷åñòâå ïðèáëèæåííîãî çíà÷åíèÿ èñêî-
ìîé âåëè÷èíû � j (L); j 2 Jn . Âñòàåò âîïðîñ, ïðè êàêèõ r óêàçàííûå îöåíêè ÿâëÿþòñÿ äî-
ñòàòî÷íî òî÷íûìè. Ñ îäíîé ñòîðîíû, ÷èñëî r äîëæíî áûòü êàê ìîæíî ìåíüøèì, ÷òîáû
âðåìÿ ïîëó÷åíèÿ îöåíîê áûëî îòíîñèòåëüíî íåâåëèêî. Ñ äðóãî é ñòîðîíû, îöåíêè äîëæíû
áûòü äîñòîâåðíûìè.

Ïóñòü x = ( x1; : : : ; xN ) � âûáîðêà èç ðàñïðåäåëåíèÿ f r (j ). Äëÿ ïðîâåðêè ñòàòèñòè÷å-
ñêîé ãèïîòåçû H0 : f r (j ) = � j (L) î âèäå ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû � r (Lw; H )
ïðåäëàãàåòñÿ èñïîëüçîâàòü êðèòåðèé Õè-êâàäðàò ñî ñòàòèñòèêîé

Zr (x ) = N
nX

j =1

(f � (j ) � � j (L))2

� j (L)
;

ãäåf � (j ) � äîëÿ ýëåìåíòîâ âûáîðêè x = ( x1; : : : ; xN ), ðàâíûõ j .
Äîñòèãíóòûì óðîâíåì çíà÷èìîñòè êðèòåðèÿ Õè-êâàäðàò íàçûâ àåòñÿ âåëè÷èíà
 �

r (x ) =
= 1 � � 2

n� 1(Zr (x )) , ãäå � 2
n� 1 � ôóíêöèÿ ðàñïðåäåëåíèÿ Õè-êâàäðàò ñ (n � 1) ñòåïåíÿìè

ñâîáîäû. Áëèçîñòü çíà÷åíèÿ 
 �
r (x ) ê 0 ãîâîðèò î òîì, ÷òî ãèïîòåçó H0 âåðîÿòíåå âñåãî

ñëåäóåò îòêëîíèòü.
Äëÿ ïîëó÷åíèÿ âûáîðêè x = ( x1; : : : ; xN ) èç ðàñïðåäåëåíèÿ f r (j ) ïîñòðîèì t ñëó÷àéíûõ

ïîäìàòðèö Lw ìàòðèöû L ðàçìåðà r � n. Âûáåðåì N ïàð (Lw ; H ); H 2 P(Lw), è èç çíà÷åíèé
ñëó÷àéíîé âåëè÷èíû � r (Lw ; H ) ñôîðìèðóåì âûáîðêó.

Ïðîâåäåì ýêñïåðèìåíò. Äëÿ êàæäîé èç êîíôèãóðàöèé 30� 150, 40� 120, 50� 100è 70� 70
âûáåðåì ïî 20 ñëó÷àéíûõ ìàòðèö. Äëÿ êàæäîé ìàòðèöû ñôîðìèðóåì âûáîðêó x =
= ( x1; : : : ; xN ) èç ðàñïðåäåëåíèÿ f r (j ), ãäå N = 1000. Â òàáë. 1 ïðèâåäåíû ìåäèàííûå
çíà÷åíèé ñòàòèñòèêèZr (x ) è äîñòèãàåìûõ óðîâíåé çíà÷èìîñòè 
 �

r (x ). Íà ðèñ. 1 ïðèâåäå-
íû ãðàôèêè âåëè÷èí � j (L) è f �

r (j ).
Ñîãëàñíî òàáë. 1 ìèíèìàëüíîå çíà÷åíèå r , ïðè êîòîðîì äîñòèãíóòûé óðîâåíü çíà÷è-

ìîñòè 
 �
r (x ) íå ÿâëÿåòñÿ ïðåíåáðåæèìî ìàëûì, ðàâíÿåòñÿ m=2. Íà ïðèìåðå êîíôèãóðàöèè

30� 150ìîæíî çàìåòèòü, ÷òî ïðè r = 15 èìååò ìåñòî ¾ôàçîâûé ïåðåõîä¿: ïðè ïåðåñå÷åíèè
ýòîé òî÷êè ôóíêöèÿ Zr (x ) íà÷èíàåò ñòàáèëèçèðîâàòüñÿ. Ýòî ãîâîðèò î òîì, ÷òî äàëüíåé -
øåå óâåëè÷åíèår íå ïðèíåñåò ñóùåñòâåííîãî âûèãðûøà â ïðèáëèæåíèè � j (L).

4 Ðàñïðåäåëåíèå âû÷èñëèòåëüíûõ çàäàíèé ìåæäó ïðîöåññîðàì è
Ïóñòü L 2 Mmn è ïóñòü äàíî p 6 n ïðîöåññîðîâ. Ïóñòü j -ÿ ïîäçàäà÷à îáðàáîòûâàåòñÿ

ïðîöåññîðîì ñ íîìåðîì N j . Âåêòîð N p = ( N1; : : : ; Nn ) íàçîâåì ðàñïèñàíèåì. Óðîâíåì
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Ðèñ. 1 Ãðàôèêè � j (L ) è f �
r (r ) êàê âåëè÷èí, çàâèñÿùèõ îò j , ïðè m = 30, n = 120 è r = 15

çàãðóçêèk-ãî ïðîöåññîðà íàçîâåì âåëè÷èíó

� k (N p) =
X

j 2 Jn :N j = k

� j (L):

Äëÿ ýôôåêòèâíîãî ðàñïðåäåëåíèÿ âû÷èñëèòåëüíûõ çàäàíèé ìå æäó ïðîöåññîðàìè, òðåáó-
åòñÿ ðåøèòü çàäà÷ó ìèíèìèçàöèè óðîâíÿ çàãðóçêè ïðîöåññîðî â

� (N p ) = max
k2 Jp

� k(N p ) ! min
N p

: (1)

Íèæå ïðèâåäåíî îïèñàíèå ïðîöåäóðû 2, êîòîðàÿ èùåò ïðèáëèæå ííîå ðåøåíèå çàäà÷è 1
ïðè ïîìîùè æàäíîãî àëãîðèòìà. Íà âõîä ýòîé ïðîöåäóðû ïîäàåò ñÿ ÷èñëî ïðîöåññîðîâ p,
÷èñëî ñòîëáöîâ n ìàòðèöû L è âåêòîð e� = ( e� 1; : : : ; e� n ), ñîñòîÿùèé èç îöåíîê äëÿ âåëè-
÷èí � j (L). Ñïîñîáû ïîëó÷åíèÿ îöåíîê e� j îïèñàíû ðàíåå â ýòîé ðàáîòå.

Àëãîðèòì 2 DistributeTasks

Âõîä: p; n; e� ;
Âûõîä: N p ;

1: äëÿ âñåõ k 2 f 1; : : : ; pg
2: � k  0
3: äëÿ j 2 f 1; : : : ; ng
4: k0  arg min

k2 Jp

� k

5: N j  k0

6: � k  � k + e� j

5 Òåñòèðîâàíèå S-ñõåìû ðàñïàðàëëåëèâàíèÿ
Â äàííîì ðàçäåëå äàíû îïèñàíèÿ ñðåäû òåñòèðîâàíèÿ è èññëåäó åìûõ ïîêàçàòåëåé ðàáî-

òû ïàðàëëåëüíûõ àëãîðèòìîâ, ïðèâåäåíû ðåçóëüòàòû ñðàâíåí èÿ S-ñõåìû è Â-ñõåìû è ðå-
çóëüòàòû äîïîëíèòåëüíîãî òåñòèðîâàíèÿ S-ñõåìû íà áîëüøèõ ìàòðèöàõ.
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Òàáëèöà 2 Ñðàâíåíèå ñõåì ðàñïàðàëëåëèâàíèÿ ïðè m = 65 è n = 80

B-ñõåìà S-ñõåìà
p T(p) � (p) s(p) T(p) � (p) s(p)
1 17;40 1;000 1;000 18;35 1;000 1;000
2 9;01 0;500 0;514 9;40 0;500 0;502
4 5;30 0;250 0;291 4;92 0;250 0;261
8 2;71 0;125 0;147 2;52 0;125 0;135

16 1;55 0;079 0;090 1;62 0;084 0;087
32 1;55 0;079 0;090 1;61 0;089 0;087
64 1;55 0;079 0;090 1;61 0;089 0;087

Òàáëèöà 3 Ñðàâíåíèå ñõåì ðàñïàðàëëåëèâàíèÿ ïðè m = 80 è n = 65

B-ñõåìà S-ñõåìà
p T(p) � (p) s(p) T(p) � (p) s(p)
1 26;1 1;000 1;000 26;2 1;000 1;000
2 13;7 0;500 0;514 13;8 0;500 0;507
4 7;17 0;250 0;271 7;01 0;250 0;255
8 3;87 0;125 0;140 3;79 0;126 0;137

16 2;83 0;102 0;114 3;13 0;086 0;123
32 2;83 0;102 0;114 3;13 0;092 0;123
64 2;83 0;102 0;114 3;13 0;092 0;123

Òåñòèðîâàíèå ïðîâîäèëîñü íà ñóïåðêîìïüþòåðå IBM Blue Gene /P, ðàñïîëàãàþùåãîñÿ
â ÌÃÓ èì. Ì. Â. Ëîìîíîñîâà â çäàíèè ôàêóëüòåòà Âû÷èñëèòåëüíî é ìàòåìàòèêè è êèáåð-
íåòèêè è ÿâëÿþùåãîñÿ ìàññèâíî-ïàðàëëåëüíîé âû÷èñëèòåëüí îé ñèñòåìîé. Êàæäûé âû-
÷èñëèòåëüíûé óçåë âêëþ÷àåò â ñåáÿ ÷åòûðåõúÿäåðíûé ïðîöåññîð PowerPC 450 (850 ÌÃö),
2 ÃÁ îáùåé ïàìÿòè è ñåòåâûå èíòåðôåéñû. Ïðè çàïóñêå âû÷èñëèò åëüíûõ çàäàíèé èñïîëü-
çîâàëñÿ ðåæèì âèðòóàëüíûõ âû÷èñëèòåëüíûõ óçëîâ (VN (virtu al network) ðåæèì). Â ýòîì
ðåæèìå íà êàæäîì âû÷èñëèòåëüíîì óçëå çàïóùåíî ÷åòûðå MPI (m essage passing interface)
ïðîöåññà, êîòîðûå äåëÿò ìåæäó ñîáîé äîñòóïíûå ðåñóðñû.

×åðåç p îáîçíà÷èì ÷èñëî ïðîöåññîðîâ, ÷åðåç Tk(p) �� âðåìÿ (â ñåêóíäàõ) ðàáîòû k-ãî
ïðîöåññîðà ïàðàëëåëüíîãî àëãîðèòìà ïðè èñïîëüçîâàíèè p ïðîöåññîðîâ. Ïóñòü T(p) =
= max

k
Tk(p) è T� (p) =

P
k Tk(p). Äîñòèãíóòûì óðîâíåì çàãðóçêè k-ãî ïðîöåññîðà íàçîâåì

âåëè÷èíó sk(p) = Tk(p)
�

T� (p). Èññëåäóþòñÿ òðè ïîêàçàòåëÿ:

(1) óñêîðåíèå àëãîðèòìà S(p) = T(1)=T(p) ;
(2) ðàâíîìåðíîñòü çàãðóçêè ïðîöåññîðîâ E(p) = S(p)=p;
(3) äîñòèãíóòûé óðîâåíü çàãðóçêè s(p) = max

k
sk(p).

Óñêîðåíèå, ñîîòâåòñòâóþùåå ëèíåéíîé ôóíêöèè S(p) = p ïðè p > 1, ÿâëÿåòñÿ ïðàêòè-
÷åñêè ìàêñèìàëüíûì. Áëèçîñòü ôóíêöèè E(p) ê åäèíèöå ñâèäåòåëüñòâóåò î ðàâíîìåðíîé
çàãðóçêå ïðîöåññîðîâ. Ïîêàçàòåëü s(p) ÿâëÿåòñÿ àíàëîãîì ïîêàçàòåëÿ óðîâíÿ çàãðóçêè
ïðîöåññîðîâ � (N p ), îïðåäåëåííîãî ðàíåå â ýòîé ðàáîòå.

Ïîñêîëüêó èñïîëüçóåìûå â Â-ñõåìå îöåíêè äëÿ � j (L) îäèíàêîâû äëÿ âñåõ ìàòðèö äàí-
íîãî ðàçìåðà, äàëåå ýòè îöåíêè ñ÷èòàþòñÿ èçâåñòíûìè âî âðåì ÿ ðàáîòû ïàðàëëåëüíîãî
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Òàáëèöà 4 Ñðàâíåíèå ñõåì ðàñïàðàëëåëèâàíèÿ ïðè m = 80 è n = 80

B-ñõåìà S-ñõåìà
p T(p) � (p) s(p) T(p) � (p) s(p)
1 34;4 1;000 1;000 36;5 1;000 1;000
2 17;3 0;500 0;502 18;8 0;500 0;508
4 10;1 0;250 0;286 9;94 0;250 0;257
8 5;10 0;125 0;147 5;35 0;125 0;137

16 3;03 0;078 0;091 3;33 0;074 0;085
32 3;03 0;078 0;091 3;32 0;076 0;085
64 3;03 0;078 0;091 3;32 0;076 0;085

àëãîðèòìà. Â S-ñõåìå, íàïðîòèâ, îöåíêè äëÿ îáúåìîâ ïîäçàäà ÷ ïîäñ÷èòûâàþòñÿ âî âðåìÿ
ðàáîòû ïàðàëëåëüíîãî àëãîðèòìà.

Ñðàâíåíèå Â-ñõåìû è S-ñõåìû ïðîâîäèòñÿ íà ìàòðèöàõ ðàçìåðà 65� 80, 80� 65è 80� 80.
Ìàòðèöû á�îëüøèõ êîíôèãóðàöèé ïðè ñðàâíåíèè íå ðàññìàòðèâ àþòñÿ ââèäó òðóäîåìêîñòè
ïîëó÷åíèÿ îöåíîê äëÿ Â-ñõåìû. Ðåçóëüòàòû ïðåäñòàâëåíû â òà áë. 2�4. Íà ðèñ. 2 ïðåäñòàâ-
ëåíû ãðàôèêè ôóíêöèé S(p) è E(p) ïðè m = n = 80.

Èç óêàçàííûõ òàáëèö è ãðàôèêîâ ñëåäóåò, ÷òî îáå ñõåìû äåìîíñ òðèðóþò ïðàêòè÷åñêè
îäèíàêîâîå óñêîðåíèå S(p) è ðàâíîìåðíîñòü çàãðóçêè E(p). Ïðè ýòîì äîñòèãíóòûé óðîâåíü
çàãðóçêès(p) ó S-ñõåìû íàèáîëåå íèçêèé è s(p) � � (p), ÷òî ñâèäåòåëüñòâóåò î êà÷åñòâåííîé
áàëàíñèðîâêå íàãðóçêè.

(à) Ãðàôèê S(p) ïðè m = 80 è n = 80 (á) Ãðàôèê E(p) ïðè m = 80 è n = 80

Ðèñ. 2 Ñðàâíåíèå ñõåì ðàñïàðàëëåëèâàíèÿ

Äëÿ êàæäîãî èç ðàçìåðîâ ìàòðèö ìîæíî óêàçàòü ÷èñëî p� òàêîå, ÷òî ïðè p 6 p� îáå ñõå-
ìû ýôôåêòèâíû: S(p) � p è E(p) � 1. Íàïðèìåð, ïðè m = n = 80 ÷èñëî p� ðàâíî 16. Ïðè
p > p� çíà÷åíèÿ T(p) ¾ñòàáèëèçèðóþòñÿ¿. Ýòî ñâÿçàíî ñ òåì, ÷òî ðàñïàðàëëåëèâàíèå ïðî-
èñõîäèò íà ïåðâîì ÿðóñå äåðåâà ðåøåíèé, êîòîðîå ñòðîèò àëãî ðèòì RUNC-M. Ïðè òàêîì
ïîäõîäå îáúåìû ïîäçàäà÷ ñèëüíî ðàçëè÷àþòñÿ, ïîýòîìó èõ ïðè íöèïèàëüíî íåâîçìîæíî
ðàâíîìåðíî ðàñïðåäåëèòü ìåæäó áîëüøèì ÷èñëîì ïðîöåññîðîâ .

Âû÷èñëåíèå îöåíîê äëÿ îáúåìîâ ïîäçàäà÷, èñïîëüçóåìûõ â S-ñ õåìå, ãîðàçäî ìåíåå òðó-
äîåìêîå, ÷åì â Â-ñõåìå. Ïîýòîìó S-ñõåìà ïðèìåíèìà è äëÿ áîëü øèõ ìàòðèö. Ýòî äåìîí-
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Òàáëèöà 5 Âðåìÿ ðàáîòû T(p) äëÿ S-ñõåìû

m� n n p 1 2 4 8 16 32 64 128
30� 100 3;95 2;03 1;05 0;59 0;37 0;32 0;32 0;32
30� 150 39;1 20;0 10;4 5;21 3;46 2;32 2;33 2;32
30� 200 231 116 61;5 32;2 18;8 13;8 13;8 13;8
40� 100 11;5 5;83 3;05 1;53 0;96 0;95 0;95 0;95
40� 150 133 67;1 34;8 19;1 10;9 9;44 9;43 9;43
40� 200 654 328 177 90;5 61;8 40;4 36;8 36;8

ñòðèðóåòñÿ íà ìàòðèöàõ ðàçìåðà m� n, ãäå m 2 f 30; 40g è n 2 f 100; 150; 200g. Çíà÷åíèå
ïàðàìåòðà r ïîëàãàëîñü ðàâíûì m=2.

Â òàáë. 5 ïðèâåäåíî âðåìÿ ðàáîòû T(p) ïàðàëëåëüíîãî àëãîðèòìà äóàëèçàöèè, îñíî-
âàííîãî íà S-ñõåìå, ïðè ðàçëè÷íûõ m, n è p. Íà ðèñ. 3 ïðèâåäåíû ãðàôèêè S(p) è E(p). Íà
ðèñ. 4 ïðèâåäåíà ñòîëá÷àòàÿ äèàãðàììà äëÿ äîñòèãíóòûõ óðîâ íåé çàãðóçêèsk(p); k 2 Jp

ïðè p = 16 è 32.

(à) Ãðàôèê S(p) ïðè m = 40 (á) Ãðàôèê E(p) ïðè m = 40

Ðèñ. 3 Ñèëüíàÿ ìàñøòàáèðóåìîñòü S-ñõåìû

S-ñõåìà äåìîíñòðèðóåò ïðàêòè÷åñêè ëèíåéíîå óñêîðåíèå è âû ñîêèé óðîâåíü çàãðóçêè
ïðè p 6 p� . Íàïðèìåð, p� = 32 ïðè m = 40 è n = 200. Ñîãëàñíî ðèñ. 4 äëÿ ìàòðèöû 40� 200
äîñòèãíóòûé óðîâåíü çàãðóçêè ïðè p = 32 äëÿ íåêîòîðûõ ïðîöåññîðîâ çíà÷èòåëüíî ïðå-
âûøàåò ñðåäíåå çíà÷åíèå ýòîãî ïîêàçàòåëÿ, ÷òî ìîæåò áûòü ðå çóëüòàòîì íåäîñòàòî÷íîãî
êà÷åñòâà îöåíêè f �

r (j ) èëè íåîïòèìàëüíîñòè ïîñòðîåííîãî æàäíûì àëãîðèòìîì ðàñïè ñà-
íèÿ.

6 Çàêëþ÷åíèå
Â äàííîé ðàáîòå ðàçâèò ïðåäëîæåííûé â [13] ïîäõîä ê ïîñòðîåí èþ ïàðàëëåëüíûõ àë-

ãîðèòìîâ äëÿ äèñêðåòíûõ ïåðå÷èñëèòåëüíûõ çàäà÷. Ïîäõîä îñ íîâàí íà ñòàòèñòè÷åñêèõ
îöåíêàõ îáúåìîâ âû÷èñëèòåëüíûõ ïîäçàäà÷. Ðàñïðåäåëåíèå â û÷èñëèòåëüíûõ ïîäçàäà÷
îñóùåñòâëÿåòñÿ ñîãëàñíî çàðàíåå ñîñòàâëåííîìó ðàñïèñàíè þ. Äëÿ ñîñòàâëåíèÿ óêàçàííîãî
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(à) Ãðàôèê sk (16) ïðè m = 40 (á) Ãðàôèê sk (32) ïðè m = 40

Ðèñ. 4 Äîñòèãíóòûé óðîâåíü çàãðóçêè â S-ñõåìå

ðàñïèñàíèÿ îïðåäåëÿåòñÿ âèä ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû, èñïîëüçóþùåéñÿ äëÿ
îöåíêè îáúåìîâ ïîäçàäà÷, è îïòèìèçèðóåòñÿ óðîâåíü çàãðóçê è ïðîöåññîðîâ. Â ðàìêàõ ðàñ-
ñìàòðèâàåìîãî ïîäõîäà ðàçðàáîòàíà íîâàÿ ìåíåå òðóäîåìêàÿ ñõåìà ðàñïàðàëëåëèâàíèÿ
àñèìïòîòè÷åñêè îïòèìàëüíûõ àëãîðèòìîâ äóàëèçàöèè.

Ðàáîòà ñõåìû ïðîäåìîíñòðèðîâàíà íà ïðèìåðå ðàñïàðàëëåëèâ àíèÿ àëãîðèòìà RUNC-
M [10], êîòîðûé â íàñòîÿùåå âðåìÿ ÿâëÿåòñÿ ëèäåðîì ïî ñêîðîñ òè ñ÷åòà ñðåäè àëãîðèòìîâ
äóàëèçàöèè. Ïðåäëàãàåìûé ïîäõîä ê ïîñòðîåíèþ ïàðàëëåëüíû õ àëãîðèòìîâ äóàëèçàöèè
îáåñïå÷èâàåò âûñîêóþ òî÷íîñòü îöåíîê äëÿ îáúåìîâ ïîäçàäà÷ , ÷òî ïðè îïðåäåëåííûõ óñëî-
âèÿõ ïðèâîäèò è ê âûñîêèì ïîêàçàòåëÿì ýôôåêòèâíîñòè ïàðàëë åëüíîãî àëãîðèòìà. Îä-
íàêî ðàññìàòðèâàåìûé ïîäõîä íå ýôôåêòèâåí ïðè áîëüøîì ÷èñë å ïðîöåññîðîâ, ïîñêîëüêó
âû÷èñëèòåëüíûå ïîäçàäà÷è èìåþò ñóùåñòâåííî ðàçíûå ðàçìåð û (ðàñïàðàëëåëèâàíèå ïðî-
èñõîäèò íà ïåðâîì ÿðóñå äåðåâà ðåøåíèé, êîòîðîå ñòðîèò àñèì ïòîòè÷åñêè îïòèìàëüíûé
àëãîðèòì äóàëèçàöèè).
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Ïðåäëîæåí íîâûé êîìïüþòåðíî-îðèåíòèðîâàííûé ïîäõîä ê ïðî áëåìå íîòîëèíåéíîé
ðåêîíñòðóêöèè (äåøèôðîâêè) äðåâíåðóññêèõ öåðêîâíûõ ïåñí îïåíèé XVI�XVII ââ., ïðåä-
ñòàâëåííûõ â çíàìåííîé ôîðìå çàïèñè. Â îñíîâå ïîäõîäà ëåæèò àíàëèç äâîçíàìåííèêîâ �
ïåâ÷åñêèõ êíèã, çàïèñàííûõ â âèäå òðåõ ïàðàëëåëüíûõ (ñèíõð îíèçîâàííûõ ìåæäó ñîáîé)
òåêñòîâ: çíàìåííîãî, íîòîëèíåéíîãî è ñòèõîòâîðíîãî (ñòàð îñëàâÿíñêîãî). Ââåäåíû ïîíÿ-
òèÿ èíâàðèàíòîâ è êâàçèèíâàðèàíòîâ çíàìåííîãî ðàñïåâà. Ðà çðàáîòàí àëãîðèòì âûäåëå-
íèÿ èõ èç îáó÷àþùåãî ìàòåðèàëà (äâîçíàìåííèêè) è èñïîëüçîâ àíèÿ äëÿ öåëåé äåøèôðîâ-
êè. Ïîëó÷åíû îöåíêè ýôôåêòèâíîñòè ïîäõîäà íà íåçàâèñèìîì ê îíòðîëüíîì ìàòåðèàëå.
Îñíîâíûì äîñòîèíñòâàì ïîäõîäà ÿâëÿåòñÿ îðèåíòàöèÿ åãî íà î áùèé ñëó÷àé áåñïîìåòíîé
íîòàöèè.

Êëþ÷åâûå ñëîâà : ïàðàëëåëüíûå òåêñòû; çíàìåííûå ïåñíîïåíèÿ; äâîçíàìåííèê è; äå-
øèôðîâêà; èíâàðèàíòû; êâàçèèíâàðèàíòû
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Parallel texts in the problem of deciphering
of ancient Russian chant �

I. V. Bakhmutova, V. D. Gusev, L. A. Miroshnichenko, and T. N. Titkova
Sobolev Institute of Mathematics of the Siberian Branch of the Russian Academy of Sciences,
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The ancient Russian chants of XII{XVII centuries are presented in the neume writing form. The
problem of chant translation into modern note writing is of deciphering character and, in the
general case (chants without special marks that explain their singing value), is not yet solved.
The number of \unreadable" ancient hymnals runs into the hundreds. The main di�culties
of deciphering are connected with the polysemy of correspondence \neume{note." The known
examples of deciphering are few in number, made by manually,and refer to the separate hymn.
The authors develop a new computer-oriented approach to thesolution of this problem using
the dvoyeznamenniks of the end of XVII { beginning of XVIII centuries where the chants are
written in three (synchronized between each other) parallel text: in neumes, in notes, and in
old Slavonic verses. The emphasis places on revealing in texts of dvoyeznamenniks not very
long repeating chains of neumes that are interpreted eitherunambiguously (invariants) or with
admissible deviations (quasi-invariants). On the basis ofrather extensive learning material, the
electronic dictionaries of invariants and quasi-invariants were constructed. The algorithm of
deciphering of neumatic notation using these dictionarieswas developed. The experiments
on the control material have shown that at this stage (without appellation to the structural
organization of neumatic hymnals), these dictionaries provide the deciphering of 60%{70% of
neumatic text. The main features of the presented approach are: use of dvoyeznamenniks of
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the golden age period of Russian chant in di�erent genres and orientation, in general, toward
the neumatic notation without special marks from XVI{XVII c enturies.
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1 Ââåäåíèå
Äðåâíåðóññêèå öåðêîâíûå ïåñíîïåíèÿ XII�XVIII ââ. ïðåäñòà âëåíû ïðåèìóùåñòâåííî

â çíàìåííîé ôîðìå çàïèñè. Ïðîáëåìà ïåðåâîäà èõ â ñîâðåìåííó þ íîòîëèíåéíóþ ôîðìó
íîñèò äåøèôðîâî÷íûé õàðàêòåð è â îáùåì ñëó÷àå (ïåñíîïåíèÿ ð àííåãî è ñðåäíåãî ïåðè-
îäîâ) îñòàåòñÿ íåðåøåííîé. Çíàìåíà (èëè êðþêè) � ñïåöèàëüí ûå çíàêè, ñëóæàùèå äëÿ
ïåðåäà÷è ìåëîäèè. Îíè èíòåðïðåòèðóþòñÿ öåïî÷êàìè íîò ðàçí îé äëèíû (îáû÷íî îò îä-
íîãî äî ïÿòè íîòíûõ çíàêîâ). Îáùèå ñâåäåíèÿ î çíàìåííîì (èëè êðþêîâîì) ïåíèè ìîæíî
íàéòè â [1]. Ïî îöåíêàì, ïðèâåäåííûì â [2], êîëè÷åñòâî èçâåñ òíûõ ïåâ÷åñêèõ ðóêîïèñåé
èçìåðÿåòñÿ íà äàííûé ìîìåíò áîëåå ÷åì òûñÿ÷üþ ýêçåìïëÿðîâ, èç íèõ ÷èòàåìûìè (ñ ñó-
ùåñòâåííûìè îãîâîðêàìè [3, 4]) ñ÷èòàþòñÿ ëèøü îêîëî ïîëîâè íû.

Îñîáûé èíòåðåñ â ïëàíå äåøèôðîâêè ïðåäñòàâëÿþò òàê íàçûâàå ìûå äâîçíàìåííèêè
(ñì. [1, ãë. 12]). Ýòî ïåâ÷åñêèå êíèãè êîíöà XVII � íà÷àëà XVI II ââ., ñîäåðæàùèå ïåñíî-
ïåíèÿ, çàïèñàííûå â âèäå òðåõ ñèíõðîíèçîâàííûõ ïàðàëëåëüíûõ òåêñòîâ : çíàìåííîãî,
íîòîëèíåéíîãî è ñòèõîòâîðíîãî (ñòàðîñëàâÿíñêèé ÿçûê). Êî ëè÷åñòâî èçâåñòíûõ äâîçíà-
ìåííèêîâ íåâåëèêî (ïîðÿäêà äåñÿòêà [1]). Èìåííî îíè ëåæàò â îñíîâå ïðåäëàãàåìîãî àâ-
òîðàìè ïîäõîäà ê äåøèôðîâêå. ×àñòü èç íèõ èñïîëüçóåòñÿ äëÿ î áó÷åíèÿ, äðóãàÿ � äëÿ
êîíòðîëÿ. Ýòîìó ïðåäøåñòâîâàëà äîñòàòî÷íî îáúåìíàÿ è êðîï îòëèâàÿ ðàáîòà ïî ïåðåâî-
äó äâîçíàìåííèêîâ â öèôðîâóþ ôîðìó, ïîñêîëüêó ïðîãðàìì ðàñ ïîçíàâàíèÿ çíàìåííîé
íîòàöèè íà äàííûé ìîìåíò, íàñêîëüêî èçâåñòíî àâòîðàì, íå ñó ùåñòâóåò.

Íåìíîãî÷èñëåííûå èçâåñòíûå ïðèìåðû äåøèôðîâêè çíàìåííîé íîòàöèè ñäåëàíû âðó÷-
íóþ è êàñàþòñÿ îòäåëüíûõ ïåñíîïåíèé (èëè óçêèõ êëàññîâ ïåñí îïåíèé), ýâîëþöèþ êîòî-
ðûõ ìîæíî ïðîñëåäèòü ïî àðõèâíûì ìàòåðèàëàì â òå÷åíèå äîñòà òî÷íî äëèòåëüíîãî ïå-
ðèîäà. Ñóùåñòâåííóþ ðîëü ïðè ýòîì èãðàåò íàëè÷èå ãðàôè÷åñê è áëèçêèõ âèçàíòèéñêèõ
âåðñèé. Ïîäãîòîâëåííûå àâòîðàìè ýëåêòðîííûå âåðñèè äâîçí àìåííèêîâ îõâàòûâàþò ïåñ-
íîïåíèÿ ðàçíûõ æàíðîâ è ïîçâîëÿþò èñïîëüçîâàòü äëÿ äåøèôðî âêè íîâûå ïîäõîäû, ïðå-
âûøàþùèå ïî ñâîåé òðóäîåìêîñòè âîçìîæíîñòè èññëåäîâàòåëå é, ðàáîòàþùèõ âðó÷íóþ.
Ýòè ïîäõîäû îñíîâàíû íà ââåäåííûõ àâòîðàìè ïîíÿòèÿõ èíâàðèàíòîâ è êâàçèèíâàðèàí-
òîâ çíàìåííîãî ðàñïåâà.

Öåëüþ ðàáîòû ÿâëÿåòñÿ îïèñàíèå àëãîðèòìà äåøèôðîâêè, èñïî ëüçóþùåãî ïàðàëëåëü-
íûå òåêñòû äâîçíàìåííèêîâ, è îöåíêà åãî ýôôåêòèâíîñòè. Ïðî âîäèòñÿ àíàëèç îøèáîê
è ðàññìàòðèâàþòñÿ âîçìîæíîñòè äàëüíåéøåãî ïðîäâèæåíèÿ.

2 Êðàòêèå ñâåäåíèÿ î çíàìåííîì ðàñïåâå
Â èñòîêàõ çíàìåííîãî ðàñïåâà ëåæèò äðåâíåãðå÷åñêîå öåðêîâ íîå ïåíèå íà 8 ëàäîâ (ãëà-

ñîâ): äîðèéñêèé, ôðèãèéñêèé è ò. ä. (òàê íàçûâàåìàÿ ñèñòåìà îñìîãëàñèÿ [1]). Íà÷àëî ñèñ-
òåìå ïîëîæèë îáû÷àé â êàæäûé èç âîñüìè äíåé Ïàñõè èñïîëíÿòü ï åñíîïåíèÿ íà îñîáûé
íàïåâ. Âîñüìèäíåâíûé öèêë íàïåâîâ, êîòîðûå õîð èñïîëíÿë â ó íèñîí, áûë ðàñïðîñòðàíåí
çàòåì íà 8 íåäåëü, à îäíîãîëîñíûé (ìîíîäèÿ) íàïåâ êîíêðåòíî ãî äíÿ ïîâòîðÿëñÿ â òå÷å-
íèå ñîîòâåòñòâóþùåé åìó ïî ïîðÿäêó íåäåëè. Âîñåìü íåäåëü ñî ñòàâëÿëè ñòîëï, êîòîðûé
öèêëè÷åñêè ïîâòîðÿëñÿ â òå÷åíèå ãîäà.
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Â ðóññêîì îñìîãëàñèè ïîíÿòèå ãëàñà êàê ëàäà äåôîðìèðîâàëîñ ü, à ñðåäñòâîì ìåëî-
äè÷åñêîé õàðàêòåðèñòèêè ãëàñà ñòàëà âûñòóïàòüñîâîêóïíîñòü ïîïåâîê , ò. å. ìåëîäè÷å-
ñêèõ îáîðîòîâ (â íàøåé òåðìèíîëîãèè � ýëåìåíòàðíûõ ñòðóêòóðíûõ åäèíèö çíàìåííî-
ãî ðàñïåâà). Íàèáîëåå õàðàêòåðíûå äëÿ êàæäîãî ãëàñà ïîïåâê è ïðåäñòàâëåíû â ïîäáîðêå
Â. Ì. Ìåòàëëîâà [5]. Íî îíè íå îïðåäåëÿþò îäíîçíà÷íûì îáðàçî ì ãëàñîâóþ ïðèíàäëåæ-
íîñòü ïåñíîïåíèÿ, ïîñêîëüêó íåêîòîðûå ïîïåâêè âñòðå÷àþòñ ÿ â ïåñíîïåíèÿõ ðàçíûõ ãëà-
ñîâ.

Âîñåìü ãëàñîâ îõâàòûâàþò ïðàêòè÷åñêè âåñü ïîïåâî÷íûé ôîíä öåðêîâíîãî ïåíèÿ. Êàæ-
äîå ïåñíîïåíèå, êàê ïðàâèëî, ïðèíàäëåæèò îäíîìó èç 8 ãëàñîâ è ñòðîèòñÿ íà ïîïåâêàõ
äàííîãî ãëàñà. Ãëàñîâàÿ ïðèíàäëåæíîñòü ïåñíîïåíèÿ îáû÷íî óêàçûâàåòñÿ â ÿâíîì âèäå.
Ñêàçàííîå âûøå îçíà÷àåò, ÷òî ëþáîé àëãîðèòì äåøèôðîâêè äîë æåí ó÷èòûâàòü ïîä÷èíåí-
íîñòü ïåñíîïåíèÿ ñèñòåìå îñìîãëàñèÿ, ïîñêîëüêó îäíî è òî æå çíàìÿ ìîæåò èìåòü ðàçíóþ
èíòåðïðåòàöèþ â çàâèñèìîñòè îò ãëàñà, òèïà ñòðóêòóðíîé åäèíèöû, â ñîñòàâ êîòîðîé îíî
âõîäèò, åå ïîçèöèè â òåêñòå è ðÿäà äðóãèõ ôàêòîðîâ.

Õàðàêòåð ìíîãîçíà÷íîñòè ñîîòâåòñòâèÿ ¾çíàìÿ�íîòà¿ îòðàæ åí â ïîñòðîåííîé àâòî-
ðàìè íà îñíîâå äâîçíàìåííèêîâ ýëåêòðîííîé àçáóêå çíàìåííî ãî ðàñïåâà [6]. Íåêîòîðûå
çíàìåíà, íàïðèìåð òàêèå, êàê (ñòàòüÿ çàêðûòàÿ ìàëàÿ) èëè (ñòàòüÿ ïðîñòàÿ ñ ïîä-
âåðòêîé), èìåþò äî 10 ðàçëè÷íûõ èíòåðïðåòàöèé, îòëè÷àþùèõ ñÿ äðóã îò äðóãà èíòåðâàëü-
íî-ðèòìè÷åñêèìè õàðàêòåðèñòèêàìè. Ïðè ýòîì êàæäàÿ èç èíòå ðïðåòàöèé ìîæåò èìåòü
íåñêîëüêî çâóêîâûñîòíûõ ïðèâÿçîê. Èìåííî ñ ìíîãîçíà÷íîñòüþ ñîîòâåòñòâèÿ ¾çíàìÿ�
íîòà¿ ñâÿçàíû îñíîâíûå ïðîáëåìû äåøèôðîâêè.

Íà÷èíàÿ ñ XVII â., çíàìåíà íà÷èíàþò ñíàáæàòü ñòåïåííûìè è óêàçàòåëüíûìè ïî-
ìåòàìè . Ïåðâûå óòî÷íÿþò âûñîòó ðàñïåâà çíàìåíè, âòîðûå � îñîáåííî ñòè åãî ðàñïåâà.
Òåðìèí ¾÷èòàåìûå¿ îòíîñèòñÿ ê ïîìåòíûì ïåñíîïåíèÿì, õîòÿ è çäåñü îäíîçíà÷íûé ðå-
çóëüòàò íå ãàðàíòèðîâàí (ñì. [3, 4]). Áåñïîìåòíûå ðóêîïèñè XVI â. è áîëåå ðàííåãî ïåðèîäà
ïðàêòè÷åñêè íå÷èòàåìû.

Äëÿ óñòðàíåíèÿ íåîäíîçíà÷íîñòè ìîæíî ïðèâëåêàòü êîíòåêñò , ÷òî ýêâèâàëåíòíî ïåðå-
õîäó îò îòäåëüíûõ çíàìåí ê áîëåå êðóïíûì ñòðóêòóðíûì åäèíèö àì, òàêèì êàê ïîïåâêè,
ëèöà, ôèòû è äð. Îäíàêî èçâåñòíûå ïîäáîðêè ýòèõ ñòðóêòóðíûõ åäèíèö (àç áóêè, êîêèç-
íèêè, ôèòíèêè) ìàëîïðèãîäíû äëÿ öåëåé äåøèôðîâêè èç-çà ôîð ìû èõ ïðåäñòàâëåíèÿ.
Òàê, â ïîäáîðêå Â. Ì. Ìåòàëëîâà [5] ïîïåâêè ïðèâåäåíû òîëüêî â íîòîëèíåéíîé ôîðìå,
à â ïîäáîðêå Ì. Â. Áðàæíèêîâà [7] îêîëî ïîëîâèíû ëèö è ôèò èìåþ ò ëèøü çíàìåííîå
ïðåäñòàâëåíèå âìåñòî äâîçíàìåííîãî, òðåáóåìîãî äëÿ äåøèô ðîâêè.

Ïåñíîïåíèÿ, ïðåäñòàâëåííûå â äâîçíàìåííèêàõ, çàïèñàíû â ä èàïàçîíå îáèõîäíîãî çâó-
êîðÿäà (ðèñ. 1), âêëþ÷àþùåãî íîòû G, A, H (ìàëîé îêòàâû), c, d, e, f , g, a, b (ïåðâîé
îêòàâû), C, D (âòîðîé îêòàâû). Â ïîìåòíûõ ðóêîïèñÿõ ñòóïåíÿì çâóêîðÿäà ñ îîòâåòñòâó-
þò îáîçíà÷åíèÿ , , , , , , , , , , , . Ñîîòâåòñòâóþùàÿ çíàìåíè ñòåïåííàÿ
ïîìåòà óêàçûâàåò íà íàèâûñøèé çâóê â åãî ðàñïåâå [1].

Îñîáåííîñòè íîòîëèíåéíîé èíòåðïðåòàöèè çíàìåí ïîÿñíÿþòñ ÿ ñ ïîìîùüþ óêàçàòåëü-
íûõ ïîìåò: (èëè ) �� òèõàÿ; � ëîìêà; �� áîðçàÿ; �� óäàðêà; �� êà÷êà (èëè
êóïíî); �� çåâîê; � ðàâíî. Çíàìåíà ñ óêàçàòåëüíîé ïîìåòîé è áåç íåå òðàêòóþòñÿ êàê
ðàçíûå, ïîñêîëüêó ìîãóò èìåòü îòëè÷àþùèåñÿ ðàñïåâû. Äëèòå ëüíîñòè çâóêîâ îáîçíà÷à-

þòñÿ ñëåäóþùèì îáðàçîì: �� 1 (öåëàÿ); � 2 (ïîëîâèííàÿ); �� 4 (÷åòâåðòíàÿ); �� 8
(âîñüìàÿ). Äëÿ îáîçíà÷åíèÿ âûñîòû è äëèòåëüíîñòè çâóêà èñï îëüçóåì êîìáèíàöèþ áóêâû
è öèôðû (íàïðèìåð, H 4 � ýòî ÷åòâåðòíàÿ íîòà ¾ñè¿ ìàëîé îêòàâû). Çíàê (� ) èñïîëü-
çóåòñÿ â êà÷åñòâå ðàçäåëèòåëÿ ìåæäó íîòîëèíåéíûìè èíòåðïð åòàöèÿìè ðàçíûõ çíàìåí,
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Ðèñ. 1 Îáèõîäíûé çâóêîðÿä

à (� ) � êàê ñèìâîë ýêâèâàëåíòíîñòè, îòäåëÿþùèé çíàìåííóþ öåïî÷ êó îò åå íîòîëèíåéíî-
ãî ïðåäñòàâëåíèÿ (íàïðèìåð, çàïèñü � d4c4d2� c4e4 îçíà÷àåò, ÷òî öåïî÷êà èç äâóõ
çíàìåí, ñòîÿùàÿ ñëåâà îò ( � ), èíòåðïðåòèðóåòñÿ â òåêñòå äâîçíàìåííèêà, ñîîòâåòñòâåííî,
öåïî÷êàìè èç òðåõ è äâóõ íîò, îòäåëåííûìè äðóã îò äðóãà çíàêî ì (� )).

3 Îïèñàíèå ïîäõîäà
Íà äàííûé ìîìåíò ìû ðàñïîëàãàåì ýëåêòðîííûìè âåðñèÿìè òðåõ äâîçíàìåííèêîâ êîí-

öà XVII � íà÷àëà XVIII â. Ýòî ðàçíûå ðåäàêöèè ìíîãîæàíðîâîé ï åâ÷åñêîé êíèãè ¾Îêòîèõ¿
èç Ñîëîâåöêîãî ñîáðàíèÿ Ðîññèéñêîé íàöèîíàëüíîé áèáëèîòå êè, ã. Ñ.-Ïåòåðáóðã (øèô-
ðû 618/644, 619/647, QI188). ×èñëî ïåñíîïåíèé â ðàçíûõ ãëàñ àõ äâóõ ïåðâûõ Îêòîèõîâ
âàðüèðóåò â äèàïàçîíå îò 25 äî 29, äëÿ QI188 ýòîò ïîêàçàòåëü íà òðåòü íèæå. Äëèíû ïåñ-
íîïåíèé ñîñòàâëÿþò îò íåñêîëüêèõ äåñÿòêîâ äî äâóõ�òðåõ ñîò åí çíàìåí. Íà îñíîâå ýòîãî
(îáó÷àþùåãî) ìàòåðèàëà áûëà ïîñòðîåíà ýëåêòðîííàÿ àçáóêà çíàìåííîãî ðàñïåâà [6], âû-
ãîäíî îòëè÷àþùàÿñÿ îò èçâåñòíûõ àâòîðñêèõ àçáóê ïî ìíîãèì ï îêàçàòåëÿì, â ÷àñòíîñòè
íàëè÷èåì èíôîðìàöèè î ÷àñòîòå âñòðå÷àåìîñòè è çâóêîâûñîòí îé ïðèâÿçêå ðàçëè÷íûõ èí-
òåðïðåòàöèé êàæäîãî çíàìåíè â êàæäîì ãëàñå.

Àíàëèç ýëåêòðîííîé àçáóêè ïîêàçàë, ÷òî ïðè âñåé âàðèàòèâíî ñòè çíàìåííîãî ðàñïåâà
â êàæäîì ãëàñå ñóùåñòâóåò íåêîòîðîå êîëè÷åñòâî çíàìåí, íå ì åíÿþùèõ ñâîåé èíòåðïðå-
òàöèè. Îáû÷íî èõ äîëÿ íå ïðåâûøàåò 10% îò ðàçìåðà àëôàâèòà. Â ñâÿçè ñ ýòèì âîçíèêëî
ïðåäïîëîæåíèå î íàëè÷èè â îáùåì ñëó÷àå ïîâòîðÿþùèõñÿ 1 öåïî÷åê çíàìåí ïðîèçâîëü-
íîé äëèíû L (L > 1), îäíîçíà÷íî èëè ïî÷òè îäíîçíà÷íî (ñ äîïóñòèìûìè îòêëîíåí èÿìè)
èíòåðïðåòèðóåìûõ â ïðåäåëàõ îäíîãî ãëàñà. Öåïî÷êè ïåðâîãî òèïà åñòåñòâåííî íàçûâàòü
âíóòðèãëàñîâûìè èíâàðèàíòàìè (ÂÈ), à âòîðîãî � êâàçèèíâàðèàíòàìè (ÊÂÈ). Èõ ìîæ-
íî òðàêòîâàòü êàê îñîáûé òèï ñòðóêòóðíûõ åäèíèö, ñâîåãî ðîä à ¾îñòðîâêè ñòàáèëüíîñòè¿,
õàðàêòåðèçóþùèåñÿ ñóùåñòâåííûì ñíèæåíèåì óðîâíÿ íåîäíîç íà÷íîñòè â èíòåðïðåòàöèè
çíàìåí.

Â ðàáîòàõ [8, 9] ãèïîòåçà î íàëè÷èè â òåêñòàõ äâîçíàìåííèêîâ öåïî÷åê çíàìåí ñî ñâîé-
ñòâàìè ÂÈ è ÊÂÈ ïîäòâåðæäåíà ýêñïåðèìåíòàëüíî íà óêàçàííîì âûøå ìàòåðèàëå. Äëÿ
êàæäîãî èç 8 ãëàñîâ ïîñòðîåíû ñëîâàðè ÂÈ è ÊÂÈ, ðàçáèòûå íà ïî äñëîâàðè â ñîîòâåòñòâèè
ñî çíà÷åíèÿìè L = 1; 2; : : : Àëãîðèòìû âûäåëåíèÿ ÂÈ è ÊÂÈ îñíîâàíû íà ñëåäóþùèõ ñî-
îáðàæåíèÿõ:
1) ýëåìåíòàìè ñëîâàðåé ÂÈ è ÊÂÈ ìîãóò áûòü, êàê óæå ãîâîðèëîñ ü âûøå, ëèøü öå-

ïî÷êè çíàìåí, ïîâòîðÿþùèåñÿ â êîíêðåòíîì ãëàñå, òàê êàê ïîí ÿòèå èíâàðèàíòíîñòè

1Òðåáîâàíèå ïîâòîðÿåìîñòè ÿâëÿåòñÿ ïðèíöèïèàëüíûì, ïîñêî ëüêó îíî èñêëþ÷àåò èç ðàññìîòðåíèÿ
îäíîêðàòíî âñòðå÷àþùèåñÿ öåïî÷êè çíàìåí. Òàêèìè, íà÷èíàÿ ñ íåêîòîðîãî L , ÿâëÿþòñÿ ïðàêòè÷åñêè âñå
äîñòàòî÷íî äëèííûå öåïî÷êè
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ïîäðàçóìåâàåò ñîõðàíåíèå íîòîëèíåéíîé èíòåðïðåòàöèè (â ñ òðîãîì ñìûñëå èëè ñ äîïó-
ñòèìûìè âàðèàöèÿìè) ïðè ïîâòîðåíèè öåïî÷êè. Òðåáîâàíèå ïî âòîðÿåìîñòè â íåÿâíîé
ôîðìå îãðàíè÷èâàåò äëèíû ÂÈ è ÊÂÈ, òàê êàê ñ óâåëè÷åíèåì äëèí öåïî÷åê ÷àñòîòà F
èõ âñòðå÷àåìîñòè â ãëàñå ïàäàåò. ×èñëî ïðîñìàòðèâàåìûõ öåï î÷åê ìîæíî îãðàíè÷èòü,
ââåäÿ ïîðîãîâîå çíà÷åíèå Fr . Ïðè F < F r öåïî÷êà âûáûâàåò èç ðàññìîòðåíèÿ. Áóäåì
èñïîëüçîâàòü ïîðîãîâîå çíà÷åíèå Fr = 3;

2) öåïî÷êà, ñîñòàâëåííàÿ èç ìíîãîçíà÷íûõ çíàìåí, ìîæåò îêà çàòüñÿ îäíîçíà÷íî èëè ïî-
÷òè îäíîçíà÷íî èíòåðïðåòèðóåìîé â ãëàñå. Ïîýòîìó ïðè ôîðìè ðîâàíèè ñëîâàðåé ÂÈ
è ÊÂÈ äîëæåí áûòü ðàññìîòðåí ïîëíûé ñïåêòð öåïî÷åê ïðîèçâîë üíîé äëèíû c F > Fr

â ïîäáîðêå ïåñíîïåíèé, ïðåäñòàâëÿþùèõ êîíêðåòíûé ãëàñ;
3) ôîðìèðîâàòü ñëîâàðè ÂÈ è ÊÂÈ ñëåäóåò íà îñíîâå áåñïîìåòíûõ òåêñòîâ. Òîãäà ñëîâà-

ðè áóäóò èìåòü ôîðìàò ¾áåñïîìåòíîå çíàìÿ � íîòà¿, åäèíñòâåí íî ïðèãîäíûé äëÿ ðåøå-
íèÿ çàäà÷è äåøèôðîâêè â îáùåì ñëó÷àå (áåñïîìåòíàÿ íîòàöèÿ) . Óêàçàííûå äâîçíàìåí-
íèêè ñîäåðæàò ïîìåòû, êîòîðûå ñëåäóåò ïðåäâàðèòåëüíî óñòð àíèòü. Ýòî ðàâíîñèëüíî
àãðåãèðîâàíèþ èñõîäíîãî çíàìåííîãî àëôàâèòà, ïðè êîòîðîì â îäíó ãðóïïó îáúåäèíÿ-
þòñÿ è îáîçíà÷àþòñÿ îäíèì ñèìâîëîì âñå ïîìåòíûå è áåñïîìåòí ûå âàðèàíòû êîíêðåò-
íîãî çíàìåíè. Òàê, â îäíó ãðóïïó áóäóò îáúåäèíåíû (ñòðåëà ìðà÷íàÿ êðûæåâàÿ
ñ îòòÿæêîé), îíà æå ñ óêàçàòåëüíîé ïîìåòîé ¾áîðçî¿ ( ) è ¾òèõàÿ¿ ( ), èìå-
þùèå ðàçíûå ðàñïåâû. Ïðåäïîëàãàåòñÿ, ÷òî â ñëîâàðÿõ ÂÈ è ÊÂÈ ¾àãðåãèðîâàííàÿ
ñòðåëà¿ áóäåò âñòðå÷àòüñÿ â ðàçíûõ êîíòåêñòàõ, îïðåäåëÿþùèõ òîò èëè èíîé âàðèàíò
åå ðàñïåâà;

4) âîçìîæíû ðàçëè÷íûå âàðèàíòû îïðåäåëåíèÿ ÊÂÈ. Â èñïîëüçó åìîì àâòîðàìè ïðèáëè-
æåíèè öåïî÷êà çíàìåí òðàêòóåòñÿ êàê ÊÂÈ, åñëè îäíà èç åå èíòå ðïðåòàöèé äîìèíè-
ðóåò íàä îñòàëüíûìè ïî ÷àñòîòå, à èìåííî: âûïîëíÿåòñÿ ñîîòí îøåíèå Fdom=F > 1=2,
ãäå F � ÷àñòîòà âñòðå÷àåìîñòè öåïî÷êè â ïåñíîïåíèÿõ ãëàñà; Fdom � ìàêñèìàëüíàÿ
èç ÷àñòîò âñòðå÷àåìîñòè åå èíòåðïðåòàöèé. Äîìèíèðóþùàÿ èí òåðïðåòàöèÿ òðàêòóåòñÿ
â äàëüíåéøåì êàê çíà÷åíèå ÊÂÈ. Âàæíî îòìåòèòü, ÷òî ïîíÿòèÿ Â È è ÊÂÈ èìåþò
îòíîñèòåëüíûé õàðàêòåð: îíè çàâèñÿò îò îáúåìà è ñîñòàâà èñõ îäíîé (îáó÷àþùåé) ïîä-
áîðêè. Ïðè óâåëè÷åíèè åå îáúåìà èëè èçìåíåíèè æàíðîâîãî ñîñ òàâà îòäåëüíûå ÂÈ
ìîãóò ïåðåéòè â êàòåãîðèþ ÊÂÈ, à íåêîòîðûå ÊÂÈ ïåðåñòàþò áûò ü òàêîâûìè (¾èñ÷å-
çàåò¿ äîìèíèðóþùàÿ èíòåðïðåòàöèÿ). Ýôôåêòû òàêîãî ðîäà ìî æíî ïðîñëåäèòü ïðè
ïåðåõîäå îò îòäåëüíûõ Îêòîèõîâ (òàê ñòðîèëèñü ñëîâàðè, îïè ñàííûå â [8, 9]) ê èõ ñî-
âîêóïíîñòè (â äàííîé ðàáîòå ñëîâàðè ôîðìèðóþòñÿ íà îñíîâå â ñåõ òðåõ Îêòîèõîâ).

Ïîñòðîåííûå ïî äâîçíàìåííûì Îêòîèõàì ñëîâàðè ÂÈ è ÊÂÈ, ïðåä ñòàâëåííûå â ôîð-
ìàòå ¾áåñïîìåòíîå çíàìÿ � íîòà¿, ñëóæàò îñíîâîé äëÿ íîòîëèí åéíîé ðåêîíñòðóêöèè êîí-
òðîëüíûõ áåñïîìåòíûõ ïåñíîïåíèé. Â êà÷åñòâå êîíòðîëüíîãî ìàòåðèàëà àâòîðû èñïî ëüçî-
âàëè ïîìåòíûé äâîçíàìåííèê ¾Ïðàçäíèêè¿ (ÐÍÁ, ã. Ñ.-Ïåòåðá óðã, Êèðèëëî-Áåëîçåðñêîå
ñîáðàíèå, øèôð 797/1054) è ôðàãìåíò äâîçíàìåííîãî Èðìîëîã èÿ èç ñîáðàíèÿ Â. Ô. Îäî-
åâñêîãî (Ì., ÐÃÁ, Ô210. •18). Ïîìåòû â îáîèõ ñëó÷àÿõ ïðåäâàð èòåëüíî óäàëÿëèñü, ò. å.
íà âõîä àëãîðèòìà äåøèôðîâêè ïîäàâàëèñü áåñïîìåòíûå çíàìå ííûå ïåñíîïåíèÿ, à íî-
òîëèíåéíàÿ êîìïîíåíòà óêàçàííûõ äâîçíàìåííèêîâ èñïîëüçî âàëàñü ëèøü äëÿ ñðàâíåíèÿ
ðåêîíñòðóèðîâàííîãî ðàñïåâà ñ ðåàëüíûì.

Ñõåìà äåøèôðîâêè ôàêòè÷åñêè ñâîäèòñÿ ê ïîêðûòèþ ïåñíîïåíè ÿ âñåâîçìîæíûìè öå-
ïî÷êàìè çíàìåí èç ñëîâàðåé ÂÈ è ÊÂÈ è ïðèïèñûâàíèþ íàéäåííûì ôðàãìåíòàì èõ ïåâ÷å-
ñêîãî çíà÷åíèÿ, çàôèêñèðîâàííîãî â ñëîâàðÿõ. Ïðè ýòîì âîçì îæíû îòêàçû (íå ñóùåñòâóåò
íè îäíîãî ÂÈ èëè ÊÂÈ, ïîêðûâàþùåãî äàííîå çíàìÿ) è êîíôëèêòû èíòåðåñîâ (çíàìÿ
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âõîäèò â ñîñòàâ ðàçíûõ ÂÈ èëè ÊÂÈ, ãäå åìó ïðèïèñûâàþòñÿ íåèä åíòè÷íûå ïåâ÷åñêèå
çíà÷åíèÿ). Áîëåå äåòàëüíî ïðîöåññ äåøèôðîâêè îïèñàí íèæå.

4 Àëãîðèòì äåøèôðîâêè. Ðåçóëüòàòû àïðîáàöèè
Ïóñòü T = t1t2 � � � tn � � � tN � ïðåäñòàâëåíèå ïåñíîïåíèÿ îäíîãî èç 8 ãëàñîâ â âèäå ïî-

ñëåäîâàòåëüíîñòè çíàìåí. Ãëàñîâàÿ ïðèíàäëåæíîñòü ïåñíîï åíèÿ îáû÷íî èçâåñòíà, õîòÿ
âîçìîæíû èñêëþ÷åíèÿ, è òîãäà ýòî ñòàíîâèòñÿ ïðåäìåòîì îòäå ëüíîãî ðàññìîòðåíèÿ. Ïî-
êðûòèå ïåñíîïåíèÿ öåïî÷êàìè çíàìåí èç ñëîâàðåé ÂÈ è ÊÂÈ, ïîñ òðîåííûõ äëÿ äàííîãî
ãëàñà, îñóùåñòâëÿåòñÿ èòåðàòèâíî ïî L , ò. å. ñíà÷àëà èñïîëüçóþòñÿ ÂÈ è ÊÂÈ äëèíû 1,
çàòåì äëèíû 2 è ò. ä. Ïðè L = 1 ïðîèçâîëüíîå çíàìÿ tn ïåñíîïåíèÿ, ðàñïîëîæåííîå â n-é
ïîçèöèè, ìîæåò áûòü ïîêðûòî åäèíîæäû, åñëè íàéäåòñÿ èäåíòè ÷íûé åìó ÂÈ èëè ÊÂÈ
äëèíû 1. Â òàêîì ñëó÷àå îòêðûâàåì ñïèñîê âîçìîæíûõ èíòåðïðå òàöèé çíàìåíè tn èç ïîä-
ñëîâàðÿ èíâàðèàíòîâ äëèíû 1. Ïðè L = 2 çíàìÿ tn ìîæåò áûòü ïîêðûòî äâàæäû, åñëè
ñðåäè ÂÈ (ÊÂÈ) äëèíû 2 íàéäóòñÿ öåïî÷êè, ñîâïàäàþùèå ñ áèãðà ììàìè tn� 1tn è tn tn+1

ïåñíîïåíèÿ. Â ýòîì ñëó÷àå ïîïîëíÿåì ñïèñîê âîçìîæíûõ èíòåð ïðåòàöèé çíàìåíè tn åãî
çíà÷åíèÿìè â ñîñòàâå óêàçàííûõ âûøå áèãðàììíûõ èíâàðèàíòî â. Çíàìÿ tn ïðè L = 2
ìîæåò áûòü ïîêðûòî è åäèíîæäû (çàíîñèì â ñïèñîê ëèøü îäíó èíò åðïðåòàöèþ) èëè íå
ïîêðûòî âîâñå.

Ïðè L > 3 íà êàæäîé èòåðàöèè èìååì íå áîëåå ÷åì L âîçìîæíîñòåé ïîêðûòèÿ çíàìå-
íè tn öåïî÷êàìè ÂÈ è ÊÂÈ äëèíû L. Ïðîäîëæàåì ïîïîëíÿòü ñïèñîê âîçìîæíûõ èíòåð-
ïðåòàöèé çíàìåíè tn âïëîòü äî èñ÷åðïàíèÿ ñëîâàðåé ÂÈ è ÊÂÈ äëÿ äàííîãî ãëàñà. Èç
ìíîæåñòâà ïîëó÷åííûõ ïåâ÷åñêèõ çíà÷åíèé äëÿ tn âûáèðàåì ñàìîå ÷àñòîå. Ïðè ðàâåíñòâå
ãîëîñîâ ôèêñèðóåì ñëó÷àéíûì îáðàçîì ëþáîé âàðèàíò.

Ïî èòîãàì îïèñàííîé ïðîöåäóðû êàæäîå çíàìÿ â ïåñíîïåíèè ëèá î ïîëó÷àåò åäèíñòâåí-
íóþ èíòåðïðåòàöèþ, õîòÿ è íå âñåãäà ïðàâèëüíóþ, ëèáî íå ïîêð ûâàåòñÿ íè îäíîé èç öå-
ïî÷åê ñëîâàðåé ÂÈ è ÊÂÈ. Ñðàâíåíèå ðåçóëüòàòîâ ðåêîíñòðóêö èè ñ ðåàëüíûì íîòîëèíåé-
íûì òåêñòîì ïîçâîëÿåò îöåíèòü êîëè÷åñòâî ïðàâèëüíî èíòåðï ðåòèðîâàííûõ çíàìåí ( n+ )
è ÷èñëî çíàìåí, òðàêòîâêà êîòîðûõ îòëè÷àåòñÿ îò èñòèííîé ( n� ). Êîýôôèöèåíò ïîêðûòèÿ
ïåñíîïåíèÿ öåïî÷êàìè èç ñëîâàðåé ÂÈ è ÊÂÈ îïðåäåëÿåì òîãäà â âèäåk = n+ =N, ãäåN �
÷èñëî çíàìåí â ïåñíîïåíèè ( 0 6 k 6 1). Êîýôôèöèåíò ïîêðûòèÿ ãëàñà, ïðåäñòàâëåííîãî
ãðóïïîé êîíòðîëüíûõ ïåñíîïåíèé, ìîæíî îïðåäåëèòü ëèáî êàê ñðåäíåå êîýôôèöèåíòîâ
ïîêðûòèÿ îòäåëüíûõ ïåñíîïåíèé, ëèáî â âèäå îòíîøåíèÿ k = n+ =N , ãäån+ � ñóììàðíîå
÷èñëî çíàìåí, ïðàâèëüíî èíòåðïðåòèðîâàííûõ âî âñåõ ïåñíîï åíèÿõ ãëàñà, àN � ñóììàð-
íàÿ äëèíà ïåñíîïåíèé. Ïîêàçàòåëü k õàðàêòåðèçóåò ýôôåêòèâíîñòü èñïîëüçîâàíèÿ ñëîâà-
ðåé ÂÈ è ÊÂÈ äëÿ äåøèôðîâêè áåñïîìåòíûõ ïåñíîïåíèé.

Äëÿ àïðîáàöèè ïîäõîäà áûëî ïðîâåäåíî íåñêîëüêî ýêñïåðèìåí òîâ. Â ïåðâîì èç íèõ
ðàçäåëåíèå äàííûõ, èñïîëüçóåìûõ äëÿ îáó÷åíèÿ è êîíòðîëÿ, î ñóùåñòâëÿëîñü ñ ïîìîùüþ
ïðîöåäóðû ¾ñêîëüçÿùåãî êîíòðîëÿ¿. Ñóòü åå (ïðèìåíèòåëüíî ê êîíêðåòíîìó ãëàñó) â ñëå-
äóþùåì:

� ïåñíîïåíèÿ i -ãî ãëàñà (1 6 i 6 8) èç òðåõ Îêòîèõîâ îáúåäèíÿþòñÿ â îäíó ãðóïïó
Ti = Ti 1Ti 2; : : :);

� óäàëÿåòñÿ ïåñíîïåíèå Ti 1, à ïî îñòàâøèìñÿ ñòðîÿòñÿ ñëîâàðè ÂÈ è ÊÂÈ;
� ñ ïîìîùüþ ïîñòðîåííûõ ñëîâàðåé âû÷èñëÿåòñÿ êîýôôèöèåíò ï îêðûòèÿ ki 1 óäàëåííîãî

ïåñíîïåíèÿ Ti 1;
� Ti 1 âîçâðàùàåòñÿ â èñõîäíóþ ïîäáîðêó, óäàëÿåòñÿ ñëåäóþùåå ïåñ íîïåíèå Ti 2, è ïðîöåññ

ïîâòîðÿåòñÿ äî èñ÷åðïàíèÿ âñåõ ni ïåñíîïåíèé i -é ãðóïïû;
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Òàáëèöà 1 Ðåçóëüòàòû ïåð-
âîãî ýêñïåðèìåíòà

Ãëàñû k
1 0,786
2 0,701
3 0,744
4 0,730
5 0,735
6 0,685
7 0,801
8 0,725

Òàáëèöà 2 Ðåçóëüòàòû âòî-
ðîãî ýêñïåðèìåíòà

Ãëàñû k
1 0,690
2 0,518
3 0,726
4 0,652
5 0,603
6 0,546
7 0,602
8 0,543

� âû÷èñëÿåòñÿ óñðåäíåííûé ïîêàçàòåëü ïîêðûâàåìîñòè ïåñíî ïåíèé i -ãî ãëàñà:
ki = (

P n i
l=1 kil )=ni .

Ðåçóëüòàòû ýêñïåðèìåíòà ïðåäñòàâëåíû â òàáë. 1. Èç íèõ ñëåäóåò, ÷òî â ñðåäíåì ïî ãëà-
ñàì ïðàâèëüíî ðåêîíñòðóèðóþòñÿ ïîðÿäêà 70%�80% çíàìåí. Îä íàêî ýòè îöåíêè íåñêîëüêî
çàâûøåíû, ïîñêîëüêó ïîî÷åðåäíî óäàëÿåìûå ïåñíîïåíèÿ ñîõð àíÿëè êàêèå-òî ñâÿçè ñ îñòàâ-
øèìèñÿ, ÷òî ïðè ðåêîíñòðóêöèè ïîâûøàëî èõ øàíñû.

Áîëåå ðåàëüíûå äàííûå ïîëó÷åíû â õîäå âòîðîãî ýêñïåðèìåíòà , êîãäà äëÿ êîíòðîëÿ
èñïîëüçîâàëñÿ äâîçíàìåííèê ¾Ïðàçäíèêè¿ èç Êèðèëëî-Áåëîç åðñêîãî ñîáðàíèÿ (äðóãàÿ
øêîëà). Åãî â îñíîâíîì ñîñòàâëÿþò ñòèõèðû, íî îíè çíà÷èòåëü íî îòëè÷àþòñÿ îò ñòèõèð èç
Îêòîèõîâ ñëîæíîñòüþ è ðàçâèòîñòüþ ðàñïåâà, âàðèàòèâíîñòü þ, øèðîòîé äèíàìè÷åñêîãî
äèàïàçîíà. Êîëè÷åñòâî ïåñíîïåíèé â ãëàñàõ áûëî ñîïîñòàâèì î ñ àíàëîãè÷íûì ïîêàçàòåëåì
äëÿ Îêòîèõîâ 619/647 è 618/644 çà èñêëþ÷åíèåì ãëàñîâ 3 è 7, ñëàáî ïðåäñòàâëåííûõ
â äâîçíàìåííèêå ¾Ïðàçäíèêè¿. Èñïîëüçîâàëñÿ âòîðîé âàðèàí ò êîýôôèöèåíòà ïîêðûòèÿ
(k = n+ =N ). Ðåçóëüòàòû ýòîãî ýêñïåðèìåíòà ïðèâåäåíû â òàáë. 2.

Ïîêàçàòåëè ïîêðûâàåìîñòè çàìåòíî ñíèæàþòñÿ, ÷òî îáúÿñíÿå òñÿ ñóùåñòâåííûìè ðàç-
ëè÷èÿìè â îáó÷àþùåì è êîíòðîëüíîì ìàòåðèàëå.

Â òðåòüåì ýêñïåðèìåíòå êîíòðîëüíûé ìàòåðèàë áûë ïðåäñòàâë åí 22 ïåñíîïåíèÿìè ïåð-
âîãî ãëàñà Èðìîëîãèÿ. Êîýôôèöèåíò ïîêðûâàåìîñòè ýòèõ ïåñí îïåíèé èíâàðèàíòàìè ïåð-
âîãî ãëàñà, ïîëó÷åííûìè íà ìàòåðèàëå òðåõ Îêòîèõîâ, ñîñòàâ èë 0,687.

5 Îáñóæäåíèå ðåçóëüòàòîâ
1. Ñëîâàðè ÂÈ è ÊÂÈ, ïîñòðîåííûå íà îñíîâå òðåõ Îêòîèõîâ, äîñ òàòî÷íî ïðåäñòàâèòåëü-

íû (â ñóììå ïîðÿäêà ïîëóòîðà òûñÿ÷ öåïî÷åê çíàìåí ðàçíîé äëè íû â êàæäîì ãëàñå).
Îíè â ñîñòîÿíèè îáåñïå÷èòü äåøèôðóåìîñòü êîíòðîëüíîãî ìàò åðèàëà, áëèçêóþ â ñðåä-
íåì ê 60%�70% äàæå ïðè îòñóòñòâèè ïîìåò ó çíàìåí. Ñ îïðåäåëåí íîé îñòîðîæíîñòüþ
ïîäõîä ìîæåò áûòü ïðèìåíåí è ê áåñïîìåòíûì ïåñíîïåíèÿì XVI â . Ó àâòîðîâ èìååòñÿ
ìèíèìàëüíûé îïûò òàêîãî ðîäà, îäíàêî äîñòîâåðíîñòü ðåêîíñ òðóêöèè òðåáóåò äîïîë-
íèòåëüíîãî èññëåäîâàíèÿ èç-çà îòñóòñòâèÿ äâîçíàìåííèêîâ , äàòèðîâàííûõ óêàçàííûì
ïåðèîäîì.

2. Àíàëèç ïîêðûâàåìîñòè îòäåëüíûõ ïåñíîïåíèé âûÿâèë ðåäêî âñòðå÷àþùèåñÿ àíîìà-
ëèè � ïåñíîïåíèÿ ñ êîýôôèöèåíòàìè ïîêðûòèÿ ïîðÿäêà 0,2 è íèæ å. Ïðåäâàðèòåëüíûé
àíàëèç ïîêàçàë, ÷òî ïðè÷èíàìè ìîãóò áûòü: íåâåðíî óêàçàííàÿ ãëàñîâàÿ ïðèíàäëåæ-
íîñòü ïåñíîïåíèÿ (îíî ïëîõî äåøèôðóåòñÿ ïî ñëîâàðþ ¾ñîáñòâåííîã î¿ ãëàñà, íî ãîðàç-
äî ëó÷øå ïî ñëîâàðþ äðóãîãî); íåîãîâàðèâàåìûå çâóêîâûñîòíûå ïåðåíîñû îòäåëüíûõ
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+ + + ? ? ? +

ïîç. 73:
� �

d2 e2 d1 d4H 4 c4d4 e2 e2
d2(7) e2(6) d1(4) c4H 4(2) e4f 4(1) g2(1) e2(1)

c4d4(1)
� ? ? ? ? ?

ïîç. 80:
� �

d4H 4 c4d4 e2 c2 H 2 A1
e4f 4(1) g2(1) e2(2) e2(2) d1(2)

e2(1) e1(2)
+ + + + + +

ïîç. 86:
e2 d2 e4f 4 g2 f 2 e1
e2(4) d2(4) e4f 4(3) g2(5) f 2(4) e1(2)

Ðèñ. 2 Ïðèìåð äåøèôðîâêè ôðàãìåíòà ïåñíîïåíèÿ

ôðàãìåíòîâ ìåëîäèè; íàëè÷èå â ïåñíîïåíèè áîëüøîãî êîëè÷åñòâà ëèö è ôèò � ñòðóê-
òóðíûõ åäèíèö, îòíîñÿùèõñÿ ê êàòåãîðèè ìåëèçìàòè÷åñêèõ óê ðàøåíèé ìåëîäèè, êîãäà
íà îäèí ñëîã òåêñòà ïðèõîäèòñÿ ìíîãî çâóêîâ ìåëîäèè. Ðàçâîä û ëèö è ôèò ¾ðÿäîâûì¿
çíàìåíåì íå âñåãäà ñòàíäàðòíû. Èõ ìîæíî ñðàâíèòü ñ èäèîìàìè â åñòåñòâåííîì ÿçûêå.
Èíäèêàòîðîì ëèö è ôèò â ðàñïåâå ÿâëÿåòñÿ ñòèõîòâîðíàÿ êîìïî íåíòà ïàðàëëåëüíûõ
òåêñòîâ.

3. Îøèáî÷íî òðàêòóåìûå çíàìåíà ÷àñòî ðàñïîëàãàþòñÿ ìåæäó ï îïåâî÷íûìè ñòðóêòóðà-
ìè. Ñðåäè òàêèõ ¾ñâÿçóþùèõ¿ çíàìåí ìíîãî âûñîêî÷àñòîòíûõ: , , , è ïð.
Ïîðîé îíè îáðàçóþò òàíäåìíûå ïîâòîðû. Ýòî óäîáíûé ñïîñîá ðà çíåñåíèÿ îñíîâíûõ
ñòðóêòóðíûõ åäèíèö òåêñòà (â äàííîì ñëó÷àå ïîïåâîê) íà íóæí îå ðàññòîÿíèå, èñïîëü-
çóåìûé â ðàçíûõ ÿçûêîâûõ ñèñòåìàõ. Ñëîæíîñòü äåøèôðîâêè òà íäåìîâ â òîì, ÷òî
òàíäåìíîìó ïîâòîðó íà çíàìåííîì óðîâíå íå âñåãäà ñîîòâåòñò âóåò ïîâòîð íà íîòîëè-
íåéíîì óðîâíå (è íàîáîðîò). Ïðèâåäåì ðåàëüíûé ïðèìåð (ðèñ. 2) äåøèôðîâêè ôðàã-
ìåíòà ïåñíîïåíèÿ ïåðâîãî ãëàñà èç äâîçíàìåííèêà ¾Ïðàçäíèê è¿ (ëèñò 78 îáîðîòíûé).
Ôðàãìåíò íà÷èíàåòñÿ ñ 73-é ïîçèöèè.
Çäåñü êàæäàÿ ñòðîêà äâîçíàìåííîãî òåêñòà � ýòî ïîñëåäîâàòå ëüíîñòü çíàìåí, à íè-
æå � èõ ïåâ÷åñêèå çíà÷åíèÿ. Êàæäîå çíàìÿ ïîìå÷åíî ñâåðõó îäí èì èç òðåõ ñèìâîëîâ:
¾�¿ îçíà÷àåò, ÷òî çíàìÿ íå ïîêðûòî íè îäíèì ÂÈ èëè ÊÂÈ; ¾+¿ îçí à÷àåò, ÷òî çíàìÿ
èíòåðïðåòèðîâàíî ïðàâèëüíî; â òðåòüåé ñòðîêå åãî ïåâ÷åñêî å çíà÷åíèå ïîâòîðåíî ñ óêà-
çàíèåì (â ñêîáêàõ) ÷èñëà ïðîãîëîñîâàâøèõ çà íåãî ÂÈ è ÊÂÈ; ¾? ¿ ãîâîðèò î òîì, ÷òî
çíàìÿ èíòåðïðåòèðîâàíî íåâåðíî, â ýòîì ñëó÷àå â òðåòüåé ñòð îêå ïðèâîäèòñÿ îøèáî÷-
íàÿ òðàêòîâêà, îäíà èëè íåñêîëüêî (ñòðîêè 4, 5 è ò. ä.), åñëè ç à íèõ ïîäàíî îäèíàêîâîå
÷èñëî ãîëîñîâ. Â ñòðîêàõ 4, 5 è ò. ä. ìîæåò áûòü ïðåäñòàâëåíî è èñòèííîå çíà÷åíèå (ñì.,
íàïðèìåð, çíàìåíà 77, 82), íî ìåõàíèçì ñëó÷àéíîãî âûáîðà, ó ïðîùåííûé äî ïðåäåëà,
ñðàáîòàë íå â èõ ïîëüçó (âûáèðàëñÿ ïåðâûé ïî ñïèñêó êàíäèäàò ñðåäè ðàâíûõ ïî ÷èñëó
ãîëîñîâ).
Ïðèìåð íå ñëèøêîì áîãàò ïîïåâî÷íûìè ñòðóêòóðàìè: èõ òðè, è â ñå îíè, ïî êëàññèôè-
êàöèè À. Í. Êðó÷èíèíîé [10], ÿâëÿþòñÿ ðàçíîâèäíîñòÿìè ¾êîê èç¿, êàäàíñîâàÿ ñòðóê-
òóðà êîòîðûõ ïðåäñòàâëåíà ïîçèöèÿìè 73�75, 83�85, 89�91. Í àèáîëüøèé æå èíòåðåñ
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ïðåäñòàâëÿåò ôðàãìåíò ìåæäó ïåðâûì è âòîðûì âõîæäåíèåì ¾êî êèç¿ (ïîç. 76�83),
ñîäåðæàùèé òàíäåìíûé ïîâòîð èç 4 çíàìåí (âûäåëåí ñêîáêàìè) . Íåòðóäíî âèäåòü,
÷òî íà íîòîëèíåéíîì óðîâíå ïîâòîð èñêàæàåòñÿ ïðè ïåðåõîäå î ò ¾êðþêà ñâåòëîãî¿
( ) ê ñòîïèöå ( ). Ïðàêòè÷åñêè âåñü óêàçàííûé ôðàãìåíò õàðàêòåðèçóåòñÿ ïî íèæåí-
íîé äåøèôðóåìîñòüþ, õîòÿ îòëè÷èÿ îò ðåàëüíîãî òåêñòà (âòîð àÿ ñòðîêà) êàñàþòñÿ,
â îñíîâíîì, ëèøü çâóêîâûñîòíîé ïðèâÿçêè (èíòåðâàëüíî-ðèò ìè÷åñêàÿ ñòðóêòóðà íå
íàðóøàåòñÿ). Áîëåå òîãî, èíòåðïðåòàöèÿ ¾ñòîïèöû ñ î÷êîì¿ ( , ïîç. 76) â òåêñòå äâîç-
íàìåííèêà (ñêà÷îê âíèç íà äâå ñòóïåíè) ïðåäñòàâëÿåòñÿ ìåíå å ïðåäïî÷òèòåëüíîé, ÷åì
ñòàíäàðòíûé õîä íà îäíó ñòóïåíü â ðåêîíñòðóèðîâàííîì òåêñò å.
Ïðèâåäåííûé ïðèìåð ïîêàçûâàåò, ÷òî òàíäåìíûå ïîâòîðû ïðåò åíäóþò íà ðîëü ñàìî-
ñòîÿòåëüíûõ ñòðóêòóðíûõ åäèíèö çíàìåííîãî ðàñïåâà è íóæäà þòñÿ â îòäåëüíîì èçó-
÷åíèè. Ïåðâûé øàã â ýòîì íàïðàâëåíèè ñäåëàí â [11]. Ñëåäóåò î òìåòèòü òàêæå, ÷òî
ïðîÿâëåíèÿ òàíäåìíîé ïîâòîðíîñòè â çíàìåííîì ðàñïåâå çàâè ñÿò îò æàíðîâîé ñïåöè-
ôèêè. Òàê, íàïðèìåð, áèãðàììà ÷àñòî èñïîëüçóåòñÿ â òàíäåìíîì âàðèàíòå

�

� e2� d1� e2� d1
�

â ïåñíîïåíèÿõ ãëàñà 4 (¾Ïðàçäíèêè¿), à â òîì æå ãëàñå âñåõ
Îêòîèõîâ âñòðå÷àåòñÿ âñåãî 4 ðàçà, íå îáðàçóåò òàíäåìíûõ âõîæäåíèé è èìååò äîìè-
íèðóþùóþ èíòåðïðåòàöèþ c2� H 1, îòëè÷íóþ îò e2� d1. Êàê ñëåäñòâèå, äàííàÿ öåïî÷êà
â ïåñíîïåíèÿõ ãëàñà 4 (¾Ïðàçäíèêè¿) èíòåðïðåòèðóåòñÿ íåâå ðíî. Èç ýòîãî ñëåäóåò, ÷òî
êðîìå íàñòðîéêè íà êîíêðåòíûé ãëàñ æåëàòåëüíà íàñòðîéêà è í à êîíêðåòíûé æàíð.

4. Ñîçäàííûå äëÿ äåøèôðîâêè ýëåêòðîííûå ñëîâàðè ÂÈ è ÊÂÈ ìîæ íî ðàññìàòðèâàòü
êàê ñèñòåìó îïèñàíèÿ ãëàñîâ , êàæäûé èç êîòîðûõ õàðàêòåðèçóåòñÿ äîñòàòî÷íî ïðåä-
ñòàâèòåëüíûì íàáîðîì ïåñíîïåíèé. Ýòè ñëîâàðè ìîãóò áûòü èñ ïîëüçîâàíû íå òîëüêî
äëÿ äåøèôðîâêè ïåñíîïåíèé, íî è äëÿ ðåøåíèÿ âñïîìîãàòåëüíû õ çàäà÷, òàêèõ êàê
îïðåäåëåíèå ãëàñîâîé ïðèíàäëåæíîñòè ïåñíîïåíèÿ, îáíàðóæ åíèå îøèáîê êîäèðîâàíèÿ,
âûÿâëåíèå ôóíêöèîíèðóþùèõ â ãëàñå ñòðóêòóðíûõ åäèíèö è óñò îé÷èâûõ èõ êîìáèíà-
öèé, à òàêæå äëÿêîëè÷åñòâåííîé è êà÷åñòâåííîé õàðàêòåðèçàöèè ñèñòåìû îñì îãëà-
ñèÿ â öåëîì. Â ïîñëåäíåì ñëó÷àå ðå÷ü èäåò î âûÿâëåíèè ñõîäñòâà è ð àçëè÷èé ìåæäó
ãëàñàìè.

Ïðèìåíèòåëüíî ê çàäà÷å äåøèôðîâêè íàñ áîëüøå èíòåðåñóåò ñõ îäñòâî ãëàñîâ, à èìåííî:
íàëè÷èå äîñòàòî÷íî äëèííûõ îáùèõ äëÿ ðàçíûõ ãëàñîâ öåïî÷åê çíàìåí, îäèíàêîâî èíòåð-
ïðåòèðóåìûõ â ðàçíûõ ãëàñàõ � ñâîåãî ðîäà ìåæãëàñîâûõ èíâàðèàíòîâ (ÌÈ). Ñòåïåíü
äåøèôðóåìîñòè òàêèõ öåïî÷åê â ðàçíûõ ãëàñàõ ñ ïîìîùüþ ñëîâà ðåé ÂÈ è ÊÂÈ ìîæåò
ñèëüíî îòëè÷àòüñÿ, ïîñêîëüêó îíà çàâèñèò îò ÷àñòîòû âñòðå÷ àåìîñòè öåïî÷êè â êîíêðåò-
íîì ãëàñå è åå âàðèàòèâíîñòè. Â îäíîì ãëàñå îíà ìîæåò ïîïàñòü â ñëîâàðè ÂÈ è ÊÂÈ
è èìåòü õîðîøèå ïîêàçàòåëè ïî äåøèôðóåìîñòè, à â äðóãîì � íàî áîðîò. Â òàêîì ñëó-
÷àå âîçíèêàåò âîçìîæíîñòü èñïîëüçîâàíèÿ âçàèìîñâÿçåé ìåæ äó ãëàñàìè íà óðîâíå ÌÈ
äëÿ óëó÷øåíèÿ ïîêàçàòåëåé äåøèôðóåìîñòè îäíîãî ãëàñà çà ñ÷ åò äðóãîãî. Ôàêòè÷åñêè
ðå÷ü èäåò î äåøèôðîâêå ïî ïðåöåäåíòàì (ïîðîé îäíîêðàòíî âñòðå÷àþùèìñÿ). Óäîáíûì
èíñòðóìåíòîì äëÿ âûÿâëåíèÿ ìåæãëàñîâûõ ñâÿçåé íà óðîâíå ÌÈ ÿâëÿåòñÿ ïðåäëîæåí-
íûé àâòîðàìè àïïàðàò ñëîæíîñòíûõ ðàçëîæåíèé [12], â îñíîâå êîòîðîãî ïðèìåíèòåëüíî
ê ðàññìàòðèâàåìîìó ñëó÷àþ ëåæèò ïðåäñòàâëåíèå ïåñíîïåíèé îäíîãî ãëàñà â âèäå êîíêà-
òåíàöèè öåïî÷åê çíàìåí (èëè íîò) èç ïåñíîïåíèé äðóãîãî ãëàñ à.

Öåïî÷åê, êîòîðûå ìîæíî îòíåñòè ê êàòåãîðèè ÌÈ, äîñòàòî÷íî ì íîãî. Ïðèâåäåì ëèøü
îäèí ïðèìåð, èëëþñòðèðóþùèé âîçìîæíîñòü äåøèôðîâêè ïî ïðå öåäåíòàì. Ïðè ñðàâíåíèè
ãëàñîâ 1 è 4 Îêòîèõà 619/647 âûÿâëÿåòñÿ îáùàÿ öåïî÷êà çíàìåí èç ðàçíûõ ïåñíîïåíèé
(ãëàñ 1: ¾Ñëàâà è íûíå. Áîãîðîäè÷åí¿, ïîç. 45 è ãëàñ 4: ¾Íà ñòèõîâíå ñòèõèðà¿, ïîç. 63):
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f 4e4d2 f 4g4 f 8e8d4 f 4g2f 4 e1 d1.

Â ñîîòâåòñòâèè ñ [10] � ýòî îäíà èç ðàçíîâèäíîñòåé ¾êóëèçì¿. Ñ ïîìîùüþ ñëîâàðåé ÂÈ
è ÊÂÈ, ïîñòðîåííûõ äëÿ äàííîãî Îêòîèõà, öåïî÷êà èç ãëàñà 1 äå øèôðóåòñÿ ïðàâèëüíî,
à èç ãëàñà 4 � ñ îøèáêîé â èíòåðïðåòàöèè âòîðîãî è òðåòüåãî çíà ìåíè. Ýòà îøèáêà ìîæåò
áûòü ñêîððåêòèðîâàíà íà îñíîâå èíôîðìàöèè î íàëè÷èè óêàçàí íîãî âûøå ÌÈ â îáó÷à-
þùåé ïîäáîðêå.

6 Çàêëþ÷åíèå
Ïðîáëåìà íîòîëèíåéíîé ðåêîíñòðóêöèè (äåøèôðîâêè) äðåâíå ðóññêèõ öåðêîâíûõ

ïåñíîïåíèé, ïðåäñòàâëåííûõ â çíàìåííîé ôîðìå çàïèñè, ÿâëÿ åòñÿ îäíîé èç íàèáîëåå èç-
âåñòíûõ è àêòóàëüíûõ â ìóçûêàëüíîé ìåäèåâèñòèêå. Òðóäíîñò è åå ðåøåíèÿ ñâÿçàíû ñ ìíî-
ãîçíà÷íîñòüþ ñîîòâåòñòâèÿ ¾çíàìÿ�íîòà¿. Àâòîðû ðàçâèâàþ ò íîâûé êîìïüþòåðíî-îðèåí-
òèðîâàííûé ïîäõîä ê åå ðåøåíèþ, îñíîâàííûé íà èñïîëüçîâàíè è äâîçíàìåííèêîâ êîíöà
XVII � íà÷àëà XVIII â., çàïèñàííûõ â âèäå òðåõ ïàðàëëåëüíûõ (ñèíõðîíèçîâàííûõ ìåæäó
ñîáîé) òåêñòîâ : çíàìåííîãî, íîòîëèíåéíîãî è ñòèõîòâîðíîãî (ñòàðîñëÿâÿí ñêîãî). Äâîçíà-
ìåííèêè íóæíû äëÿ òîãî, ÷òîáû èçâëå÷ü èç íèõ èíôîðìàöèþ î íàè áîëåå óñòîé÷èâûõ
(íàèìåíåå âàðèàòèâíûõ) ñòðóêòóðíûõ åäèíèöàõ çíàìåííîãî ð àñïåâà, íàçâàííûõ àâòîðàìè
èíâàðèàíòàìè è êâàçèèíâàðèàíòàìè. Ïîñëåäíèå ïðåäñòàâëåí û â åäèíñòâåííî ïðèãîäíîì
äëÿ äåøèôðîâêè ôîðìàòå ¾áåñïîìåòíîå çíàìÿ � íîòà¿.

Íà äîñòàòî÷íî îáúåìíîì îáó÷àþùåì ìàòåðèàëå ïîñòðîåíû ýëåê òðîííûå ñëîâàðè èí-
âàðèàíòîâ è êâàçèèíâàðèàíòîâ äëÿ êàæäîãî èç ãëàñîâ çíàìåíí îãî ðàñïåâà. Ðàçðàáîòàí
àëãîðèòì äåøèôðîâêè çíàìåííîé íîòàöèè ñ èñïîëüçîâàíèåì óê àçàííûõ ñëîâàðåé. Ýêñ-
ïåðèìåíòû íà íåçàâèñèìîì êîíòðîëüíîì ìàòåðèàëå ïîêàçàëè, ÷òî äàæå áåç àïåëëÿöèè
ê ñòðóêòóðíîé îðãàíèçàöèè çíàìåííîãî ðàñïåâà (ðåçåðâ äëÿ ä àëüíåéøåãî ðàçâèòèÿ ïîä-
õîäà) óäàåòñÿ îáåñïå÷èòü â ñðåäíåì 60%�70%-íóþ äåøèôðóåìî ñòü ïî ãëàñàì.

Ðàçáîð îøèáîê ãîâîðèò î òîì, ÷òî ÷àñòü èç íèõ � ýòî îøèáêè êîäè ðîâàíèÿ (àâòîðñêèå)
è ïîãðåøíîñòè â ñàìîé ïåâ÷åñêîé êíèãå. Äðóãàÿ ÷àñòü îøèáîê í îñèò õàðàêòåð äîïóñòèìîãî
âàðüèðîâàíèÿ. Ñëó÷àåâ ðàäèêàëüíîãî èñêàæåíèÿ íîòîëèíåéí îé ñòðóêòóðû íå îòìå÷åíî.

Ðàçâèòèå ïîäõîäà ìûñëèòñÿ â íàïðàâëåíèè ïðèâëå÷åíèÿ èíôîð ìàöèè î âíóòðåííåé
ñòðóêòóðå ïåñíîïåíèé (ïîïåâêè, ëèöà, ôèòû, òàíäåìíûå ïîâò îðû). Âàæíîé ìîæåò îêà-
çàòüñÿ èíôîðìàöèÿ î âçàèìîñâÿçÿõ ìåæäó ãëàñàìè (ïðèâåäåíû íåêîòîðûå ïðèìåðû è ñî-
îáðàæåíèÿ íà óêàçàííóþ òåìó). È, íàêîíåö, îùóòèìóþ ïîëüçó ì îæåò ïðèíåñòè íàñòðîéêà
íà îòäåëüíûå êëàññû ïåñíîïåíèé (ñòèõèðû, èðìîñû è äð.).

Ê îñíîâíûì äîñòîèíñòâàì ïîäõîäà ìîæíî îòíåñòè îïîðó íà äâîçíàìåííèêè ïåðèîäà
íàèâûñøåãî ðàñöâåòà çíàìåííîãî ïåíèÿ, îðèåíòàöèþ íà áåñïîìåòíóþ íîòàöèþ è ýêñïå-
ðèìåíòàëüíî ïîäòâåðæäåííóþ ïðèìåíèìîñòü ê ïåñíîïåíèÿì ðà çíîãî æàíðà.
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Ïðè ðåøåíèè ìíîãèõ çàäà÷ êëàññèôèêàöèè èëè ðåãðåññèè çà÷àñ òóþ ïðèõîäèòñÿ ñòàë-
êèâàòüñÿ ñ áîëüøèì êîëè÷åñòâîì íåðåëåâàíòíûõ ïðèçíàêîâ. Î äíèì èç èçâåñòíûõ ñïîñîáîâ
ðåøåíèÿ çàäà÷è îòáîðà ïðèçíàêîâ ÿâëÿåòñÿ ìåòîä, îñíîâàííû é íà Áàéåñîâñêîì ïîäõîäå
ê âûáîðó ìîäåëè. Ýòîò ìåòîä ïîëó÷èë øèðîêîå ðàñïðîñòðàíåíè å, îäíàêî îáëàñòü åãî ïðè-
ìåíåíèÿ áûëà îãðàíè÷åíà. Â äàííîé ðàáîòå ýòîò ìåòîä ïðèìåíÿ åòñÿ äëÿ áîëåå øèðîêîãî
êëàññà ìîäåëåé è èññëåäóåòñÿ íà ïðèìåðå çàäà÷è áèíàðíîé êëà ññèôèêàöèè ñ áèíàðíû-
ìè ïðèçíàêàìè. Òàêæå ïðåäëîæåíà íîâàÿ ìîäåëü äëÿ áèíàðíîé ê ëàññèôèêàöèè äàííûõ
è ìåòîä îáó÷åíèÿ ýòîé ìîäåëè, ïîçâîëÿþùèé àâòîìàòè÷åñêè óá èðàòü íåðåëåâàíòíûå ïðè-
çíàêè.
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ëåíèå ðåëåâàíòíîñòè; âàðèàöèîííûå íèæíèå îöåíêè
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1 Introduction
Feature selection is an important challenge that arises in most machine learning problems.
There are di�erent approaches to this task. One of them is to use predictive models that can
automatically choose the most relevant features during the training procedure. For example, it
can be done with LASSO (Least Absolute Shrinkage and Selection Operator) regression or other
models that use L1-regularization to ensure sparsity. Bayesian ARD [1]) is another approach to

� This research is funded by RFBR grant #15-31-20596mol-a-ved, Microsoft Research, research initiative: Com-
puter vision collaborative research in Russia, Skoltech SDP Initiative, applications A1 and A2.

Ìàøèííîå îáó÷åíèå è àíàëèç äàííûõ, 2015. Ò. 1, •13.
Machine Learning and Data Analysis, 2015. Vol. 1 (13).
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developing such models. As an example, consider the Relevance Vector Machine (RVM), [2]. In
case of regression, the RVM is a linear model with an ARD prior;x is an object;t is its target;
w is a vector of model parameters or weights; and' (x ) is a vector of generalized features. The
model de�nition is shown below:

w = ( w1; : : : ; wM )T 2 RM ; ' (x ) = ( ' 1(x ); : : : ; ' M (x ))T 2 RM ; t 2 R;

y(x ) = w T ' (x ); (1)

p(t j x ; w ; � ) = N (t j y(x ); � � 1); (2)

p(w j � ) =
MY

i =1

N (wi j 0; � � 1
i ) (3)

and the following expression is the marginal likelihood function, also known as evidence [3]:

p(t j X ; � ; � ) =
Z

p(t j X ; w ; � )p(w j � ) dw :

Equation (2) de�nes the likelihood function for an objectx . Here, � is the noise preci-
sion, � = � � 2, and y(x ) is the mean of the target function given by a linear model de�ned
in (1). Expression (3) describes the prior over the weight parameters w (ARD prior). When
the evidence of the model is maximized with respect to hyperparameters � , some of them go
to in�nity. The corresponding weight parameters will then have posterior distributions that are
concentrated at zero; so, the corresponding basis functions' i (x ) are pruned out of the model.
This e�ect is known as ARD e�ect and is explained and discussed in [1, 2]and [4, p. 349{353].

However, this e�ect is usually studied on models with Gaussian prior. The present authors
propose to extend this approach and use another family of distributions. In this paper, a binary
classi�cation problem with binary features is considered as an example. A new probabilistic
model has been developed for this task and beta prior distribution has been used to reproduce
ARD e�ect.

2 Model of Relevance Tagging Machine

2.1 Probabilistic model

Consider a binary classi�cation problem of objects that have binaryfeatures (tags).
Let (x i ; t i )n

i =1 be the training set, wherex i is the object described by a binary vector,x i =
= ( x i 1; : : : ; xid )T , d denotes the number of tags, andt i 2 f 0; 1g is the class label. In this
notation, x ij = 1 if object x i has tagj and x ij = 0 otherwise.

Under the assumption that all tags a�ect the class label independently, we de�ne the prob-
abilistic model of relevance tagging machine (RTM):

P(t = 1 j x j = 1) = qj ;

P(t = 1 j x ; q) =
dY

j =1

qx j
j �

 
dY

j =1

qx j
j +

dY

j =1

(1 � qj )x j

! � 1

whereq = ( q1; : : : ; qd)T are the model parameters, which are responsible for the tags' in
uence
on the class label.
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2.2 Bayesian Automatic Relevance Determination approach

Similarly to the RVM, follow a traditional Bayesian ARD approach to feature selection. The
basic idea is to treat parametersq as random variables and place independent priors over them.
As the domain ofqj is [0; 1], it is natural to use beta distribution overqj . Also, as both classes
are meant to be of the same importance, symmetrical distribution isused:

qj � Beta(� j + 1; � j + 1) ; � j 2 [0; + 1 ):

Here, � j = 0 corresponds to the uniform distribution overqj , so that there is no regularization
of qj . Contrary, if � j tends to plus in�nity, the variance of qj tends to zero and that impliesqj =
= 0:5. It means that the j th tag is removed from the model:

P(t j x ; q = ( q1; : : : ; qj � 1; qj = 0:5; qj +1 ; : : : ; qd)T )

= P(t j x ; q = ( q1; : : : ; qj � 1; qj +1 ; : : : ; qd)T ) = P(t j x ; qnj ):

Note that the case� j 2 (� 1; 0) is not considered because in this case, maximum a posteriori
(MAP) estimate of q would be more contrast (i.e. closer to 0 or 1) than maximum likelihood
(ML) estimate. In case of the problem under investigation, it is unreasonable to believe that a
tag is actually more relevant than it seems to be.

The posterior is written using Bayes' theorem:

P(q j X ; t ; � ) =
P(t j X ; q)p(q j � )R
P(t j X ; q)p(q j � )dq

: (4)

2.3 Evidence maximization

The denominator in Eq. (4) is called theevidence[3] of the model. In general, a simple model
has higher evidence than the complex one if they have the same prediction accuracy [4, p. 349{
352]. In the presented case, evidence maximization is expected to set � j = + 1 for the majority
of irrelevant features:

E(� ) =
Z

P(t j X ; q)p(q j � ) dq ! max
�

:

However, in the described model, likelihood and prior are not the conjugate distributions;
so, the evidence is intractable. It also cannot be e�ciently estimated numerically, because
numerical computation of multidimensional integrals is a very di�cult and time-consuming
task. Therefore, one needs some kind of approximation in order tomaximize the evidence. In
this paper, an approach that uses variational lower bounds for optimization is described.

3 Variational lower bounds for evidence maximization
De�nition 1. A variational lower bound on a function f (w ), w 2 M � Rn , is a func-
tion g(w ; � ); w 2 M; � 2 M , with the following properties:

g(w; w ) = f (w) 8w 2 M ;

g(w ; � ) 6 f (w ) 8w 2 M; 8� 2 M;

� is called a variational parameter.
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Consider an optimization problemf (w) ! max
w

. If g(w ; � ) is a variational lower bound

on f (w), then this optimization problem can be solved in such coordinatewiseoptimization
procedure:

w k+1 = arg max
w

g(w ; � k); � k+1 = w k+1 :

This optimization procedure is known as bound optimization algorithm or bound optimizer.
Many popular optimization methods in machine learning and pattern recognition are the spe-
cial cases of this algorithm. For instance, EM (expectation{maximization) algorithm and its
extensions, generalized iterative scaling algorithm for maximum entropy models, nonnegative
matrix factorization algorithm, and concave-convex procedure are the common examples of
bound optimizers [5].

In general case, this lower bound may not be exact for any pointw and variational param-
eters may be from a di�erent space. In that case, the result of a similar optimization procedure

� k+1 = arg max
�

g(w k ; � ); w k+1 = arg max
w

g(w; � k+1 ) (5)

can be treated as an approximate solution of the original optimization task.
This approach is widely used in various optimization problems. The bestfeature of it is

that there is no need to compute the original functionf (w ). For example, a similar approach
is used in [6] where it is applied to Bayesian logistic regression.

In case of RTM, this approach is applied to evidence maximization. A variational lower
bound has been obtained on the evidence integrand and its integralhas been used as a set of
evidence lower bounds which can be used in an optimization procedureshown in (5).

Theorem 1. Function ~E(� ; H ) is a lower bound on RTM evidence for allH 2 (0; 1)n� d,
� 2 [0; + 1 )d :

E(� ) > ~E(� ; H ) =
Z nY

i =1

L i (q; � i )
dY

j =1

p(qj j � j ) dq =

=

 
nY

i =1

ci (� i )

!
dY

j =1

Z
exp

 
X

i :j 2 Q i

~cij (� i )
�

1 � qj

qj

� jQ i j(2t i � 1)
!

p(qj j � j ) dqj

8H 2 (0; 1)n� d; 8� 2 [0; + 1 )d;

where

Qi = f j jx ij = 1g;

ci (� i ) =

Q

j 2 Q i

� t i
ij (1 � � ij )1� t i

Q

j 2 Q i

� ij +
Q

j 2 Q i

(1 � � ij )
exp

0

B
@

Q

j 2 Q i

� 1� t i
ij (1 � � ij )t i

Q

j 2 Q i

� ij +
Q

j 2 Q i

(1 � � ij )

1

C
A ;

~cij (� i ) = �

Q

j 2 Q i

� t i
ij (1 � � ij )1� t i

Q

j 2 Q i

� ij +
Q

j 2 Q i

(1 � � ij )

�
� ij

1 � � ij

� jQ i j(2t i � 1)

jQi j � 1;

and H is the matrix of variational parameters and itsi th row is equal to � T
i .
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Figure 1 Evidence integrand variational lower bounds for a single object for di�erent values of vari-
ational parameters � : (a) t = 0 ; x = (1 ; 0; 1)T and q1 = 0 :8; and (b) t = 0 ; x = (0 ; 1; 1)T and
q2 = 0 :2
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Figure 2 Evidence integrand lower bounds for the whole dataset

The proof of Theorem 1 is provided in Appendix A.

The shapes of the evidence integrand and its lower bounds are shown in Figs. 1 and 2. Note
that although the evidence lower bound can be computed as a product of d one-dimensional
integrals, these integrals still have to be computed numerically. Also, note that although the
number of variational parameters isnd, usually most of them are inessential and do not a�ect
the value of this lower bound. A variational parameter� ij is essential if and only ifx ij = 1.
Therefore, there are onlyn� essential variational parameters where� is the average number of
tags per object.

The evidence lower bound is optimized in an EM-like algorithm:

1) E-step: H new = arg max
H

log ~E(� old ; H ); and

2) M-step: � new = arg max
�

log ~E(� ; H new).

These two steps are repeated until convergence.

On E-step, hyperparameters� are �xed and variational parametersH are tuned to obtain
the most accurate lower bound. On M-step, the best lower bound from the E-step is optimized



D. A. Molchanov, D. A. Kondrashkin, and D. P. Vetrov 1882

Table 1 Relevance determination performance on synthetic data

Noise RTM-MAP-EM RTM-EM RVM L1-LR
Percentage of removed irrelevant tags

Random 99:64% 99:46% 99:10% 85:63%
Correlated 84:44% 88:90% 84:65% 100:00%

Percentage of removed genuine tags
Random 4:50% 4:68% 2:63% 3:54%
Correlated 2:50% 4:34% 1:04% 2:50%

with respect to hyperparameters� . The L-BFGS-B method [8] was used to handle optimization
problems on both steps of algorithm. This method is called RTM-EM.

Let kE and kM be the number of iterations of L-BFGS-B on E-step and M-step, respec-
tively. The complexity of one iteration is then equal toO(n�k E + dkM ) operations of numerical
integration.

Complexity of RTM-EM is too high; so, a simpli�cation is suggested. In RTM-EM, on E-step
of EM algorithm, an attempt to obtain the best possible value of variational parameters was
made. Instead of that, a variational lower bound on the evidence integrand was used that is
exact at its point of maximum. E-step will then look like this:

� new
i = qMAP = arg max

q
P(t j X ; q)p(q j � old) 8i:

Note that all objects share the same set of variational parameters; so, there are onlyd of
them: � i = � k for all i; k = 1; : : : ; n. This method was named RTM-MAP-EM. Its complexity
is O(dkM ) operations of numerical integration.

It was experimentally shown that RTM-MAP-EM also purges irrelevant (both noisy and
correlated) tags and has comparable accuracy with RTM-EM algorithm. Also, both EM-based
methods remove the majority of irrelevant tags on early steps. Itmeans that only several
steps of EM-algorithm are needed for feature selection. Furtheroptimization will just tune the
remaining hyperparameters.

The complete algorithm of RTM-MAP-EM is provided in Appendix B.

4 Experiments

4.1 Synthetic data
The ability of the presented methods to remove irrelevant features on a synthetic dataset was
studied and compared to two classic feature selection models | RVM,where a similar idea is
applied to linear regression, and L1-regularized logistic regression.There were 500 objects and
50 features. The data consisted of genuine tags that were used to generate the class label, and
two types of irrelevant tags: random tags and tags that were correlated to some of the genuine
tags. Relevance determination accuracy is shown in Table 1.

Both EM-based methods successfully remove nearly all random features and most correlated
features. The RTM-MAP-EM, RTM-EM, and RVM give comparable results and detect random
features better than L1-regularized logistic regression (L1{LR). However, L1{LR provided the
best results in removing correlated tags.

4.2 Sentiment analysis
Also, the methods were tested on a real task: sentiment analysis problem [9]. In this problem,
objects are sentences and the task is to classify them into positiveand negative ones. A bag of
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Table 2 Prediction performance on sentiment analysis dataset

Method Prediction accuracy
RTM-MAP-EM 0.9659

RVM 0.9586
L1-LR 0.9708

RF 0.9416
GBDT 0.9683
SVM 0.9683

words representation was used (each tag represents a word;x ij = 1 if object x i contains thej th
word from the dictionary). There were 1000 train objects, 411 test objects, and 1869 features.
There were 11 tags per objects in average. Test set classi�cationaccuracy is shown in Table 2.

The present method (RTM-MAP-EM) was compared to di�erent state-of-the-art classi�ers
like the RVM, L1-LR, Random Forest (RF), gradient boosting over decision stumps (GBDT),
and SVM.

The present method provides prediction accuracy that is comparable to classical methods.
It also provides a way to sort features with respect to their importance: RTM-MAP-EM chose
about 70 tags to be relevant and removed everything else; L1-LR chose about 120 tags; and the
RVM chose about 230 tags. A histogram of weights of most relevantwords for these methods
is shown in Figs. 3{5.
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Figure 3 qj � 0:5 for most relevant tags according to RTM-MAP-EM

The RVM chose a lot of rare words to represent the negative class (words \crappy," \shitty,"
\lousy," \blame," \afraid," \piece," and \idiot" have less than seven oc currences in the dataset)
and the words from the positive class does not look relevant at all. The RVM failed to solve
the relevance determination problem on this dataset.

The words chosen by RTM-MAP-EM and logistic regression are quite intuitive in case of
this problem. the present model, it isn't true. Most of them are veryemotional. Top-20 words
chosen by logistic regression are almost the same as top-20 words,chosen by the present method.
However, the present model provided a more sparse solution with comparable prediction per-
formance. Therefore, the present method proved to be betterat relevance determination than
logistic regression and the RVM on this dataset.
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Figure 4 Weights of linear model tuned by L1-LR
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5 Concluding Remarks
Most of previous work on Bayesian ARD approach consider only Gaussian prior. The authors
demonstrate that other appropriate priors may also work well. It means that Bayesian ARD
approach might be more broad than it was considered before and is not limited to the usage of
Gaussian prior. Also, a method to solve a binary classi�cation problemwith binary features is
suggested and an experimental comparison which shows that the present model is comparable to
the state-of-the-art methods of classi�cation and feature selection is provided. The experiments
show that the present model provides better feature selection results than the classic feature
selection models like RVM and L1-LR.
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Appendix A

Proof of Theorem 1

Derive a variational lower bound on the likelihood function for a single objectx . Let Q be the set of
its tags: Q = f j jx j = 1g. After some transformations and a change of variables, a convex function is
obtained and its tangent is used as its variational lower bound:

P(t j x ; q) =

Q

j 2 Q
qt

j (1 � qj )1� t

Q

j 2 Q
qj +

Q

j 2 Q
(1 � qj )

=

0

@1 +
Y

j 2 Q

�
1 � qj

qj

� 2t� 1
1

A

� 1

as t 2 f 0; 1g;

sj :=
�

1 � qj

qj

� jQj(2t � 1)

;

so,

logP(t j x ; q) = � log

0

B
@1 +

0

@
Y

j 2 Q

sj

1

A

1=jQj
1

C
A : (6)

As sj > 0, the geometric mean

 
Q

j 2 Q
sj

! 1=jQj

is concave with respect tos [7, p. 74]. As f (x) =

= � logx is convex and nonincreasing, the whole expression on the right part of (6) is convex with
respect to s [7, p. 84]. Therefore, its tangent is its variational lower bound and after making inverse
change of variables and taking the exponent, one obtains a variational lower bound on P(t j x ; q).

The variational lower bound on the likelihood of an object x i from the training set looks as follows:

P(t i j x i ; q) > L i (q; � i ) = ci (� i ) exp

0

@
X

j 2 Q i

~cij (� i )
�

1 � qj

qj

� jQ i j(2t i � 1)
1

A

where

Qi = f j jx ij = 1g;

ci (� i ) =

Q

j 2 Q i

� t i
ij (1 � � ij )1� t i

Q

j 2 Q i

� ij +
Q

j 2 Q i

(1 � � ij )
exp

0

B
@

Q

j 2 Q i

� 1� t i
ij (1 � � ij )t i

Q

j 2 Q i

� ij +
Q

j 2 Q i

(1 � � ij )

1

C
A ;

~cij (� i ) = �

Q

j 2 Q i

� t i
ij (1 � � ij )1� t i

Q

j 2 Q i

� ij +
Q

j 2 Q i

(1 � � ij )

�
� ij

1 � � ij

� jQ i j(2t i � 1)

jQi j� 1:

The following equation concludes the proof:

E(� ) =
Z

P(t j X ; q)p(q j � ) dq >
Z nY

i =1

L i (q; � i )
nY

j =1

p(qj j � ) dq = ~E(� ; H ) :

Note that each object has its own set of variational parameters. As � ij is dummy if qj 62Qi , there
are

P
i;j x ij essential variational parameters.
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Appendix B

RTM-MAP-EM algorithm

Algorithm 1 RTM-MAP-EM

Require: training set (X ; t ); maximum number of iterationsT; tolerance"
Ensure: tuned vector of hyperparameters�

1: � 0  (1; : : : ; 1)T // Initial value of hyperparameters
2: � 0  arg max

q

P n
i =1 logP(t i j x i ; q) + log P(q j � 0) // � = qMAP

3: for k = 0 to T
4: // E-step:
5: � k  arg max

q

P n
i =1 logP(t i j x i ; q) + log P(q j � k� 1) // � = qMAP

6: H k  (� k ; : : : ; � k)T

7: // M-step:
8: � k  arg max

�
log ~E(� ; H k)

9: if k� k � � k� 1k2 < " then
10: break
11: �  � k

12: return �

Some notes about implementation:

{ qj and � ij are bound to [0:1; 0:9] for all i; j . Otherwise, computations tend to be unstable;

{ kE = kM = 10 in all experiments;

{ � j is bound to [0; 1000] for all j . If � j > 900, it is considered to be in�nite: � j := + 1 ; and

{ there seems to be no need to wait till full convergence; for RTM-MAP-EM, T = 20 was enough
in both experiments.



Relevance tagging machine 1887

References
[1] MacKay, D., and R. Neal. 1994. Automatic relevance determination for neural networks. Cam-

bridge University. Technical Report.

[2] Tipping, M. E. 2001. Sparse Bayesian learning and the relevance vector machine.J. Machine Learn-
ing Res.1:211{244.

[3] MacKay, D. 1992. Bayesian interpolation.Neural Computation 4:415{447.

[4] Bishop, C. M. 2006.Pattern recognition and machine learning.New York, NY: Springer. 738 p.

[5] Salakhutdinov, R., S. Roweis, and Z. Ghahramani. 2002. On the convergence of bound optimization
algorithms. 19th Conference on Uncertainty in Arti�cial Intelligence P roceedings. 10:509{516.

[6] Jaakkola, T. S., and M. I. Jordan. 2000. Bayesian logistic regression: A variational approach.Stat.
Comput. 10:25{37.

[7] Boyd, S., and L. Vandenberghe. 2004.Convex optimization. Cambridge: Cambridge University
Press. 716 p.

[8] Byrd, R., P. Lu, and J. Nocedal. 1995. A limited memory algorithm for bound constrained opti-
mization. SIAM J. Sci. Stat. Comput. 16(5):1190{1208.

[9] Kaggle in Class. 2011. UMICH SI650 | Sentiment Classi�ca tion. Available at: http://inclass.
kaggle.com/c/si650winter11/data (accessed December 29, 2015).

Received June 14, 2015

Ëèòeðàòóðà
[1] MacKay D., Neal R. Automatic relevance determination for neural networks // Cambridge

University, 1994. Technical Report.

[2] Tipping M. E. Sparse Bayesian learning and the relevance vector machine //J. Machine Learning
Res., 2001. No. 1. P. 211�244.

[3] MacKay D. Bayesian interpolation // Neural Computation, 1992. No 4. P. 415�447.

[4] Bishop C. M. Pattern recognition and machine learning. � New York, NY, US A: Springer, 2006.
738 p.

[5] Salakhutdinov R., Roweis S., Ghahramani Z.On the convergence of bound optimization
algorithms // 19th Conference on Uncertainty in Arti�cial I ntelligence Proceedings, 2002. No. 10.
P. 509�516.

[6] Jaakkola T. S., Jordan M. I. Bayesian logistic regression: A variational approach // Stat. Comput.,
2000. No. 10. P. 25�37.

[7] Boyd S., Vandenberghe L.Convex optimization. � Cambridge: Cambridge University Pr ess, 2004.
716 p.

[8] Byrd R., Lu P., Nocedal J. A limited memory algorithm for bound constrained optimizat ion //
SIAM J. Sci. Stat. Comput., 1995. Vol. 16, No. 5. P. 1190�1208.

[9] Kaggle in Class. UMICH SI650 � Sentiment Classi�cation. 2011. http://inclass.kaggle.com/
c/si650winter11/data .

Ïîñòóïèëà â ðåäàêöèþ 14.06.2015


